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PREFACE 


This book is based on the behef that it is desirable to round 
off the ordinary school mathematics course Tvdth an introduction 
to the chief methods of the Calculus. To be practicable such an 
introduction must not assume any great Imowledge of Algebra 
and must proceed as directly as possible to the two main 
problems, the problem of the tangent to a curve or the rate of 
change of one variable with another in a formula, and the 
problem of calculating areas, volumes, etc., when part of the 
boundary is curved. Part I of the book is intended to be a 
course of this kind; Part 11 is a continuation, intended mainly 
as a first course for speciahsts in Science or MathematicsV in 
which the concepts of Part I are graduall 3 ^ refined and tlie 
methods are extended. 

It was not easy to decide how deeply to probe the difiSculties 
imderlying the two main problems in Part I. To emphasize 
these at too early a stage may produce inliibitions ; to omit any 
discussion misses an opportunity’. My solution is based on the 
axiom that it is easier for the teacher to omit parts of the book- 
work than to supply some that is not there. Particularly in the 
chapter on summation the arguments have been presented so 
that the simpler parts only may be taken at a first reading if 
this is preferred. 

Since Part I is concerned more with ideas than -with methods, 
new notation is introduced sparingly and, as far as possible, not 

b 

at the same time as the ideas. The notation J dx has such 

. a 

obvious advantages that any attempt to do Avithout it is likely 
to prove a gratuitous handicap. 

I have convinced myself that beginners take to integration 
more readily if the differential dx has been defined previously in 
its own right. This dictates the notation dyjdx for the derivative, 
and other notations are not used at aU in ]?art I. 

As far as possible each short piece of bookwork has its own 
set of simple and direct exercises. At the end of each chapter 
there are klisceUaneous Exercises arranged in three categories 
X, Y, and Z. The X Exercises are arranged in sets often, each 
set designed to cover the work of the previous chapter. These 
exercises are short and simple and are intended for consolida- 
tion. As soon as convenient the pupils should proceed to the 
Y Exercises which demand rather more sustained effort but are 
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Tn'»mJ> numtncal and do not reqniro any great algebraic skill 
TliP 2 rxcrcLs^a nro n mixturo of drill exercises, Jiaider exercises 
iniohmg more algebra, and some exercises of general interest 
which maj bo omitted where time is short 

TIio algebra throughout both jiarts of tho book is real, and 
this fact IS particular!} apparent in the sections on locating tfao 
roots of equations 

In Fart II technique assumes greater importance and tho 
notation of Part I is supplemented with others The indiictno 
method IS still used in breaking new ground, but proofs of some 
of the results reached inductive!} in Part I ate also gn en An 
cfTort has been made to match the standard of ngour and pro 
cision of statement with tho growth of the pupil’s mental powers 
I hope that this part of the book mil gi\o tho pupil a sense of 
increased power and fuller understanding and mil provide a 
smooth transition to the moroadiancod text books 

In Part I Coordinate Geometry and Calculus march side b} 
side, each illurtratmg the processes of the other and onl} tho 
parts of Coonhnato Geometry which nro useful m this respect aro 
included there In I*art 11 it seemed more useful to develop tbo 
two subjects 8}’stcmat»call} m separato chapters Tbo mom 
purpo«<! of tho work on Coordinate Geometr} w to introduce 
the general principles of tho subject, but its applications to tho 
Parabola, Ellipse, and H}*pcrbola aro included, chion} in tho 
form of exercises, parti} for interest, and parti} becauso tlicj 
ron} be useful for scientists A disadvantage of presenting book- 
nork as a senes of exercises is that reference to it becomes less 
exs} For tlus reason tho results pro\c<l m tho exercises nro 
iniluded in the index 

Chapter X contains an account of tho approximate solution 
of equations which is unusually detailed for a book of this kind 
For this idea I am greatl} indebted to Professor T A A 
Uroadbcnt who not on!} made tho suggestion but outlined tho 
nuthwl of approach 1 hope that other teachers mil find tho 
auggestion os x aluabla ns I liax o done In addition to providing 
an Introduction to the first pnnciplcs of computation, it also 
Nitxsfitx a Sx'jV T icx-d , tho ifoi^ion * VH’iat do wc do if tho degree 
of tin equation is greater than two ? ’ is, m m} cxpcnenco often 
asked at about thu stage Tlio teacher has the further satisfac 
lion of knowing that ho m cfTcctiv el} prepanng the ground for 
llie tboreagh investigation of tho limit of a sequence 

I hai e also to thank Professor Uroadbcnt for reading the u hole 
manuscript in its ongmal form and making man} xaluablo 
raggrstions In most of tho exercises, the anthmetio has been 



5 


PREFACE 

kept to a minimum, but some are based on ‘real ’ data, and these 
cannot be expected to ‘come out’.' I acknowledge gratefully 
the permission to reproduce the facts upon "which these exercises 
are based. I am also conscious that the exercises owe much to 
other authors and to the examiners of the various School and 
Higher Certificate Examinations. The Icind permission of the 
Southern Railway to include on page 6 a dra-wing of part 
of their blueprint of an actual run wfil, I hope, interest the 
younger readers. 

Finally, I -wish to thanlc the staff of the Clarendon Press for 
their care in the production of the book. 

C. G. N. 

June 1948 
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LIST OF SYMBOLS 

equals 

IS the same as» or identically equal to 
approxunately equal to 
<, less than 
> , greater than 
^ , less than or equal to 
greater tl^n or equal to 
not greater than (s <) 
not less than (s >) 
the positive square root of x 
® degrees 
1 ra^ans 

* may be ouutted at a first reading 


For contenieflce m prmtiog, fractions like — g - - will soroetiines be 

written in the form (2i+l)/3 The influence of the oblique stroke 
(sotvdus) IS feU only by tho numbeca, products, or brackets urunediately 
to the left and right of it. and does not extend across positive or negative 
signs connectmg different terms of the expression So, 

(i<+!»+l)/«< . s!±^±i. 

1/»>-2+3j:* - i-2+3j;" 



I 

CONSTAITT GRADIENTS 

1.1. The graph of an equation of the first degree 

An equation such as Zy — 2x = 1, "which contains no terms of 
degree higher than 1 (i.e. no terms Hke xy, y", etc.) is called 
an equation of the first degree. To draw tlie graph of such an 
equation we make a table of values by gmng x any values we 
like and calculating the corresponding values of y which make 
the equation true. Thus for the equatioii .3?/ — 2x = 1 we might 
make the follo"wing table of values: 
a: —2 0 1 3 

y -1 h ^ n 

We now plot the corresponding values 
of X and y and join the i3oints so 
obtained by a' smooth line. In the 
present case we can see that this line 
is straight and it may be dra-wn with 
a nder. 

You probably know that the graph 
of an equation of the first degree is 
always a straight line. For tliis reason 
the equation is also called a linear equation. The fact that a 
hnear equation alwaj’-s has a straight line graph is rnOst useful. 
For example, it means that the graph may be drawn vith a ruler 
from a table of values "which contains only two pairs of values. 

To show that the graph of Zy—2x = 1 is a straight fine "W'e 
"write the equation in the form y = (2a;+l)/3. 

Let X increase by 1 and let y change to Y. Then 

y_2(a:+l)4-l 2a:+2+l 2a"+l 2 

“ 3 “ 3 “ 3 "^3’ 

Therefore, whenever x increases by 1, y increases by |. Note 
that this increase of y does not depend upon x. Whatever value 
of X we start from, an increase of 1 in a; results in an increase of 
I m y. This shows that the graph is straight. The right-angled 
triangles dra"wn on Fig. 1.1 are congruent and their hypotenuses 
aU have the same slope. 

The number | is called the gradient of the line Zy—2x = 1. 
It is clear that it measures the steepness of the line. We might 
say that the line rises | in 1, or 2 in 3. fi^erify that an increase 
of 3 in a; means an increase of 2 in y.] 
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The gradient is easily found from the table of values From 
the first two entnes we see that when x mcreases by 2 (from 
—2 to 0) y increases by | (firom — 1 to Thus the fraction 
increase of y ^ 4/3 _ 2 
increase of a: 2 3 

[Verify that | la the gradient obtained by using any other two 
entnes m the table ] 

More generally, let any two entnes m the table of values be 
denoted by the following letters 


X Xj x^ 

y Vi Vt 

Then, since a-i, i/i and satisfy the equation 3y = 2r-4- 1 


and 


3yx = 23r,+ J 
3^2= 2jr,+ I 


Hence 

or 


3(y,-yi) = 2(®2~a;i) 
Vi-yi _ 2 
x^—Xi 3 


Thus the difference of any two values of x divided into the 
difference of the two corresponding values of y gives the gradient 
of the line 


Esamti-e If the following paus of values are plotted find the 
gradient of the straight line joining them 
X 3 6 

y 4 165 

Solution The required gradient is 

The order m which the pairs of values 
are taken is unmatenal Thus the gra* 
dient IS also given by 

4-I66_ -n5_„, 

3-8 “ -6 
Now conader the graph of 
y = I-2x 

[Draw it on graph paper ] Xet x in- 
crease by 1 Using the same notation 
as before, y changes to 

r=l-2(x+l>=l-2a:-2 
Thus an increase of 1 in x means a decrease of 2 m y 





1 . 1 , Ex. LA EQUATION OF FIRST DEGREE 11 

We say that the gradient of this line is — 2. If and Xn, y™ 
are two” corresponding pairs of values,, 

2/i = 1—2% 

2/2 = 1 — 2 % 

2/2— 2/i = —2(x2—Xj) 

2 / 2 - 2/1 ^ _ 2 . 

Exercise 1.A 

1. On a flight of steps the ‘tread’ is 
12 in. and the ‘ rise ’ is 6 in. Wliat would 
be the gradient of a plank laid straight 
up and down the steps ? 

2-7. Eind the gradient of each of the follovnng lines. Draw a 
graph of each. 

2. y — 2^+3. 

3. 2y = 4— a:. 

4. 2y == 4x—l. 

5. Zy-\-5x = 0. 

6. 5j/+10x = 1. 

7. 62 :— 3j/+4 = 0. 
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For clearness alternate lines of the graph paper are omitted. Points 
not at an intersection are to ho taken as exactly midway between the 
nearest ruled lines. 


8. Eind the gradients of the lines marked (i) to (vi) in the figure 
above. 
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Ex I A 1 2 


KaaRCISE 1^ 

9-16 Plot the following pairs of values and find the gradient of 
the line joining them 

Q 3: = l,y = 2,af==3 y = 4. 

10 ® = 2, y = 2J, a: ^ 3, y = 4J 

11 a: =5 —1, y = l,a: = l, y = 4 

12 a; = — 1, y = — 2, ® s= 4, y = 3 

13 a;=— 3 y = 2,x = 0,i/ = l 

U 2,y = 3.* = 2,y = 0 

15 x = 2, y»4,x = — 2, y — 1 

16 z=l, y = ^,« = 3,y=i 

17 A man climbing a hill panses to admire the view at horizontal 
internals of 200 ft Hia horizontal distance from the starting pomt 
and his height above his starting point at each pause are given in 
the following table 


Horizontal diataace (ft ) 

200 

400 

600 

800 ' 

1000 

1200 ' 

1400 

Height (ft ] 

70 

160 1 

300 1 

460 

660 , 

616 1 

660 


How far has he travelled bonzontaUy when he comes to the steepest 
part of the hill 1 

16 A ship takes soundings in fathoms mtb the resiilt shown m 
the table With these data is it reasonable to behove that the section 
of the sea bottom over which the ship passes is a straight hnw ; 


Depth (fathoms) . 

42 

37i 1 

30 

1 27 1 

21 

Distance travelled (cables) 

0 

6 1 

1 

20 1 

28 


1 2 The direction angle of a line 


Draw the graph of 3y— 4a:+2 = 0 and verify that the 
gradient is | 



If P 13 the angle from the positive 
X axis to the hne (measured counter 
clockwise accoidmg to the usual con 
vention of trigonometry) it is clear 
from Fag 1 3 that tan0 = | rrom 
the tables 6 = 63° 08' 

We shall call this angle the direction 
angle of the Ime 
Now consider the graph of 
2y-(-4x4-5 = 0 


Venfy that its gradient is —2 


Fio 1 3 


13 


1.2-1. 3 DIRECTION ANGLE OF A LINE 

If 0 is the angle measured counter-cldclnviso from the positive 
ic-axis to the line (i.e. the direction angle of 
the line) 

tan0 = —2 

and 0=116° 34'. 

Thus, in all cases, if the line has a gradient 
g, and its direction angle is 6, 
g = tan 0. 

The term ‘ direction angle ’ is not in general 
use. A common description of this angle 
is ‘the angle made by the line with the 
positive a;-axis Note that through any point in the plane onlj’' 
one hne can be drawn maldng a given angle Avith the positive 



Fia. 1.4 



Fia. 1.5 

Line through A making on angle of 
66° with the positive aj-axis (direction 
angle, 65°). 


Fia. l.C 

Linos through A making on angle of 
65° with the a-axis (direction angles, 
65° and 115°). 


a:-axis but two lines can be drawn maldng a given angle Avith the 
a;-asis. 


1.3. The graph gradient compared with the gradients 
used in practice 

The frontispiece shotvs the profile of the British RailAvays 
(SouthernKegion)main line from CannonStreet Station, London, 
to Ashford. This track, like all other railway tracks, is laid in 
sections, each of which has a constant gradient. For example. 
Grove Park station is on a section, just over 2 miles long, wliich 
has a gradient of 1 in 120. Now this gradient is not measured in the 
way already described for the gradient of a straight-line graph. 
The railway engineer is interested in distance measmed along the 
track and for him a rising gradient of 1 in 120 means a vertical 
rise of 1 ft. in 120 ft. travelled along 
the track. The slope of the section vlT— 

passing tlirough Grove Park station ^ 1 

is therefore given by sin 0 = jIj. -""a 



14 PRACTICAI* USES OF GRADIENT 1 3. Ei 

However, when a diagram like the frontispiece is made it is 
more convenient to measure track distances along a horizontal 
straight line as we do m graphs (You can see the scale of 
distance set out on a horizontal hne ) To draw the sloping Imes 
it 18 then convement to know the gra^ent in the form tan 9 
where i is a suitable number In other words, it is convement to 
change over to the graph gradient when the diagram is made 
Fortunately, m the cases which occur m practice, this is easy to 
do If you compare the sine and tangent tables you will find 
that the sines and tangents of angles from 0® to 2“ 36' are equal 
as far as 4 decimal figures The common value given for the 
sme and tangent of 2® 36' is 0 0454 and this is a gradient of 
464 in 10,000 or about 1 m 22 This is far steeper than any 
railway gradient Thus, for all practical purposes, the railway 
gradient may be used as if it were a graph gradient 

If you are familiar with map reading you will know that the 
gradient of a hill is determined from a map by dividing the 
vertical nse between two contours (the Vertical Interval) by 
the distance on the ground eqmvalent to the horizontal distance 
between the contours (the Honzontal Eqmvalent) This 
gradient, (?, is therefore connected with the slope by the equa 
tionC? ss tan 6 The ‘map’gradientis therefore the same as the 
graph gradient 

ExEitass 1 B 

1-7 Find as accurately as tables permit the direction angles of the 
foUowmg lines 

I y aa 6x+l 2 6y+x+10 ss 0 

3 3y+9x =1 i 2y = x 

5 = 0 0 y ss 5 

7 *+l = 0 

8-9 Fmd as accurately as tables permit the acute angle between 
the lines 

8 3y—x = 2, 2y— 6 x+3 = 0 

9 2y+x = 1, 2y— 3z = 4 

10 At Orpington station, on. the S R main hne, whose approxi- 
mate profile is shoim in the frontispiece, the gradient of the track 
18 1 in 310 Find the angle between the track and the honzontal 
as accurately as 4 figure tables permit 

II Hildenborough station is on a aection of the track which is 
4 miles long and has a constant gradient of 1 m 122 What height, 
to the nearest foot, is lost by a tram travelling from London to 
Ashford while it is on this section ? 
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Ex. 1.B, 1.4 EXERCISE LB 

12. What are the gradients of the two lines through tlie origin 
which make angles of 50° with the .-c-axis ? (Answers to the nearest Jg.) 

13. The equation of AP is 
67/ = 2a:— 6. What is the gradient 
of PB to the nearest ? 

14. Jfed (a) the gradient, (6) the 
direction angle of the straight line 
joining (0, 4) and (5, 0). 

15. Pind the gradient and direc- 
tion angle of each of the lines 

y = a:-l-l, 

37/ = 3a;-f-10. 

16. Find the acute angles between the follonang pairs of lines: 

(а) 47/+6a: = 0, 7/ = 1 ; 

(б) 47/-f-ha: = 0, a;-|-l = 0 ; 

(c) 4y-{-5x = 0, 4y—5z = 0. 



1.4. Families of lines 

Consider the equation y — If we give m any definite 

value, say 2, we obtain y = 2x-{-5. The graph of this equation 
is a straight line. Draw tliis line, and on the same figui’C draw 
the lines obtained by giving in the values — 1, 0, and any other 
value you choose. Your figure shows that these lines stand in a 
certain geometrical relation to one another. What is it ? Because 
the lines are related in this way they are said to form a family 
and y = mx-{-5 is called the equation of the family. The equa- 
tion of any member of the family is found by giving m a suitable 
value. Is it possible to count the total number of lines in the 
family? 

Inspection of your figure wiU show that each line has its owm 
direction. So the effect of changing m in the equation of the 
family is to change the direction of the line chosen. It seems 
clear that the value of in defines the direction of each line. We 
can confirm this by finding the gradient of ?/ = If x 

increases by 1, 7/ increases by m. Therefore the gradient of 
y — mx-f 5 is m. 

Now consider another family of lines which has the equation 
7/ = 2x-|-^:, where the members of the family are fomid by 
giving numerical values to k. Draw the fines for /s = 1, 4, —2, 
0, —5. What is the geometrical relation between the fines ? 
What is the geometrical effect of changing the value oik^ 
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1C 

1 The equation of a family of lines is y = mz~2 Write down 
the equationa of the four hues for which w = m = 3, m = —4, 
m = — 1 Which of these lines is most nearly perpendicular to 
(a) the X axis, (i) the y aiw ? 

2 Find the gradient of y— 3ar+2 = 0 Write down the gradients 
of the following lines (o) ^-~3* « 1 , (6) 2i/— 6* = 5 , (c) y = 3z— 4 , 
(d) 9r~Sy = 7 What can you eay about all these hnes ? Write 
down the equation of the family to wluch they belong 

3 Write the line 3y~2jc = I in the form y = |«+i and read off 
the gradient Check by giving x an increase of 3 

4-13 Write down the gradients of the foUowmg lines CSieck by 
drawing sketches (Befinition A8fe€l<Aiaaquickfiguredrawnfreehand 
to assist tbe understanding Ifinditquickesttosketchongraph paper ) 


4 3y-4x = 12 
7 x4-2y-4 = 0 
10 

13 a/2+y/3*l 


6 2y+6x«8 
8 l+*«3y 
U y+**l 


6 3y =» 6x— 10 
9 2i+4y+5*=0 
12 2y-3x+6«0 


14 Tbe figure shows the paths of 
raindrops on a railway carnage window 
Find the gradient of the paths tefened 
to the axes shown 

16 Sketch the straight hnes y+2 =» 0, 
X 3s 3 What IS tbe direction angle of 
each hnet 

16 Describe tbe famihes (a) y— x s k , 

(6) y « fc, (e) s = fc 

17 Write down the equation of the 
line of tbe family y «= rrex— 2 which is 
(o) perpendicular to y ®= x— 2 , (b) parallel 
to the X axis 

18 Wnte down the equations of the famihes of parallel hnea 
■whose gradients are (a) 4, (6) —2. (c) 0, (d) J 



1 5. We have seen that two lines mth equal gradients are 
parallel For example, all the lines of the family y = 5x+k are 
parallel The direction an^es of all these hues are also equal. 

Now consider two hnes whose gradients are equal but oppo 
site in sign, e g 2y-i^x = 2 and 2y— x = 1 •whose gradients are 
and 

If and 6^ are the direction angles of these hnea 
tandj = — and tan52 = i- 
Hence 8^ and 9^ are supplementary angles 
' [9i = 163* 26', gg = 26° 34 J 
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1.6, Ex. 1 J) EQUAL GBADIENTS OPPOSITE IN SIGN 

Tlie lines make equal acute angles ^vitli the a:-axis but thej’’ are 
not parallel. Since the ^/-axis is 
perpendicular to the a;-axis, the 
lines are also equallj”^ inclined 
to the ?/-axis. Hence two lines 
whose gradients are equal hut 
opposite in sign are described 
as 'equally inclined to the axes. 

When a billiard ball strikes the 
cushion of the table, provided 
no spin has been given to it, 
the angle at which it rebounds 
is very nearly equal to the 
angle at which it approaches 
the cushion. If the cushion is 
taken as one of the axes of 
coordinates the two straight 
lines of wliicli the path of the 
ball consists may be taken as 
equally inclined to the axes. 

If a stick is laid against a 
miiTor, its reflection appears to 
be equally inclined to the mir- 
ror. If the stick does not touch 
the mirror its prolongation 
would meet the prolongation of 
the reflection at a point of the 
mirror. In geometry we call the 
A'B' the reflection of AB 
in the line OP if AB, A'B' are 
equally inclined to OP and meet 
on OP. The point A' is called 
the reflection of .4 if OP is the 
perpendicular bisector of AA'. Fio. l.o 

Exercise l.D 

1. What are the gradients of 3a:-f 4y = 1, Sx—iy = 1 ? Describe 
these lines with respect to the axes. 

2. What geometrical fact can be stated about the follovdng pairs 
of lines ? 

(а) y-2x+l = 0, y—2x-l = 0; 

(б) y—2x—l = 0, y-\-2x—\ — 0; 

(c) 6y+7a;+3 = 0, 7a:+l = 5y. 

4967.1 

B 
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3 What IS the gradient of the reflection m tho x axis of the line 
(a) y ~ 3x, (b) ij + 2x ^ 01 

4 Whatisthegradieotofthe reflection in they axisofar+Sy = 3 T 
6 The figure ahous a billiard table (dimensions in feet) A ball 

in the position shovra is struck 
p-n/l follows the path marked by 
the arrow Assuming that each 
time the ball hits a cushion it 
rebounds at an equal angle, find 
the gradients of the three por 
tions of the path and show that 
the first and third portions are 
parallel 

6 Two of the following lines 
are parallel Which are they ’ 
(i) 2z-f = 1 , (u) 2x+4y =« 3 , 
(m) 4*4- lOy « 7 

7 Two of the following lines 
are equally inclined to the axes 
Which ate they 1 (v) 2y---3J5 = 5 , 
(u) 2y+Si = 1 . (m) y+3x = 7 

1 6 Coordinates 

You may have noticed that the work of the preceding sections 
has become more and more geometncal 'We usually think of 
graphs as an aid to algebra, but it is now becoming clear that 
equations and gradients may be useful m discussmg the 
geometry of straight lines This idea first occurred to the lead 
mg mathematicians of the world towards the end of the 
sixteenth century, and the credit for first developing it is usually 
given to the French mathematician Rene Descartes ( 1 59(>-l 650) 

Suppose we wish to solve a problem in plane geometry 
mvolvmg points and straight hnes, as for example, to prove 
that the medians of a tnai^e meet at a point In the plane of 
the figure we draw two perpendicular lines to serve as coordinate 
axes , one of these we call the x axis and the other the y axis , 
their point of intersection we call the ongin On each axis we 
choose a scale for the measurement of distance Then every 
point in the plane has its position completely determined by 
two directed numbers giving the steps parallel to the axes by 
which the pomt may be reached from the ongin the usual sign 
convention of graphs hemg observed These numbers are called 
the coordinates of the point 
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If ABG is the triangle and the axes are drawn as shown in 
Fig. 1.10, A may be reached from the origin, 0, by a step of 
— 1 along the x-axis followed 
by a step of +3 parallel to 
the y-axis (or by a step +3 
along the 7/-axis followed by 
a step —1 parallel to the 
x-axis). The .x-coordinate of 

is — 1 and its y-coordi- 
nate is 3. We describe the 
point A as the point (—1, 3), 
always naming the .x-coordi- 
nate before the y-coordinate. 

Verify that 5 = (—21, — ll) 
and 0 = (3, -1). 

The straight hues of the figure are the graphs of linear equa- 
tions. But when we do geometry we may not be given these 
equations first. The line AG, for example, is defined as the join 
of the points (—1, 3) and (3, —1). We must then determine the 
equation from wliich AG may be plotted. When the emphasis 
is upon geometry, this equation is called' fJie equation of the line 
AG, just as vrhen the emphasis is upon algebra AG is called the 
graph of the equation. 

There is a certain amount of freedom in choosing the axes. 
We can begin by laying down the 
x-axis. Then we can select any point 
of this line as origin. The y-axis is 
then determined, as it must be at right 
angles to the x-axis.j 

The following convention will be used 
in drawing axes tliroughout this book. 

The x-axis is drawn across the paper, 
withitspositive sense towards the right. 

Tlie positive sense of the y-axis will 
be towards the top of the paper. 

This does not limit our choice of axes and it does enable us 
to use certain descriptive phrases without ambiguity. 

For example, as the eye travels from left to right- across the 
page, foUo%ving a line of positive gradient, it rises. 

A line of positive gradient is called a rising line. 

„ negative „ „ falling „ 

t Non-perpendioulor (oblique) axes cau bo used, but the algebra is more 
complicated. In this book we shall always use perpendicular (rectangular) 
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Again, this convention enables tis to say that a line of gradient 2 
IS steeper than a line of gradient 1 Similarly a Ime of gra- 
dient — 2 18 steeper than a Ime of 
gradient — 1 

The coordmate axes divide their 
plane mto four regions called quad- 
ranis These are numbered as shown 
in Fig 1 12 so that we may refer to 
them as firet quadrant, second quad 
rant etc 

The method of fixmg position upon 
a surface two coordmates is widely 
used, eg position at sea by latitude 
and longitude position on land bj the 
coordinates of the National Gnd (see 
Misc Ex 1 Z, No 2) 

In space, Girtt coordinates axe neces 
sary to fix the position of a pomt For 
example, the position of an electno 
lamp m a room may be defined by two 
coordmates determining the position 
on the ceiling from which it hangs, 
tc^ether with a third coordinate givmg 
Its depth below the ceiling In solid 
geometry we choose three coordmate axes, each one at right 
apgles to the other two and any point is defined by three 
coordinates 

Exercise 1 E 

1 Plot the points whose coordmates are (3, 1) (I, 3), (—1, 2), 

{3j ~1) (3 4) (0, — 1), (—3, 1), (3, —3) If your plotting 13 correct, 
all the pomts should be on the sides of a triangle Kule m the 
tnangle Which of the followug pomts are inside the triangle ’ 
(I. 0)> (~I, (—2, 0), (0, 2), (0, 0) How many of the 8 pomts 

not on the axes ate m (a) the first, (6) the second, (c) the third, 
(d) the fourth quadrant 

2 What can you say about the x coordinates of points m the 
first and fourth quadrants T 

3 In which quadrants do pomts have negative y coordinates ? 

4 In which quadrants do pomts have z and y coordinates of the 
same sign ? 

6 Name the quadrant m which each of the following pomts is 
found (a) (-1. 2) , (6) (i, 2) , (e) (-1, -2) . {d) (1, -2) 


y 

2 

i 

d 

3 

Fio ] 

4 

4 

1 12 

P(2 43) 

3 

/ 

Fifl : 

1 13 
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Ex. l.B EXERCISE l.E 

6. Looping ihc toojp.f I’lie iiosition of an aircraft at various times 
witli reference to a horizontal a:-axi8 and a vertical y-axis (upward 
sense positive) is given in the following table: 



0 

0-6 

■B 


20 

2-5 

3'0 

3-6 

4-0 



218 

140 

ma 


-40 

— 70 

-82 

-85 

-79 

—52 

Woil 

-12G 

-140 



-08 

— 2C 

16 

67 

95 



Hi 

60 

H 9 



9-0 

9-6 

10-0 

10-6 


-12 

■ i 


120 

138 

141 


97 


166 


ID 

83 ^ 

40 

-11 

B9 

-120 


Plot the path of the aircraft and mark the times on your figure. 
At what part of the path is the speed least ? 

7. A platoon of 21 men and 1 sergeant is dra-wn up on the parade 
ground as shown in the sketch. 

Axes are laid down, the unit 
on each axis being 1 pace. The 
distance between the ranks and 
between the men in the ranlcs 
is 2 paces. The sergeant is 2 
paces in front of the centre of 
the front rank . Copy the sketch 
on graph paper. 

Define, by coordinates, the 
position of (a) the right marker (®), (b) the sergeant. 

/ What do you notice about (c) the y-coordinates of the men in any 
rank ? (d) the a;-coordinates of the three men in any file ? 

The sergeant gives the order ‘Open order — ^March’. The sergeant 
and the front rank take 2 paces for^vard, the rear rank takes 2 paces 
backward. Define, by coordinates, tho new position of (e) the right 
marker, {/) the centre man of the rear rank. 

If the whole platoon moves 4 paces to the riglit, from its original 
position (in close order) every man’s coordinates change by tho 
same amount, (g) Pind the change in each coordinate. 

The platoon then marches forward 6 paces. 

(/t) Pind the coordinates of the man who was originally at tho 
origin. 

(i) Also find the coordinates of the right marker. 



Miscdlamous Exercise 1 .Z, N os. 1, 2, 3 provide further practice ivith 
coordinates if required. 


t From Bairstow, Applied Aerodynamics, p. 233. 
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8 Find the steps parallel to the by which B is reached from 
A m the following eases 


A 

B 

(0) (3, 1) 

(8.4) 

(b) (1. 2) 

(7, -2) 

(c) {-3. 4) 

(6.1) 

(d) (-4, -3) 

(5. 5) 

(e) (4. 2) 

(-6. 3) 

(/) (3,6) 

(0. -4) 

(g) (-2,-1) 

(10. -1) 

(A) (2, 2) 

(2. -0) 


9 A ship steers 10 miles NE followed by 8 miles SE Find the 
east step and north step by which the final position can be reached 
from the start (Answer correct to ^ mile ) 

10 Pind the gradients of the hnes joining the foUowmg pairs of 
points State whether each is a rising or falling line 

(a) (1. 2) and (II, 9). (6) (-3, -5) and (7, 8). 

(c) (-2. 8) and (6. 4} , (d) (-3, 5) and (2, -6) , 

(c) (-7, -2) and {11, -2), (/) (-4, -6) and (6, -5) 

11 Write down the coordinates of the reflection of (3, 4) (o) m 
the X axis, (h) in the y ana 

12 Find the gradients of the lines joining (I, 0) to (a) (0, 1), 
(b) (4, 6), (c) (—1, 8), (d) (0, —2) Which IS the steepest line? 

13 J M (2, B) B 13 the reflection of A in the y axis C is the 
reflection of £ m the x axis F^d the gradients of the Imes joining 
the origin, 0, to (i) A, (u) C What can you infer from these results 
about A, 0,01 

14 Prove that the points (1, 1), (6, 2), (7, 2^) are m line 

15 A BCD IS a paraflelogram and 
B = (3, 2). C s (5, 6) What is the 
gradient of ? 

16 Show that the line joining 
( — 1, — 3) and (4, 6) is parallel to the 
line jouung (2, 8) and (3|, 11) 

17 Find the gradients and direction 
angles of the lines joining (0, 2) to 
(a)(2,G4),(6) (10,-1) 

18 Find the angles of the tnangle 
whose vertices are (0, 0), (0, 4), (3, 0) 

19 Fmd the missing nnmfaeis m the following statements 
(o) The line 3x — p4'2^0 passes through (1, — ) and has 
gradient — 

(b) The line 2y4-6x— 1 = 0 passes through (2, — ) and has 
gradient — 
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(c) The line o; = 4— By passes through (— , i) and has gradient— 

(d) The line y = 2 cuts the y-axis Avhere y = — and has 
gradient — 

(c) The line 3a;+4y— 1 = 0 cuts the a;-axis where a: = — 

if) The line 5a:— y+15 = 0 cuts the y-axis whore y = 

20. I^d the points of intersection of a:/2-|-y/3 = 1 with the 
coordinate axes. 

21. Find the points of intersection of 3a;-f 4y = 12 with the 
coordinate axes. 

22. Solve grapliically the simultaneous equations y-— a:4-l, 
y-f2a: = 7. 

Define, by coordinates, the intersection of the straight lines 
y = a:+l, y-f 2a: = 7. 

23. Find the coordinates of the intersection of the lines y+a: — 2, 
2y—x = 1. Check by drawing the graphs. 

24. Find the coordinates of the vertices of the triangle whose sides 
are y+a: = 0, y = 2, y = 2a:— 3. 

25. Find the coordinates of the vertices of the triangle whoso 

sides are 5y = 3z-\-4:, y-f 4a: = 10, 6y-f x-f 9 = 0. ' 

26. Two of the three points (—1, 2), (2, 4), (4, 5) are on the lino 
3x— 5y-f 13 = 0. Which are they 1 


1.7. We now take up the problem of finding the equation of a 
line when we Imow certain geometrical facts about it. 


Exajeple 1 . Find the equation of a line of gradient 3 passing through 
the point (—2, 3). 


First solution. The equation of the family 
of lines with gradient 3 is y = 3x-f fc. 

The line whose equation we have to find 
passes through (—2, 3). Therefore we must 
choose h so that the equation of the line 
is satisfied when x — —2, y = 3. Therefore 
3 = 3(— 2)-f A: and k = 9. 

The equation of the line is y = 3x-f 9. 

Second solution. Let (x, y) be any point 
of the line. Then, from a sketch, we see that 
the gradient of the line is (y— 3)/{x— (— 2)} 
and must = 3. 

Therefore the equation of the line is 


y-3 = 3x-f 6, 
y = 3x-i-9. 



5 
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ExAStPLB 2 Find the equation of the lino joining the points (—2, 1) 
and (3,-1) 

Solution From a gtetch we see that when x increases by 6, y de- 
creases by 2 Hence the gradient of the 
straight line joining the giren pomts is 
— I We now Icnow the gradient and 
we can take either (—2, 1) or (3, —1) 
as a point on the Ime 'Hie problem 
IS reduced to one hke Example 1 
{3,~l) The equation of the family of lines 
with gradient — f is y = — |x+i 
We have to choose i so that ( — 2, 1) is on the line Therefore 
1 = 1+^^ 

Therefore i J and the equation of the Ime is y = — or 
6y4-2x = 1 

Chick Verify that (3, —1) is on the line 
6(-l)+2(3) = 1 

To write down the equation of the line mtk gradient — f, passing 
through ike powU (—2, 1) 

First method Wnte down the equation of the family of parallel 
lines with gradient — | lo the form 6 y 4 - 2 z ss ik to avoid fractions 
Then the constant 1. must be chosen so that the equation is satisfied 
when X =s — 2 and y ** I Therefore 6—4 « k, and i = 1 
In practice all that need be written doivn is 
6y+2x * 5(l)+2(-2) = 1 

Second method If {x, y) is any jxnnt on the Ime we have the 
following table of values 

—2 X 

5 y 

Therefore the gradient of the Une is (y— l)/{z— (— 2)} and must 

= -f 

Hence the required equation is 

x+2 »’ 

^—5 = —23:— 4, 

^+2x= I 

Excrcke I F 

1 Write down the equations of the famihes of parallel lines with 
the following gradients (o)2,(&) J, (e) — (d) — 

2 Write down the equations of the foUowmg Imes 
(i) with gradient 4 passing throngh (1, 1) , 

(n) mth gradient —1 passang through (2, J), 

(m) with gradient f passing through (3, 6) , 

(iv) with gradient — | passing through (1, —1) , 

(v) joining (1, 2) and (4, 6) , 
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(vi) joining (—1, -^3) and (2, 7); 

(vii) joining (2, 2) and (5, 2). 

3. is the gradient of the line 2y-i-3x = 7? Show that 
(2, I) is on this line and find the equation of a lino through (2, i) 
which is equally inclined to the axes. 

4. Find the equation of the line through (3, —4) parallel to 
3a:+4y = 18. 

6. A portion of a playground was once marked out in squares to 
represent graph paper, and coordinate axes were marked. The hoys 
of a class were then told to arrange themselves so that 

(i) their x-coordinates were all 0 ; 

(ii) their y- coordinates w’ere aU 0 ; 

(iii) each boy’s x-coordinate was equal to his y-coordinate. 

Each time the boys found themselves on a straight line: 

(a) describe each line ; (b) give the equation of each line, 

6. Close to the colour-light signals on the up lines to a London 
terminus, hoards are set up each con- 
taining a square of 36 white lights. 

These can he filuminated to form num- 
bers and so tell the driver of an 
incoming train the number of the plat- 
form he is running in to. If each light 
is defined by its coordinates referred 
to X- and y-axes in the lower and left- 
hand edges of the square, to what 
platform is a train signalled when the 
illuminated lights are (0, 2),{1, 2), (2, 2), (3, 2), (4, 2), (3, 0), (3, 1), 
(3, 3), (3, 4), (3, 5), (1, 3), (2, 4) ? Knd the equations of the three 
lines of which the number is formed. 

7. What is the direction angle of the line joining (1, 3) and (1, —6) ? 
Write down the equation of the line. 

8. Find the equations of the lines through (7, —8) parallel to the 
coordinate axes. 

9. Find the equations of the lines through (1, 2) making equal 
angles ■with the coordinate axes. 

10. Find the equation of the line joining (—3, —1^) and (2, 2|). 
Are the points (-3, -1|), (2, 2\), (10, 8-9) on a straight line ? 

11. Find the equation of the reflection of 2x— y = 4 (a) in the 
a:-axis, (b) in the y-axis. Verify that the two reflections are parallel. 

12. Find the equation of the line through (1, 2) with gradient — i. 
Find the equation of the reflection of this line in the x-axis. Verify 
that the reflection of (1, 2) is on it. 
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13 Find the equations of the lines through (—2, —4) whose 
direction angles ate 45® and 135® 

14 ABCJ) IS a parallelogram — 2,-1), .P=(l, 0), 

C ^ (2, 2) Find the equations oiAD and CD and the coordinates 
of 2? 

15 An observation post is set up and axes are laid down with 
ongm at the observation jioat, positive x axis towards the east and 
positive y towards the north It is agreed that the scale shall 
be such that the points (0, J), (1,0) are each 1 mile from the ongm 
A straight railway line is reported with a station at (4, 1) and the 
entrance to a tunnel at (—2, 3) Fmd the equation of the railway 
A road bridge is reported over the railway the hne of sight from 
the observer to the bndgo bemg y 5= 2x Define the position of the 
bndgeandplotit Apply Pythagoraa’Theorem to show thatthe bridge 
IS y'lO miles from the station and find its distAoee from the tunnel 

The following objects are sighted m the positions given Plot 
theiE positwna aad, say whether they are on. the neater ot ferther 
Bide of the railway (a) a pond at (—1,2), (h) a haystack at (3, 1 6) 

A farm house is situated at (0, —2) TOat is the bearing from 
the farm house to the neatest degree, of (a) the station ’ (h) the 
tunnel? 

16 An ongm is taken at the Owe Lgbthouse and axes are laid 
down, the positive x ana towards the east and the positive y axis 
towards the north The unit of distance on both axes is 1 mile 

The lighthouse cavers with a red sector a dangerous shoal known, 
from ita shape, as the Oblong 
Bank If the comers of the 
shoal are at (—1, 1), (—1, 3), 
(-2 3), (-2. 1). find the 
equations of the hunts of the 
red sector What is its angle ? 
The track of a steamer is 
2y+« = 7 A trawler at (3, 4) 
IS steering the same number of 
degrees S of W as the steamer 
IS N of W Fmd the equa 
tion of the track of the trawler 
Fmd the coordinates of the 
jumts mwhich the vessels enter 
the red sector The bghthcmse keeper has orders to fire a gun when 
a vessel is standmg m to danger For which vessel should the gun 
be fired ? 




1.8, Ex. l.G. 1.9 (27) 

1.8. The folloiving facts about tlie application of algebra to the 
solution of problems in geometry have emerged in Exercises l.E 
and l.E and deserve special notice. 

(1) A point is on a straight line if its coordinates satisfy the 
equation of the line and, of course, is not on the straight 
line if its coordinates do not satisfy the equation. 

(2) The coordinates of the point of intersection of two lines 
are found by solving the equations of the lines as simul- 
taneous equations. 

(3) The equation of a line parallel to the a'-axis is of the form 
y — h. The equation of a line parallel to the y-axis is of 
the form x = k. In particular the equation of the .a-axis 
is y = 0 and the equation of the y-axis is a; = 0. Hence the 
points in which a line meets the axes are found by putting 
a; = 0, y 0, in turn, in the equation of the line. 

The points in which a line cuts the axes are particularly 
useful because they can be plotted so easily. 

Exebcise l.G 

Find the coordinates of the points in which the following lines cut 
the axes. Hence sketch the lines. 

1. 2z+y = 4. 2. Zx-2y = 12. 

3. x-\-y-]-\ = 0. 4. 2x~iy-\-4: — 0. 

5. a:/2-fi//3 = 1. 


1.9. Intercepts 

A hne cuts the axes in the points (5, 0), (0, —7). 6 and —7 
are called the intercepts of the line on the axes. The intercept 
on the a-axis is always named before the intercept on the 
y-axis. Note that each intercept is a 
directed length. 

The hne with intercepts 5 and —7 has 
gradient |, and it passes through (5, 0). 

Hence its equation is 
5y— 7a; = 5 X 0— 7 X 5 = — 35. . 

Dividing by — 35 tliis can be written 

--t =1 or ^A.y -1 

_ In this form the intercepts can be read from the equation 
inmediately. Conversely the equation of a hne making given 
mtereepts on the axes can be written down straight away. 
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eg (1) if the intercepts are 1, the equation of the hne is 
ar/l+y/2 = 1 

(2) if the intertfeptB are ^2, 3, the equation of the Ime is 
a:/(_2)+y/3 = 1 

(Put a: = 0 m (l) and (2) What do you find for y ? Put y = 0 
and determine x This checks that the equations •wntten doim 
make the stated mtercepta on the axes ] 

In general if a and b are constants the equation xfa-{-yJb = I 
represents a straight line making intercepts a, b on the x and 
y axes respectively 

ExERasE 1 H 

1 Write down the equation of 
the line making mtercepts of 3 and 
4 on the axes Check by finding 
the gradient of the hne and hence 
obtaining the equation 
2-6 Write doim the equations 
of the lines making the following 
intercepis on the axes 
(2) 6, 4 (3) -3 0 

(4) -2, -i (6) i i 

(0) -i.j 

7 A hne makes intercepts on 
the axes of 5 and 2 and passes 
through the pomt (o, 6) Show 
that 2a+6& =* 10 

8 A straight wire 13 to be set up 
to secure a flagstaff but will have 
to pass over a shed whose dimen 

sions are shown m the sketch If the wire just 
passes over a comer of the shed, show that 
JO/d+12/A = 1 
(Choose your own axes ) 

Find A if d =5 26 

9 A ladder is in contact with a wall 24 ft up 
from the gnnmd and with the ground 9 ft out 
from the wall What is the distance from the 
wall of a man whose feet are on a rung of the 
ladder 10 ft above the ground’ (Choose your 
own axes ) 

10 I^d the equation of the reflection of 
ar/5— y/2 = 1 (o) in the x axis, (i) m the y axis 
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11. What is the equation of the family of lines maldng intercepts 
on the axes in the ratio 3:4? [Call the intercepts of any lino 3fc, 4:k.] 

12. The diagram shows the predicament of 
two men trying to manoeuvre a ladder from a 
lane 13 Jft. wide to one 20 ft. Avide. Both lanes are 
bounded by high walls. The ladder jams when 
a — 40. Find b and the length of the ladder. 

13. What is the gradient of the straight 

line which makes intercepts a and b on the 
axes ? Hence prove that its equation is l.H 12 

xla+yfb — 1 . 

1.10. The relation between the gradients of two perpen- 
dicular lines 

Let mj, wig be the gradients, and the direction angles of 
two perpendicular lines. Assume, for the 
moment, that neither line is parallel to a 
coordinate axis. Then 6^ — OO-j-^i- 

Therefore 

tan 02 = tan(9O+0i) = — (1/tan 0i), 

But tan 02 = m 2 and tand^ = mj. 

Hence m, = — , 

or mim 2 =— 1. Fia. 1.16 

There remains the case when one 
Hne is parallel to an axis. Then the 
other line is parallel to the other axis 
and the equations of the lines have 
the forms x — and y — c^. 

If two lines are perpendicular they 
are either parallel to the axes or the 
product of their gradients is —1. 

Exajiple. Find the equation of the 
line through (5, 3) perpendicular to tan = —1/tan 

2a;-3y+5 = 0. 

Solution. The gradient of the given line is f. Therefore the gradient 
oi any perpendicular line is — |. 

The required equation is therefore 

2i/+3x = 2x 3+3x6 = 21. 
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Exeecisb I J 

1 Find the direction angle of each of the hues y—Hx = I, 
2jr4-® = 1 Venfy that they ore perpendicular 

2 Of the foUoiTing three lines, two are perpendicular Which 

are they? (i) 3*-2y+7 0, (u) 2x-Zy = 6, (m) 2x-\.Zy = 1 

3 Find the equation of a hne through the ongm perpendicular to 
(a) 2y+» = 0, (6) y— 3* = 0, (c) 3y-f-5a: = 10 

4 Show that the following pairs of lines through the ongm are 
perpendicular 

(i) 2y~Zx = 0, 3y+2ic = 0, (u) 6y4-4z = 0, 4y = 5a:, 

(m) y~mx = 0, = 0 

6 Find the equation of ^ hue drawn through 
(ffl) (1, 3) perpendicular to ar+y+S =“ 0, 

(i) (—2, 2) perpendicular to 2a: =* 3y+l , 

(c) (I, —4) perpendicular to 6x+2i;-i-3 *= 0 , 

(i) (3, —2) perpendicular to y+5 = 0 , 

(e) (4 —3) perpendicular to a: = 1 

6 Find the equation of the perpendicular from the ongm to 
3y-7+2« = 0 

7 Show that the lines joining (o) (3, 4) and (6) (—2, IJ) to the 
ongm ate perpendicular Show that this is abo true of the Imes 
joining [c, d), (— <f, c) to the ongm 

8 Show that the lines joinmg (2, 3) to (a) (—1, 0} and (&) (5, 0) 
ate perpendicular 

9 If 4 * {0, 6), B « (0. -4). C B (4, -2), D = (-3, 6) show 
that the angles ACB and ADB are right angles What can be said 
about the circle on 4 £ as diameter ? 

10 Two families of parallel slats are crossed at right angles to 
form a trellis The equation of one family is y+x = c Fmd the 
equation of the other family 

1 1 Fmd the equations of the diagonals of the quadrilateral whose 
vertices are (3, 2), (6, 1), (3, —4), (1, 1) and show that they are 
perpendicular 

12 Show that the diagonals of the quadrilateral (0, 3), (4, 2), 
(2, —1), (0, 0) are perpendicular 

13 Show that the toes jommg (1, 3) and (—3, 1) to the ongm are 
perpendicular If a square is drawn with these three pomta as three 
of its vertices find the equations of the four sides and the coordinates 
of the fourth vertex 

14 Find the equation of the lines through (1,4) parallel and 
perpendicular to 3y = 2z— I 
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15. Find the equation of the line through (—1) 3) perpendicular 
to 2y+.'c+4 = 0 and the line through (0, 0) parallel to this lino. 
Find the coordinates of the vertices of the rectongle which has these 
three lines as three of its sides and (0, 0) as one of its vertices. 

16. A = (2, 0), B ='(0, 1). A square ABCJD is drawn on AB as 
side with its remaining vertices in the 
first quadrant 

(i) Find the equation of AB. 

(ii) If BN is perpendicular to the x-axis 
and CM is perpendicular to the 
7/-axis, prove that the triangles 
BAN, ABO, BCM are congruent. 

(iii) Deduce from (ii) the coordinates 
of C and B. 

(iv) Find the equations of the diagonals 
of the square and verify that they are at right angles. 

17. The vertices of a triangle are A (0, 4), B s (—1, 0), 
C = (3, 0). Find the equations of the perpendicular from B to AG 
and from C to AB. Show that they meet on the perpendicular from 
A to BC. (It can be shown that the perpendiculars from the vertices 
of any triangle to the opposite sides meet at a point called the 
orthocentre of the triangle.) 



1.11. The distance between two points whose coordinates 
are given 



UijL 


J3(3.-i) 
Era. 1.17 


If A = (2, 1) and B = (5, 5), B maj' be reached from by a 
step of 3 parallel to the x-axis followed by a step of 4 parallel 
to the y-axis. Hence by the theorem of Pythagoras 
AB^ == 32+42 = 25. 


The distance between the points is 5. 

■ If A = (—2, 1) and B = (3, —1), B may be reached from + 
by an^x-step of 5 {= 3— (— 2)} followed by a y-step of — 2 

Therefore AB’^ = 52 +(— 2)2 = 29 
AB =V29. 
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Generally, if ^ s (arj, and B = (x^, j/i), B may be reached 
from ^ by an a: step of Zj— Xi followed by a y step of y-— 2/1 
Hence AB^ = (Zj— *i)*+(y*“*yi)* 

This formula need not be remembered but may easily be 
obtamed, when required, from 
the following 'conventional 
sketch ’ which shows the pomts 
A and B not necessarily m their 
true positions but as if they 
were in the first quadrant 
Note that such a sketch is also 
useful in findmg the gradient of 
AB For, as we have already 
seen, this gradient is found by 
dividing any change in x into 
the correaponding change my In all cases, therefore, it 13 

Example ^ 1, 2),B * (3, — 1) Fmd (1) the distance, 

(u) the gradient of the line AB 

Solution (1) ^£2«(34.1)*+(_1_2)* 

* 4*4-3* 

(3 1) *26, 

AB=:5 

7 2 

(u) the gradient of AS as— 

iJ4-i 




Exbbcisc I K 

1-2 Give the x step and y step by which B is reached from A 
and find the distance AB and the gradient of AB 

1 A s{-2, l),Ba(6, 7) 

2 A s(-3,2),Bhx{3. -4) 

3 Show that the tnai^Ie whose vertices are A = (1, 3), B s 
(3, 4), C s (0, 1) IS isosceles and name the equal sides 

4 Show that the tnangle whose vertices are (0,2), (V3, — 1), 
(— V3, —1) 13 equilateral 

6 If ^ as (I, 2), B s (6, 4), C e (7, — 1),Z> s (2, —2), prove that 
the diagonals of the quadrilateral ABOD are equal 

6 If {-2, 3). B^(3,4). C^(4,-l), Z3s(_i,_2), 
prove that ABOD is a rhombus 

7 Show that (1, 2) 13 the middle pomt of the line joining (—3, 6) 
and (5,-1) 



1.12 (33) 

1.12. The middle point of the straight line joining t%vo 
given points 

Let Jf be the middle point of where s (1,2),£ = (5,3). 
To find the coordinates of M we complete the right-angled 
triangles APB, AQM by drawing lines parallel to the axes. 
Then . Qjf ^ ^.pjB 

= i(3-2) 

Therefore the ^/-coordinate of M 

= ^/-coordinate of i 

= 2|. 




Smularly AQ = \AP — J . 4 = 2 and the ^-coordinate of M 

= the a;-coordinate of 2 
= 3. 


ilf ~ (3, 2i). 


[As a cheek show that the equation of AB is iy~x = 7 and 
verify that M is on this.] 

Note that 3 is the arithmetic mean of the a-coordinates of 
A and B and 2^ is the arithmetic mean of the y-coordinates. 
Ibis may be proved generally. 


Let A~ (Kj, yi) and B s y^. 

L is reached from A by an a:-step of {x^-x^) followed by a y-step 

r5 I’ ^ reached from A by an ic-step of 

(®2 ®j)/2 followed by a y-step of (yj— yi)/2. 

2 r~' 


The ^-coordinate of M 




The y-coordinate of 21 = v. _ yi’^'Vz 

ai-r 2 ~ 

Therefore if = 

‘ 2 ’ 2 j- 

o 


4SB7.1 



1-6 Find the middle pomts of the lines joining the given points 

1 (0,1), (0,6) 2 (-2,0), (4,0) 

3 (1, 3), (7, 6) 4 (-8, -2), (3, -4) 

5 (10, -7), (-13,9) 

6 A ^(2, —3), S ^ (4, —7) Show that 2y— z-f 13 = 0 is the 
perpendicular hisector of AB 

7-8 Find the equation of the perpendicular bisector o£AB 

7 A ^(2, 4), 5 s (4. 6) & A ^ (-1, 1 J), B ^ (3, -3J) 

Exekcisb 1 M 

1 The Bides of a square are t; = 2, y+l = 0, x = I, x = 4 
Verify that the middle points of the diagonals coincide Verify that 
the diagonals ate at right angles 

2 Two wireless masts are 28 ft and 16 ft high and the aenal is 
stretched taut between their tops Find the height of the middle 
point of the wire 

3 Find the equations of the lines through (1,0) and (—1,0) 
parallel to 3t/+2x — 0 Let the intersections of these Imes with 
y^z sa 2 be A, 3, C respectively Find the coordinates of A, B, 0, 
and show that AC = CB Of what geometrical theorem is this an 
example ? 

4 Find the gradients of the diagonals of the rectangle whose 
vertices are (—2,4), (6,4), (6,-1), (—2,-1) Show that the 
diagonals are equally inclmed to the axes and equal m length 

6 Fmd the equations of the sides of a rectangle of which (0, 0) 
and (1, 7) are opposite vertices and 3y— x «=» 0 is one side Find the 
coordinates of the remaining two vertices 

C — (2, 5), J3 = ( — 1, — 1), (7 s (6, 1) Fmd the coordmates of 
a pomt D such that ABCD is a parallelogram (Use the fact that the 
diagbnals bisect each other You need not find the equations of 
the sides ) 

Check by verifying that AB = CD, AD = BO 

7 ,4 s (10, 16),fi ^ ( — 2,3),G =(6, — 1) Z3 is the middle point 
of BC Fmd the length of AD 

8 A triangle ABC has verticea A ^ (1, 4), B e (—2, —3), 
O s (3, — 1) Fmd the coordmates of the middle pomts of AB and 
BC Verify that their join is parallel to AG 

9 ABCD 13 the quadrilateral (—2, 2), (3, 4), (6, —2), (—4, —3) 
M, B, B, Q, X, Y, are the middle pomts of AB, CD, BO, DA, AG, 
BD Fmd the coordmates of the middle pomts of XF, MB, PQ and 
show that they comcide 
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10. ABCO is a trapezium sucli that A ^ (0, 3), B = (4, 3), 
C = (8, 0), 0 = (0, 0). ’ll D, E are the middle points of AO, BO, 
find the coordinates of the middle point, X, of EE. ^ 

If y is the intersection of AG, BO find the coordinates of Y and 
the equation of XT. Show that XT meets AB and 00 at their 
middle points. 

11. Show that (7, -1), (2, 4). (6, 2), (5, 3) are all the same distance 
from (2, —1) and find the distance. 

12. Show that the points (2, 2), (6, 3), (6, 0) lie on a circle with 
centre (4, 1). Find its radius. Also find the coordinates of the points 
in which a: = 3 cuts this circle. 


1.13. Loci 


Consider the straight line y = x-\- 1 . This equation enables us 
to select from aU the points in the plane those that lie on the 
straight fine. For examjile, we see 
that the points (1, 2), (—1, 0), (2, 3), 

(4, 5) lie on the line because their 
coordinates satisfy the equation of 
the line. . On the other hand, (2, 1) 
does not lie on the line for 1 ^ 2-f- 1. 

Now suppose we are asked to select 
a point P in the plane of the axes 
equidistant from A = (1, 1) and 
B = (0, 2). With a pair of com- 
passes we quickly see that we are 
free to choose any one of a large number of points. 

Let {x, y) b6 the coordinates of any point, P, satisfying the 
given condition. Then AP'^ = BP^. 

Therefore _ x^-\-{y-2r, 

x^-2x+l+7f-2y+l = »2+2/2_4y-f4, 

—2x—2y+2 = — 4y-|-4, 

2y = 2a: -f 2, 
y == a:-l-l. 


y 



B- 

- 4 


4 

4 

+A 


0 


X 


Era. 1.21 


Every point P = {x, y) which is equidistant from A and B 
must have coordinates which satisfy this equation. Hence all 
the points in the plane which are equidistant from A and B lie 
on the straight line y = a:-j-l. 

TMs straight line is called the lociis of the points which are 
equidistant from A and B. 

may know from elementary geometry that this locus is 
the perpendicular bisector of AB. If not, this is easily verified. 
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The mid point of AB la |) The gradient of is — 1 
Hence the gradient of the perpendicular bisector of AB is 
4-1 and its equation is 

y-a: = f-J = 1. 
or y = a:+l 

Exercise 1 K 

1-4 Fmd the equation of the locus of the points ahicb are eqm 
distant from 

1 (-1.0). (3 0) 

2 (0,8), (4,0) 

3 (-1.3). (3,-1) 

4 (-1,-6), (3. 3) 

5 Write down the equation of the locus of a pomt which may be 
reached Ssom. a point on the * asia by a etep of +2 parallel to the 
y axis 

6 Write down the equation of the locus of a pomt which may be 
reached from a pomt of the y axis by a step of —3 parallel to the 
z axis 

7 P is a pomt in the first or third quadrant such that its distance 
from the X axis is twice its distance ftom the y axis What is the 
equation of its locus ? 

8 Three tunes the x coordinate of P together with five tunes its 
y coordinate is always 18 What is the equation of the locus of P ’ 

9 The distance of P from the x axis equals its distance from the 
y axis Wnte down the equations of the two straight lines which 
together make up the locus of P 

1(K The square of the distance of P from the x axis equals four 
times its distance from the y axis Wnte down the equation of its 
locus, plot a few pomts, and ahetcb the curve 

11 4 s (1,0), Ps( — 1,0) P = (z,y) 13 a pomt such that 
AAPB IS a r^t angle Find the equation of the locus of P [From 
elementary geometry we can recognize this locus as a circle on AB 
as diameter ] 

12 Wnte down the equation of the locus of a pomt such that the 
square of its distance from the ongm is 2 

13 Wnte down the equation of the locus of a pomt whose 
distance from the ongm is 6 

14 What IS the equation of the locus of a*pomt whose distance 
from the pomt (1, 3) is always 2 ? 

16 What are the names of the curves whose equations are 
(o) = 100, (6) («-l)*-{-(y-2)» = 4 
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1.14. The equation of a circle 

If the point (.t, y) is on a circle with centre (— 1, 3) and radius 
3, its distance from (—1, 3) is always 3. Hence 
(a;+i)2+(2/_3r-=32 
is the equation of the circle. 

This simplifies to 

®“+2/^+2a:— 6?/+l = 0. 

CJonversely, an equation of the 
'^yP® x“-\-y^ — 4a;-j-8?/+4 = 0 

represents a circle. 

To show this we complete the 
squares of the terms in x and 
the terms in y. 

4a:4-4+2/^+8w-j-l(5 = 16, 

(a:-2)2+(y+4)2 = 4^. 

This expresses the fact that the 
distance of (x, y) fi’om (2, —4) 
is always 4. Hence the given equation represents a circle of 
centre (2, —4) and radius 4. 

Note that a circle has an equation which is of the second 
degree. 

Exercise l.P 

1-5. Eind the centre and radius of the circles whoso equations are : 

1. a:®-}-?/®— 27/— 3 = 0. 

2. x^-\-y'^—2x—2y~'l — 0. 

3. a;^-f7/2+2x— 6f/-f9 = 0. 

4. a:2+7/2 = 36. 

5. a:^4-7/®+2a;-|-10y+22 = 0. 

6-10. WMch of these equations represent circles ? 

6. a;2-}-7/2— 4 = 0. 

7. x'^-\-2x-\-4y = 0. 

8. x^-{-xy-\-y^ = 16. 

9. 2a:2-f7/2-(-4a;-j-27/— 46 = 0. 

10., 2a;2+27/2-7a;+87/ = 0. 

11“13. Write down and simplify the equations of the circles: 

11. With centre (0, 2), radius 2. 

12. With centre (1, —1), radius 3. 

13. With centre (—1, —2), radius li 

14. Eind the coordinates of the points of intersection of the circles 

*■+2/® = 5 and 2x == 7. 
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16 Find the coordinates of the two points on 7i/-f z = 25 whose 
d&tance fcom the origin is 5 

16 ^ sE (—2, 0), B ^(i,0) P IS a point such that 2PA = PB 
Find the equation of the locus of P Identify it as a circle and draw 
a figure 

1.15. Further loci 

Other curves whose equations are of the second or higher 
degree frequently appear os loci 

The following exercise introduces some more second degree 
loci 

Exeboise 1 Q 

1 The distance of a point P from (2, 0) equals its perpendicular 
distance from the y axis Find 
the equation of the locus of P 
( Hin t The use of a square root 
may be avoided by noting that 
if the distances are equal so are 
their squares] 

[This locus may easily be 
drawn on graph paper with the 
help of a pau of compasses 
Take the side of 1 square of 
the paper as the unit of length 
With centre (2, 0) draw circles 
of radu 1, I|, 2, 3, 4, 5, 6, 
7 The intersections of these 
circles with the Imes 
ar = 1, z =s IJ, z SB 2, z = 3, z = 4, z = 5, z = 6, z = 7 , 
are points on the locus Note that the construction shows that it is 
symmetncal about the x axis ] 

2 A point mOTes so that its distance from (0, 2) equals its per 
pendicnlar distance from the z axis Find the equation of the locus 

3 A pomt moves so that its distance from (1, 0) equals its per- 
pendicular distance from z-|-I « 0 Find the equation of its locus 

4 A point moves so that its distance from (0, J) equals its distance 
from y+i = 0 Find the equation of the locus 

[Though the equations of the loci ohtamed m Nos 1, 2, 3, and 4 
differ considerably, the law governing the positions of the points of 
each locus is of the same type The differences are caused by a 
different choice of axes, fixed point, and fixed line The curves of 
Nos 1-4 are all called Parabdas ] 


■Riti 


yS)" 
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5. The distance of a variable point P from (4, 0) is twice its perpen- 
dicular distance from the y-axis. Find the equation of the locus of P . 

[The method suggested for drawing the locus of No. 1 may be 
adapted to draw this locus. It is not a parabola.] 

6. The distance of a variable point P from (8, 0) is half its perpen- 
dicular distance from the y-axis. Find the equation of the locus of P . 
This may be drawn by adapting the method suggested for No. 1, 



Ex. l.Q 7 Ex. l.Q 8 


7. The point P is taken in the first quadrant so that the area of 
the rectangle OMPN is constant and equal to a®. Find the equation 
of the locus of P . Draw the curve for a = 2 from’ x = i to z = 8. 

8. An architect wishes to design a doorway surmounted by a 
semicircular arch to have a total area of 36 sq. ft. He makes various 
trial sketches. If these sketches are placed so that the bottom and 
left-hand edges lie along the axes shown (unit on each axis: 1 ft.), 
find the equation of a curve passing through all the points like P. ” 


t 


1 16 The general linear equation 
All linear equations may be obtained from az-f 6y-j-c = 0 by 
giving o b c suitable values Thus 
3a?+2 7y— 60 = 0 is obtamed by 
ymttmg a = 3 6 = 27 c = — 50 
aar+6y*f-c = 0 is called the gen 
eral linear equation and a h c 
are called the coefficients of the 
equation 

If any values are given to a 6 c 
(provided that both a and b are 
not 0) Tve obtain the equation of 
a straight line The equation of a 
straight line ma} be altered by 
dividing through by any non zero coefBcient Tnthont changing 
the straight hne which it represents 3r— 2y+5 = o and 
SB 0 represent the same straight line 
If 6 ^ 0 the general equation may be written 



Bs tnx-\-k 


where m = —a/6 and X. = —c/6 

Then m and X have simple geometrical meaiungs m is the 
gradient of the Ime and X. is the mlercept on the y axis If 
however 6 = 0 the general equation becomes oz*f c = 0 or 
X = —eja (a cannot also be 0) Wntmg d = — c/o this equation 
becomes s = d 

The locus of a pomt whose x coordinate is fixed is a straight 
hne parallel to the y axis Hence for different values of d 
z = d represents the family of Imes parallel to the y axis These 
lines have no gradient and their direction must be defined by 
their direction angles which are all 90® [Try to find a number 
a 80 that you can say that z = d nses o in I You cannot Try 
to put the equation in the form y = mz+d so that you can read 
off the gradient You cannot 1 

Note that the equation y = mx-^c is the general equation 
of all lines not parallel to the y axis while oz-f 6y+c = 0 is the 
general equation of all lines m the plane of the axes 



y 
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ExEHCaSE I.B. 

1. Find the value of c if aa+Sy+c = 0 passes through the origin. 

2. What can you say about the line ax+hy+c = 0 if (i) a = 0, 

(ii) 6 = 0, (iii) c = 0, (iv) S = c = 0 ? _ 

3. Write down the equations of the following faimlies of lines. 

(а) the lines parallel to the a:-axis ; 

(б) the lines parallel to the y-axis ; 

(c) the lines through the origin. 

4. Find the equations of the lines of the following families which 
pass through the origin; 

(i)y = 52:+*;(ii)3a;+22/ = c. 

5. Using tables, find approximately the gradient of a line whoso 
direction angle is (a) 88°, (b) 89°, (c) 89 54 . 

6. Write down the equation of .the line making intercepts a and h 

on the axes. 

7. Cihoose k so that the lines y = mx+k pass through the point 

( 0 , 2 ). 

8. Cihoose k so that y = 3x+h passes through (1, 3). Show that 
the line also passes through the origin. 

9. Choose m, k so that y = makes an intercept of 4 on the 

2/-axis and has gradient 2. 

10. Choose m, k so that y = 7nx-\-k makes an intercept b on the 
j/-axis and has gradient g. 

11. The observations of an experiment when plotted on a graph 
give the points (0,1-8), (1-0, 2-5), (3-2, 3-8), (5-1, 5-0), (7-0, G-1). 
Plot the points. They are approximately on a straight line. Find the 
equation of the straight line. This gives the law connecting the two 
quantities plotted. 

12. I find in a catalogue the foUoudag prices for galvanized 
anchors: 


Weight (lb.) (W) 

50 

1 65 

80 

00 

price (shillings) (P) 

40 

52 

C4 

72 


Draw a graph and find the law giving P in terms of IF. 

13. Smaller anchors of a different pattern are priced as follows; 


Weight (lb.) (IF) 

20 1 

30 1 

40 

Price (shillings) (P) 

22 1 

28 ! 

1 34 


Find the law giving P in terms of W. A 25-lb. anchor costs 2Cs. 
and a 35-lb. anchor costs 305. Do these figures exactly fit the law 
you have found ? 
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14 The foUowmg table gives the average ■weights of men of 
different heights f 



1 62 5 

61 S 

60 5 

69 5 

70 6 

y = Weight (Ih ) 

{ 133 

139 1 

146 

160 

160 


Plot these figures and iho-w that they fall approximately on the 
straight line joining the first and last points Writmg the equation 
of thi Ime m the form y = determine m to one decimal place 

and c to the nearest unit What is the law givmg the weight IFlb of 
a man of height Am? 

[The fact that this law is approximately hnear is mterestmg It 
shows that men of different heights are not geometncally similar 
For assuming their densities to b© approximately constant, if they 
•were emulai we should expect tbeir weights to vary as th© cubes of 
their heights There is a tendency for tall men to be lean, and short 
men to be stocky ] 

1.17, The general equation of the circle 
If P s (a:, if) la a point on a circle with, centre C = (I, 2) 
and radius 2}, the equation of the circle is found b> expressmg 
the fact that CP^ = ^ m terms of the coordinates of P and 0 
Hence the equation is 

z*-2x+l+if^-4tf+4 « 

2r— 4y— ^ s= 0, 

S*— 16*/— 5 *= 0 

This equation is of the form 

*= 0 , 

where a, b, c, d are constants, and m this case have the values 
a — 4 b ^ — 8 c = — 16, d — 6 It is clear that whatever 
point IS taken as the centre of the circle and whatever the value 
of its radius the equation of the curve is always of this form, 
1 e it IS of the second degree and has its second-degree terms in 
the special form ois+ay' (o yt 0) 

Thus the equation of every circle is of the form 
=0 (o ^ 0) 

We now show that every equation of the form 
<w:*-f-ay*-f6z+cy+d ~ 0 (a 0) 

t Selected from data given Sir P Arcy Thompson, Qrovth and Form, 
p 203 It 18 only fhir to add that tltt aelection conaiata in taking the figures 
that fit the linear Law besti 
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1.17 GENERAL EQUATION OF THE CIRCLE 

either represents a circle or no curve at all. Since a ^ 0, we 
write the equation in the form 

= 0 , 

Co U' U' 

or, ivriting 2g for bfa, 2/ for cja and k for dja, 
x-^-+if+2gx+2fy+k = O-t 

Completing the squares of the terms in x and the terms in y, 
we have (a;+sr)2+ {y+ff+k - g^+f. 

Therefore ix-\-g)^+{y-\rf)~ — (^) 

If {x, y)^P and {—g, —f) = C, this equation shows that 

= g^+f-k. 

Hence if <724-/2 > k, CP = ^j{g-+S^—k) and_P is at a constant 
distance ftom the fixed point 0. Hence the locus of P is a circle 
of radius ^J{g^+p—k) and centre {—g, — /). 

If ^24-/2 <; the right side of equation 1 is negative. But the 
left side is the sum of two squares and is therefore positive for 
every pair of values of x and y. Hence, in this case, equation 1 
cannot be satisfied by the coordinates of any point, so far as we 
can see at present. 

The equation ^^J^y^^^2gx^2Sy^k = 0, 

is called the general equation of the circle. The equation of any 
circle can be Avritten in this form, and every such equation 
either represents a circle or no curve at all. Hence, if a given 
equation of the second degree represents a locus, this locus is a 
circle provided that the two following conditions are satisfied : 

(1) coefficient of cry = 0 ; 

(2) coefficient of a:2 = coefficient of 7/2. 

The general equation of the circle is used, chiefly, when we want 
to find the equation of a circle satisfying given geometrical conditions. 

Example 1. Eind the equation of the circle passing through (1, IL 
(4, 2), (-1, 7). 

Solution. The required equation is cK24-7y2-i_2ga:4-2f!/-j-fc = 0 ivith 
suitable values of y,/,Z:. 

Since (1, 1) is on the circle 14.i-j-2i74.2/-l-/c = 0, 

)> (^>2) ,, „ ,, i6-|-4;-j-8gr-(-4/4'^^ = 0, 

’> ( f> '^) II II II 14'49 — 2j<4"14/-|-^' = 0. 

^ t The imalphabetical cboice here is made in anticipation of later work whioli 
IS outside the scope of this book. 
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These equations reduce to 2+2jf-}-2/+A == 0, 

204-8?4'4/+X- == 0, 

50-2ff+14/4-fe = 0, 

and we can solve them as sunnltaneous eqi^ations obtaining 

The equation of the circle is therefore 

zS+j(»-3x-%+10 « 0 

Example 2 Find the equation of the circle cuttmg the x ana m 
(—1, 0), (2, 0) an.d passing through (1, 4) 

Soluhon This example can be solved by the method of the 
previous example The general equation Piay> however, be used to 
somewhat greater advantage as follows 
In the general equation z*+y*4-2pz+2/y+l = 0 put y=0 
Then a:^+2gx+l = 0 gives the x coordinates of its mtersections 
with the a; axis But these are known to bo ® — — 1, ar = 2, andthe 
quadratic equation giving these Bolulions roust he = 0, 

1 e X*— ®— 2 *= 0 Hence the circle will cut the x axis in the required 
points if we take 2g = —1, i: «= 2 
Accepting this suggestion, we set out the work os follows 
The equation *‘’+y*-“X+2/y— 2 = 0 represents a circle cuttmg 
the X axis in X s 1, X s 2 
If the circle passes through (1, 4) 


1+16-1+8/-2 0, 
The required circle is therefor© 




or 


2x8+2y*-2x-7y-4 = 0 


Exercise 1 S 

1 Fmd the equation of the circle throi^gb the ongm and (0, 1), 
(1, 0) Fmd the centre and radius of the circle and illustrate the 
results by a sketch 

2 Fmd the equation of the circle through (0, 0), (2, 4), (—3, 9) 

3 What IS the value of / m the general equation if the centre of 
the circle is on the x axis 7 

4 What do you know about the circle if (o) y = 0 , (b) X, = 0 7 
6 Fmd the equation of the circle through (0, 0), (I, 3), (6, —5) 

Fmd its centre and radius 

6 Fmd the equation of the circle passing through (0, 1), (0, 3), 
and (3, 0) Fmd the other pomt of mtersection of the circle with 
the X axis 

7 Fmd the equation of the circle on (—1, —1) and (3, 3) as 
diameter 
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8. Show that (7, 0) lies on the circle through (0, 0), (5, —5), 

( 2 , 2 ). 

9. Eind the equations of the circles of radius 6 passing through 
(3, 0) and (-3, 0). 

10. Find the equation of the circle through (2, 0), (6, 0), (0, 3) 
and find its other intersection ivith the j/-asis. 

11. Find the equation of the circle whose centre is at the origin 
and which meets 2y = x+2 where y = 0. Also find the coordinates 
of its other intersection with this line. 

12. Find the equations of the circles which pass through (0, 0), 
(1,-1) and have radius V5. 

13. Find the centre andradius of the circle 4a:“+4^“— 16a:— 8?/= 5. 

14. For what value of a does the equation a:^+a7/- = 1 represent 
a circle ? 

15. The equation of a family of curves is x"-\-2az-\-a~y“j4: — 0. 
Find the equation of the oircle belonging to this family. 

16. Can you choose a so that the following equations represent 
circles ? 

(a) x"-\-2axy-\-ay“-\-2x-\-^y = 

(b) x^-{-2axy-j-(a-i-l)y^-i-2x-\-4y — 0. 

17. Describe the ‘circle’ x^-j-y^ = 0. 

1 . 18 . The equation of the tangent at a point of a circle 

If the coordinates of a point P of a given circle are known, the 
gradient of the radius through P 
may be found. ‘ Since the tangent 
at P is perpendicular to this radius, 
the gradient of the tangent is then 
easily calculated. 

Example. Find the equation of 
the tangent at P = (4, —2) to the 
circle (x— l)2-j-(y— 2)2 = 25. 

Solution. Let the centre of the 
circle he 0 = (1, 2). The gradient 

of OP is = — |. Hence the 

gradient of the tangent at P is f . 

Its equation is therefore 

4?/-3x = 4x'(— 2)-3x4 

= - 20 , 

4?/— 3x4-20 = 0. 



or 
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1 T 

1-6 yind the equation of the tangent at the given point to the 
given cirrfe 

1 ( 1 , 2 ) 

2 (2,-4) 

3 (ar-2)»+y’ = 4 (04,12) 

4 (x-3\a+(y+4)» « 40 (1,2) 

6 x^+y^~-2x-2y ^ 0 ( 0 , 0 ) 

6 x^-i~y^-f-4x—8ff = 30 (3, — 1) 

7 Pmd the equations of the taagenta at (—2, —1) and (2, 3) to 
the circle a®+j*+4a;— Cy— 3 « 0 

8 Show that the line joining A s (2, 6) and JB s (—0, 2) is a 
tangent to x^+y^ « 20 at the middle point of AB 

9 Show that the tangent at (3, 4) to **+y* « 25 is also the 

tangent at (7, 1) to x*4-y*'^2*+l4y~60 0 

10 Pmd the equations of the tangents to *= 100 at the 

pointa A and B where it meets i — 8 Find the coordinates of their 
point of intersection, P Find the length of PA 

11 Find the equations of the tangents at (3, 4) and (4, —3) to 
14*— 2y+25 as 0 end wnte 

down the coordinates of their point of 
intersection 

12 P s (ij, pj) IS a point on the 
circle o* Show that 

xf+yl »= a* 

and the equation of the tangent at P 
13 xx^■^yy^ =58 o* Find the intercepts 
t T ta made on the axes by this tangent 

If the tangent at P meets the x ans 
at T and N is the foot of the perpendicular from P to the * ans, 
show that ON OT = a* 



1,19. Tangents to a curve 

The tangent at a point P of a circle may be drawn accurately 
by constructing it at right angles to the radius through P No 
such construction exists for tangents to other curves 
Consider for example IQp = a* Draw this curve from the 
given table of values taking 1 m to represent I on each axis 

ri-l('o I iTz 1 3 1 4 1 6 1 6 1 7 

y jOJl 0 (OJ 04 09 IB 25 36 49 


Draw by eye the tangents at a. =* 2 and * = 5 Determine the 
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1.19 TANGENTS TO A CURVE 

gradients of these tangents. Compare your answer with those 
obtained by other members of the class and note that aU do not 
quite agree. This is rather unsatisfactory and in the next chapter 
we shall learn how to calculate the gradient of the tangent at 
any point of a curve whose equation is given. It ■will then be 
possible to show by calculation that the gradient of the tangent 
at a: = 2 is exactly 04 and that at a: = 6 it is 1. Compare your 
answers ■with these figures. 

Although we cannot draw it accurately, we assume that at 
every point of the curve there is a definite tangent. Let 




10^ = he the curve traced out by the headlamp of a car 
mo^ving on a curved road and let P denote any position of the 
lamp. Then if the headlamp throws a narrow beam of hght 
straight ahead of the car, this beam would lie along part of the 
tangent at P to the ciuve 10?/ = z". The tangent maintains aU 
along its length the instantaneous direction of motion of the 
lamp at P. 


Now consider a more geometrical way of looldng at the 
tangent at a point of a curve. AB is a curved railway fine on 
which a locomotive is travelling from A to B. Imagine that it 
is night and that a boy crouches in a hole dug between the rails 
at B with his eyes just above ground level. As the locomotive 
approaches he keeps a narrow horizontal beam of light focused 
on the bottom of the front coupling. The beam BP passes 
through the positions PPi, BP„,... and settles do-svn in the posi- 
tion BT as the locomotive thunders over the boy’s head. BT 
is the tangent at B to the curve AB, 

BP^,... are chords (not to be regarded as terminating 
stc.) of the curve AB. BT is the position in which the 
variable chord BP settles down as P approaches B. The 
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tangent at B is then said to be defined as the position 

of the chord BP as P approaches B The point /JB is called th© 
point of contact of the tangent 

ExEBCian I U 

1 Calculate the gradient of the chord loining (5, 2 5) and (C, 3 6} 
on lOy = x" 

2 Calculate the gradient of the chord joining (6, 2 6) and (5 1, 
2 - 601 ) 
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1 20 . It IS sometimes necessaiy to find the area of a polygon 
■when the coordinates of its vertices are known The method is 
best explained by an example 

Example 1 Emd the area of the tnangb whose vertices are (—1, 1), 
(3, 2), (I, -2) 

Solution Fig 1 27 IS a sketch of the triangle Through the vertices 
of the triangle draw lines parallel to one or other of the axes so as to 
enclose the triangle in a rectangle Then the area of the tnangle is cal 
culated by subtracting from the area of the rectangle the areas of three 
nght angled tnangles TherequiredareaiaI6— 4 — 2—3 = 7sq umts 
The sq umt is the area of a square of side leg the square on (0, 0), 
(1 , 1) as opposite vertvcea In questions m which dimensions are given, 
the area is first foimd in terms of eq umts, and the area of 1 umt 
square is then found m terms of the scales of the axes 

Example 2 Fig 1 28 is the plan ofa field on a scale of ^ in (side of 
1 square) s= 100 yd Etad the area of the field 

Solviion The area = 12— 1— 1— 1 » g sq umts Each unit 
sqi^re represents 10* sq yd Hence the area of the field is 9 X 10* 
sq yd 
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Exercise l.V 

1-3. Eind the area of the triangle whose vertices are; 

1. ('-1, 0), (4, 0), (1, 2). 2. (-2, 1), (2, 3), (3, -1). 

3. (-2.-1), (3, 2), (1,0). 

4. Find the area of the quadrilateral whose vertices are (1, 2), 
(4, 0), (2, —3), (—1, —1). Show that the quadrilateral is a square. 

5-6. The comers of a field bounded by straight hedges are given 
on a plan to a given scale by the coordinates given below. Find the 
area of the field. 

5. (1,3), (6, -1), (1, —3), (-3, 2). Scale: 1 unit on the axes = 
60 yd. 

6. {-2i, 1), (3, 3), (6, -2), (-1, -2). Scale: 3 units = 100 yd. 
(Answer in acres.) 

7. The cross-section of a haystack is given by the straight lines 
joining the points ( — 3, 0), (—4, 6), (0, 10), (4, 6), (3, 0) where 
1 unit = 2 ft. Find the area of the cross-section. 

Misoeleaneops Exercise l.X 

Based on Sections 

1. Find the equation of the line through (3, —2) of gradient 2, 

■2. Find the equation of the line through (6,-7) with direction 
angle 90°. 

3. Find the direction angle of the line 3'2a:'f 2y-j-l = 0. 

4. Write down the equation of the family of lines which make 
equal intercepts (with the same sign) on the axes. What is the 
direction angle of any one of these lines ? 

5. Which pair of the three following lines is parallel ? 

, (a) x~2y = 1 ; (6) a;-f 2y-4 = 0 ; 

(c) y-xl2 = 1. 

6. Show that (1, 5) is on each of the lines 

(a) y = a:+4 ; (6) Zy-\-2x = 17 ; 

(c) \y—hx = 16. 

Which is the steepest line ? 

7. Which of the points (5, —2), (—1, —1) is nearer (3, 4) ? 

8. .4 = (3, —4), B s (7, 2). P is the middle point of AB, and Q 
is the middle point of AP, Find the coordinates of P and Q. 

9. Find the equation of the line jo inin g the middle point of 
(—2, —7), (4, 8) to the origin. 

10. Show that the joins of (—2, —4) to (—6, 0) and (6, 2) are 
perpendicular. 


D 
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11 T^d the equation of the line through (4, —3) of gradient —3 

12 Fmd the equation trf the line through (3, 1) parallel to 
y = 2i-}-l 

13 Find the equation of the line through the mtereection of 
x-i-y = 1, x—y = 3 parallel to 3y-|-^ ~ 2 

14 Describe the directions of the lines (i), (c) m relation to (o) 
(o) a:-i-2y = 1 , (i) 2x~y = 2, (c) 2x-t-4y = 6 

16 Find the equations of the lines through (1, 1) inclined to the 
X axis at 45“ 

16 Find the equations of the diagonals of the rectangle whose 
Bides are x = 0, x =» 10, y = 0, y = 12 Find the coordinates of 
their point of intersection 

17 Fmd the intercepts on the ares made hy lOx— 9y-}-30 = 0 

18 Fmd the angle between the Imes y+2x = 0, y-}-4x »= 0 to 
the nearest half degree 

19 Fmd the equations of the Imes through (—2, 1) parallel and 
perpendicular to x+Sy-i~3 =* 0 

20 A telephone wire leadmg m to a house is attached to the pole 
at a height of 25 ft and to the house at a height of 12 ft Midway 
between the pole and the boose it eags 1 ft below the straight Ime 
joining its ends Fmd its height at this point 


21 Fmd the equation of the Ime through (7, 1) of gradient { 

22 Fmd the equation of the line through (2, 1 ) parallel to y » 0 

23 Fmd the equation of the perpendicular from the ongm to 
3y+ix ss 25 Fmd the coordinates of its pomt of mtersection with 
the Ime 

24 Describe the directions of (6) and (c) m relation to (o) 

(o) 2x+3y ^2,0) x/3+y/2 = 1 , (c) 3x = 2y-{-l 

25 If tan a = 0 6 find the equations of the Imes through (6, 3) 
with direction angles a“ and (180— a)“ 

26 Fmd the equation of the line of the family y = tnx+l which 
IS perpendicnlar to the Ime for which m =s 0 8 

27 Write down the gradi^t of 

(a) the jom of (— 1» —2) to (3,6) , (6) the Ime 6y— 9r-f-6 « 0 

28 Which of the pomta (1, 2), (—1, 1), (—4, —1), (2J, 0), (3, 3) 
are on 3x— 6y+7 = 0 ? 

29 Fmd the middle pomt of the Ime jommg (0, —8) and (0, 4) 
Fmd the equation of the perpendicular bisector of thehnej oinmg them 

30 Which 13 nearer the ongm, the pomt (10, 9) or the pomt on 
x-i-2y = 0 whose x coordinate is 12 7 
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31-48 


Based on the whole of Chapter I 

31 . Find the equation of the line through (—10, 2) of gradient — f . 

32. Find the equation of the perpendicular from (1, 2) to 


2y—x — 17. 

33. Find the equation of the perpendicular bisector of (—1, 3), 


(5, -1). 

34. If 0 is the origin and P is any point on y = 16 "write do"wn the 


equation of the locus of the middle point of OP. 

35. Find the centre and radius of the circle a:-+2/®H-2a;— 6y— 6=0. 

36. Find the line of the family y = mx+2 which passes through 
(3, -4). 


37, x+ay+a^ = 0 is the equation of a family of lines. What 


value of a gives the y-axis ? 

38. Show that the points (1,0), (0, —1), (200, 199) are in line 
and find the equation of the line, 

39. Show that the lines x[5-{-y(15 = 1 and 2x—Qy = 1 are per- 
pendicular. 

40. Find the equation of the tangent at (5, 2) to the circle 

a:®+y^-7a:+2y-l-2 = 0. 


41. Find the equation of the lines through (—4, 2) parallel and 
perpendicular to ^y-\-2x = 2, 

42. Find the equation of the line through (1, 6) making the same 
angles with the axes as x-\-2y = 1 but not parallel to it, 

43. A circle, centre the origin, passes through (7, 1). What is its 
equation ? 

44. A rectangle is drawn "with one vertex at the origin, two sides 
along the axes, and area 100 sq. units. Find the equation of the 
locus of the vertex opposite to the origin. 

45. Find the equations of the lines through (7,6): (a) parallel and 
perpendicular to a;-|-l = 0; (6) parallel and perpendicular to 
a:-f5y-f3 = 0. 


46. Find the angles between the follo'wing pairs of lines to the 
nearest degree. ^ 

(а) 2a:-y+7 = 0, 3a:-6y-}-2 == 0 ; 3 S 

(б) a;+3y+l = 0, 3a;-y-}-2 = 0; 

(c) 2a:+7y-fl = 0, 4a;-f 14y-f9 = 0. 

2/+^ = 0, y 2x = 6, y-\-x = 3, y — 2a: = 0 are the sides of 
a quadrilateral. Show that it is a parallelogram, and find the 
coordinates of its vertices. 


48. For what value of a does 2x‘-\-ay'^+2ax-\-‘ky - 14 = 0 represent 
a circle ? Find the centre and radius of this circle. 
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EX£BCISE 1 X 

49 Pind the area of the tnuigle (1,2), ( — 1, —1) (2, —3) 

60 Find the coordinates of the foot of the perpendicular from the 
ongm to 4x+y = 

51 Show that (6, 6), (|, — {), (—1, 1) he on a circle with centre 
(2, 3) which also passes through the ongm 

63 What la the value of i if 3y = (i) passes through the 

ongm (u) makes an intercept of 2 on the x axis ? 

63 Write down the equation of the locus of a pomt whose distance 
from the ongm is 6 Wnte down the equations of the two straight 
Imes which form the locus of a jiomt whose perpendicular distance 
from y-|-4 = 0 is 6 

64 Show that 2a:+5y = 22 passes through the middle pomt of 
the hue }ommg (3, 1) to (4, 6) 

65 For what value of a does the equation x*-i-2axy-t-f/^-^2x » 0 
represent a circle ’ Fmd the centre and radius of this circle 

66 Fmd the equation of the perpendicular bisector of the jom 
of (1. 2) and (6. 8) 

67 the gradients of tiie sides of the quadrilateral (1, 2), 
(2, —1), (0, —2), (—1, 1) Venfy that it is a parallelogram 

68 A pomt moves so that its distance from (0, 3) is twice its 
diatanoe from the origin Show that the equation of its locus u a 
circle and find its radius and centre 

59 Show, m the easiest way you can, that (1,2) is a pomt of 
mtersection of 2s— 3y-f-4 » 0 and x*~i-y^+4x+6y » 25 

60 Fmd the equation of the reflection of y— 2a: « 6 m the z axis 

61 Fmd the equation of the tangent at (2, —4) to 

62 Fmd the equation of the circle through (0,0), (0,2), (1,0) 
Fmd its centre and radius 

63 A pomt mores so that the square of its distance from (—1, 0) 
is 4 umta greater than the square of its distance from (3, 0) Fmd 
the equation of its locus 

64 Fmd the equation of the circle having the same centre as 

= 0 and xzdjas tmco aa great 

65 Find the equation of the line joining (1, 2) and (5, 7) Also 
find the equation of the Ime joining (7, 6) and ( — 1, 3) and show that 
the Imes bisect each other 

66 Fmd the equation of the line joining (1, —2), (7, — 2) Fmd 
the equation of its perpendicular bisector 

67 Fmd the area of the octagim (0, 0), (0, 1), (1, 2), (2, 2), (3, 1), 
(3. 0), (2, -1). (1, -I) 
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68. P = (—3, 2), the gradient of PQ = and the length of PQ 
is 10. Find the coordinates of Q (2 answers). 

69. Find the equation of the circle with centre (1, 2) passing 

through (4, 2). What is its radius ? 

70. Find the equation of the reflection of the line joining (1, 1) 

and (—2, 3J) in the 2/-axis. 

Misoellaneous Exeroise l.y 

1. Find the equation of a line of twice the gradient of 3a: — 2y = 4 
passing through (1, 3). Find the coordinates of the point of inter- 
section of the two lines. 

2. Find the equation of the line joining (li, — 24) to the origin. 
Find the equation of the perpendicular to this line passing through 
(0,4i). 

3. Find the equations of the reflections in the axes of x-\-2y — 1. 

4. ^ = (_1, _i), B s (3, 1), G s (1, 3). D, E, F are the middle 
points of BG, GA, AB. Find the equations of the sides of the triangle 
DBF. 

5. Find, to the nearest | degree, the angles of the triangle whose 
sides are y+2x = 0, 2y—z-i-3 = 0, x = 0. 

6. Three of the foUowing points are on the same straight line. Find 
the equation of the line. (—9,4), (—1, —1), (—4, 1), (3, —4), (6, —6). 

7. GAB is a triangle, right-angled at A. 0 is the origin and the 
gradients of OA, OB are 2, The point (2, 14) is on AB. Find the 
equations of the three sides and the coordinates of A and B. 

8. A line is drawn through (3, 4) on the circle = 26 parallel 

to 2y—x — 0. Find the coordinates of the point in which it meets the 
circle again. Find the coordinates of the point of intersection of the 
tangent at this point and the tangent at (3, 4). 

9. An aerial is attached to a chim- 
ney at a height of 45 ft. above the 
ground. Its other end is supported 
by a pole 20 ft. high, 60 ft. from the 
base of the chimney. Find the verti- 
cal height at which the wire passes 
over the comer A of the outbuilding 
shown in the diagram. 

10. Two vertical walls are parallel 
and at a horizontal distance of 30 yd. 
apart. A wire is stretched from the foot of one wall to a window 
in the other wall directly opposite and 20 yd. above the ground. 
A second wire is stretched from a -window 40 yd. above the 
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10-22 


ground in the first wall to the foot of the second Both wires are in 
a plane at right angles to the walls so that they cross Find the 
height of their intersection above the ground 

11 Find the centre and radius of the circle 

3a:*+3y*-4a:-{-6j/-f 3 = 0 

Find the equation of the tangent at the point (1 3, —0 6) 

12 A ^ (0, 0), B = ( — 2, 1), O ^ (—3, — 1) Find the equations 
of the perpendicular bisectors of AB, BC and the coordinates of their 
point of intersection, 0 Find the distance of 0 from A, B, C 

13 Findthelocusofapointwhichiaeqmdistantfrom^ =(—1,3) 
and B ^ (5, —1) Which of t^e following points are equidistant 
from A and Bl P = (3, 2), Q = (4, 4), R ^ (-2, -6) 

14 0 13 the origin and A is (4, 0) Fmd the locus of P if 
OP^-PA^ = 1 

15 ^ IB (—2, 0), P = (1, 0) P 13 a point such that AP = 2PB 
Show that the locus of P is a circle passing through the origin Show 
that the centre of the circle ts on the f axis and find its radius 

16 The opposite ends of the diameter of a circle are (1, 1), (4, 5) 
Find the coordinates of the centre and the radius Find the equation 
of the circle 

17 Show that (—1, 1), (1,2), (3, —2), (1, —3) are the vertices of 
a rectangle Show that the sides are m the ratio 2 1 and find the 
length of the diagonals 

18 A pair of opposite vertices of a parallelogram are (1,2), 
(—6 6) What are the coordinates of the mtersection of the 
diagonals 1 If another vertex is (1, — 3), what ate the coordmates of 
the fourth vertex ? 

19 ABC 13 a triangle and the middle pomts of BC, GA, AB are 
D, E, P What can you say about BC and EF ^ If the coordinates 
of D,E,F are (2, 0), (1,1) (2, 2), find the equations of BO, GA, AB 
and the coordinates of A, B, G 

20 Show that the perpendicular bisector of the line joinmg 
(0, 1) to ( — 1, 2) passes through the middle pomt of the line joining 
(0. -1) to (2, 3) 

21 Fmd the area of the quadrilateral whose vertices are (0, 0), 

22 The figure shows a aym 
metrical framework of girders for 
suppoitmg a Toof HP.HDareper 
pendicular to BC, AC EG, DF are 
vertical EC = 10 ft AB = 30 ft 
Choose your own axes and find the 
length of EG and DF 
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23. A lamp is suspended from 
the buildings on opposite sides 
of a street by -wires sloping at 
a, jS to the horizontal, where 
tana = I, tan^ = The -wires 
are in a vertical plane at right 
angles to the fronts of the build- 
ings. Choose your o-wn axes and 
find the height of the lamp 
above the roadway and its hori- 
zontal distance from the nearer 
wall. 

24. A man has a lean-to green- 
house of the dimensions shown 
m the sketch. He buys a second- 
hand door 3 ft. 6 in. by 7 ft. 6 in. 
which he wants to fit at one end 
of the greenhouse. Is he a mug 
or not ? 




25. The sketch shows the cross-section of the Suez Canal, The 
sides rise 1 (vertically) in 3 (horizontally). The canal is 13 metres 



deep and is 45 metres -wide at a depth of 10 metres. Find tlie -width 
of the canal at the bottom and surface and the area of the cross- 
section. 

26. If A ^ (-1|, 2i), B s (-1, 1), O ^ (3, 4), prove that the 
triangle ABC is right-angled and find at which vertex the right 
angle occurs. Find the equation of the circle passing through 
A, B, C. 

27. Fmd the equation of the tangent at P ^ (4, 3) to 

a;2-f-7/2— 6x— 2y-l-6 = 0. 

Find the coordinates of the points A and B in which this tangent 
meets the circle x^+y--Qx—2y = 0. Show that P is the middle 
point of AB. 

28. The equations of the sides of a triangle are 6a;— 3y-l-4 = 0, 
ixA-y—'l = 0, 3a:-|-6?/-kl6 = 0. Find the coordinates of the vertices 
and show that the triangle is isosceles. 


29-35 


29 A square board is held at an angle to the horizontal floor -with 
three of its comers at heights of 6, 8, 
10 ft , as sbo'wn in the sketch ^md 
/ (i) tie height of the centre of the plate ; 

/ \ / (u) the height of the fourth comer 

/ 1 / to 30 A = (-2, 1), E s (-2, -3). 

C ^ (4, -2), D == (IJ, 2i) Find the 
equations of the perpendicular bisectors 
5 ofAB&adBO Find the coordinates of A", 

I the point m irhich these bisectors meet 

Fmd KA\ KB^, KO^, KIP Is tiie quadrilateral ABOV cychc ? 

31 ^ ^ (_ 3 , 2), B m (-3. -2), C s (3, 0), D s (4. 4) Venly 
that ABOD is a parallelogram and that 

AB*+B(P+OIP+DA* = A(P+B1P 

32 A billiard table is 6 ft by 12 ft It is desired to strike a 
ball IJ ft and 1 ft from two 
adjacent sides (as shown in the 
diagram) so that it falls into 
the imddle pocket after one 
rebonnd Use the axes marked 
on the figure and denote the 
gradient of the first part of 
the path by n Fmd m and 
find the pomt on the cushion 
at which the ball should be 
aimed 

33 A ^ (-2, 4), B = (-2, -2), C = (4, 2) Fmd the equations 
of the perpendiculars through B and C to the opposite sides of 
triangle ABC Fmd the coordinates of thett point of mtersection, B 
Verify that BA is at nght angles to SC 

34 A s (1, 5), B = (—4, 0), G ^ (4, 0) Fmd the equations of 
the medians of the triangle ABC through A and B Fmd the coor* 
dmates of their pomt of intersection Fmd the equation of the Ime 
joining this pomt of mt^eotion to the middle pomt of AB and 
Teniy that it passes through G 

35 Measurements of the mean lengths of the facial and cramal 
regions of the skulls of 30 she^ dogs at different ages haye been made 
Their mean values at each age are given m the followmg table f 

Facial region (*) in mm 22 0 48 3 880 173 6 | 891 jToSO 112 0 
Cranial region (v) ID mm 42 0 6S3 74 5 85 5 99 3 112 6 120 0 


iiUnBliiMi 


t From D Arcy Thompaon, Growth and Form, p 210 
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Show that a linear law connects y and x and by drawing the best 
straight line you can, find this law. 

36. l^d the area of the triangle formed by the line Zx-\-ly = 42 
and the axes. Find the equation of the line through (12, 0) which 
has an equal area between itself and the axes. 

37. Show that the distance firom (4, 0) to the point Qi, 4^^) 
is 4+^. 

38. The efficiency, E, of a petrol engine for various values of the 
compression ratio, r, is given in the following table : 


E 

0-414 

0-426 

0-442 j 0-452 

0-460 

0-476 

T 

3-8 

4-0 

4-3 4-6 

4-8 

6-0 


Draw a graph and show that the law connecting E and r is approxi' 
mately Ihiear. Find the best law you can to fit the figures. 

Misoeelaiteotjs Exeeoise l.Z 


1. Practice in giving positions by coordinates is afforded by the 
game of Battleships. 
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The two players, A and B, each draw two sets of 9 X 9 small squares 
to form two large squares. On one square each places, his battle 
fleet according to his own idea of tactics and conceals their disposi- 
tion from his opponent. Each battle fleet consists of 1 battleship 
(4 squares in line), 2 cruisers (3 squares in line), 3 destroyers (2 
squares in line), 4 submarines (1 square). The positions of these 
vessels, indicated by shading, must obey the following lavfs: 

(i) No two vessels may touch, even at a comer. 

(ii) Any vessel may have contact with the boundary of the large 
square but not over more than the side of one small square. 
(It follows that the comer squares cannot be occupied.) 

The game is played by each player in turn firing salvoes of three 
shots. The first to smk all his opponent’s ships wins. Suppose A 
disposes his fleet as shown in the diagram and B opens fire first. He 
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announces his salvo by giving the coordinate of the top right hand 
comers of the squares m whi(^ his shots fall with reference to x and 
y axes laid down m the usual way along two sides of the large square 
A records the salvo by dots on his battle deet diagram and announces 
the hits without giving away which shots did the damage S puts 
the figure 1 m the three corresponding squares of his record diagram, 
and makes notes of the hits Thus the opemng stages of the game 
illustrated above would he 
B (2, 8). (3, 7), {4, 6) 

A One hit on cruiser One hit on destroyer 
Then A fires his salvo and B announces the bits B then contmues 
B {2, 7), (6, 3), (7, 8) 

A Second hit on cruiser Hit on the other cruiser 
A vessel is sunk when all the squares occupied by it are hit As 
the position of each of the opponent’s vessels is determined it will be 
found useful to mark it on the record diagram smce by law 1 it is 
useless to fiire at auy of the ad|ommg squares 

Great care is necessary m giving accurately the coordinates of the 
shots otherwise the game is ruined In particular, the order 
X coordinate before y coordinate must be rigidly adhered to 

2 TAe JTottonal Ond 

On the National Gnd, the position of any point in England and 
Wales IS defined by giving the east and north steps by which the 
point may be reached from an ongin which is situated to the south 
west of Land's End The lengths of the steps are given on the metno 
system, m metres if great accura^ is desired, hut more usually to 
the nearest 100 metres 0 1 km ) 

If coordmate axes are drawn through the ongm, so that the posi* 
tivez axis has the direction east 
and the positive y axis has the 
direction north, the east and 
north steps by which a given 
position 13 reached are the x 
and y coordinates of its posi- 
tion with respect to these axes 
Hence the National Gnd is a 
method of defining position by 
WAVZA oj 'C'OMdimaAaa On a. 
map like the One Inch Ord 
nance Survey Map of England 
and Wales which, for porta 
bility, 13 divided into sheets, 
it IS impossible to refer directly to the ongm Hence the families 
of lines z r=: kj, y = respectively parallel to the north-south and 
east-west hues at the ongm, are printed on the map at mtervals of 
1 km These lines serve the same pozpose as the lines on a sheet of 
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graph paper. They cover the map with a network of squares, each 
of side 1 km., which form the grid. The distance of each lino east or 
north of the origin is printed on the margin of the map. Thus on the 
map on page 61, which is a reproduction of a portion of Sheet 162 
of the New Popular Edition, the right-hand north-south lino of the 
map has the figures 610 printed at its northern end. These figures 
denote that the line is 610 km. east of the origin. The hundreds 
figure is only printed on each tenth line. Similarly we can fihid on the 
map the line of the family y = which is 210 km. north of the 
origin. The figm’e 2 is omitted on the remaining lines of this family 
shown on the portion of the map which is reproduced here. 

Now consider the eastern point of Mersea Island, called Mersea 
Stone. This point is a httle to the east and north of the intersection 
of the lines x — (6)07, y = (2)16. By estimation it is km. east and 
jg km. north of this intersection. Its position \vith reference to the 
origin can he defined as a: = (6)073, y — (2)153, whore unit x and 
unit 2 / is ^ km. The first figures are put in brackets because they are 
usually omitted. This is because the remaining figures define the 
point without ambiguity if wo know the district in which the point 
hes or the map sheet that is being used.f The two coordinates are 
now put together, the x-coordinate being placed before the y- 
coordinate. Thus 073163 is the Normal National Grid Reference of 
Mersea Stone.J 

Now consider the converse procedure, the identification of a given 
reference, e.g. 082166. The x- and y-coordinates separately are 082 
and 166. We first find the intersection of the lines marked 08 and 16. 
[Note that there is only one such intersection on a given sheet since 
every sheet is much smaller than a square of side 100 km.] The posi- 
tion to be identified, therefore, lies in the square of side 1 km. to the 
north and east of this intersection. Since the unit figures in the 
coordinates are 2 and 6 respectively we estimate the position reached 
from the SW comer of the square by the step fg km. E. followed’ by 
the step ^ km. N. This position is Brightlingsea Baihoay Station, 

2.1-3. Identify the positions defined by the references: 

2.1. 095147. 2.2. 056188. 2.3. 098176. 

2.4^6. Give the references of these places: 

2.4. East Mersea Church. 2.6. St. Osyth Stone Point. 

2.6. Westmarsh Point (Brightlingsea, junction of R. Colne and 
Brightlingsea Creek). 

2.7. Give the references of the ends of Rat Island (west side of 
R. Colne). 


t For example, the point x = (6)073, y = (3) 163 is 100 km. west and 100 km. 
north of Mersea Stone. 

t El cases where the use of the normal reference might he ambiguous, tho 
hmtoda figures of the x- and ^-coordinates are given separately in this order. 
We then have the Full National Grid Reference. Thus the fuU reference for 
Mersea Stone would be 62/073153. 
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2 8 There is a nasty patch of sand off Mersea Island called the 
Coccmn TTiMs If the refetenc* is 066126, identify the patch on the 
map 

2 9 Bnghtlmgsea Parish Church is over a mile ffom the town 
Identify it &om the teferenoo 077187 

The line passing through this church and a tower near Westmarsh 
Pomt touches the edge of the mud on the west side of Bnghtlmgsea 
Reach Give the map reference of the tower What is the approii 
mate bearmg of this danger line from seaward ? 

2 10 Give the reference of the position of a ship which has sailed 
10 km south from the position 090120 

2 11 There is a navigational buoy called the Inn er Bench Head 
buoy m the position 087115 Plot this buoy 

Fmd, approximately, by usmg a protractor, the course from the 
Inner Bench Head buoy to a pomt m Bnghtlmgsea Reach midway 
between Jlersea Stone and St Osyth Stone Pomt 

[Note that the north direction, given on the map, la mchned to the 
gnd lines at about 2^ and allow for this This angle is the inclms 
tioD of the direction north near Bnghtlmgsea to the direction north 
at the ongin of the gnd ] 

2 12 Sathnff direcitons for Bnffhlltngsea Identify the references 
given in the following directions intended for a stranger who is 
visiting Bnghtlmgsea for the first tune 

There is safe anchorage for small yachts m the R Colne off Bate* 
man's Tower, 076162, although a better anchorage m strong wmds 
IS at the entrance to Ryefieet Creek, 062161 I^anding is possible 
between half flood and half ebb at a ehmgle beach near Bateman’s 
Tower and water may be bad liom a standpipe close by At other 
tunes it is necessary to row up Bnghtlmgsea Creek to the Town Hard, 
087161, where it is possibletolaudatallstates of the tide The Post 
Office is on the comer at 086169 and provisions may be ohtamed 
from several shops near by 

3 The story goes that when Descartes went to Heaven, the 
mathematicians who were already there crowded round him and 
baggpd him tn explain, hia nsw gyitem. o£ gfinmKteY shwJi which, tha 
worldlmgs were so excited So he took 12 of the best mathematicians 
into a room and seated them at 12 dedrs as m the figure on p 62 
Then he laid down his axes and scales as shown m the sketch and 
said ‘Now, gentlemen, to convince you that my coordinates define 
pomts without ambigmty, for the remamder of this demonstration 
we will refer to each other not by our worldly names but by the 
coordinates of the centre of the de^ which each of us occupies Tell 
me (0, 0), you were a Scot and should appreciate logic, do you agree I ' 
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‘No, I do not,’ replied (0, 0) *My name is famous among all the 
urorldlmgs who use my loganthms and I cannot exchange it for two 
such paltry numbers, even for a moment ’ Before (0, 2) could reply, 
(— 1, l)8poke ‘Nay, (0, 0),donothmderthedemonstration (—1,0), 
{ — 1, —1) and I considered these questions many years ago and now 
we are most anxious to hear how coordmates can he applied to the 
problems of geometry Pray continue (0, 2) ’ But for some tune 
(1, 0) had been showmg Bigns of excitement ‘By my Theorem,’ he 


y 



H 

M Deelcartee 
} 


□ 

Arohimedea 

QD 

Euclid 

□ □ 
Hero Brabmacupta 

a 

ApoUoiuua 

0 

Eapier 

0 0 

Pythagoras Thales 

□ 

Pappus 

Q 

Copsnuctia 

0 0 

Eudoxus Ptolemy 


burst out, ‘the square of the distance from ('~1, —1) to (2, 1) equals 
the sum of the squares of the distances from ( — 1, —1) to (2, —1) and 
from (2, — 1) to (2, 1) ’ Here (2, 0) interrupted ‘Yes, and you your 
self, (1,0), are at the vertex of an isosceles triangle whose base is 
formed by (0,1) and (0,-1) ’ (0,2)’8 attention being thus directed 
to (0, 1} he asked him what be was wntmg on his desk ‘Quoderat 
demonstrandum ’ was the somewhat embarrassed reply And takmg 
the hint, (0, 2) led the way out of the room 

Read the story through, replacmg each pair of coordinates by 
a name 

4 The vertices of a quadrilateral are (1, 3), (3, 0), (0, —2), (—2, 1) 
Fmd the gradients of the sides and diagonals and show that it is a 
square 

6 Show that the family of straight Imes, y— 2 = m(ir— 4) passes 
through (4, 2) for every value of m Give a sketch for m = 1, 3, 
- 2,0 

6 The centre of a square is (1, 0) and one vertex is (2J, 2) Fmd 
the coordmates of the other vertic^ and the equations of the sides 
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EXERCISE 1.Z 

7. (a) A rectangular box is propped against a wall so that foxu: of 
its edges are horizontal. One is in contact with the ground, another 
is in contact with the wall 8 in. above the ground, and a third is 
4 in. above the ground. Find the height of (i) the centre of the box, 
(ii) the highest horizontal edge. 

(6) A rectangular box is held with one edge in contact with the 
ground, and must, therefore, have three other edges parallel to the 
ground. Show that the height of the highest edge equals the sum 
of the heights of the remaining two. 

8. Show that the six points (0,5), (—1,2), (-2,-1), (2,1), 
(2|, —I), (6, 0) lie in threes on four straight lines. Find the equations 
of the straight lines. 

9. Find the coordinates of a point which is equidistant from (0, 3), 
(7, 10), (8. 7). 

10. Show that a circle can be drawn through the points (—1, 0), 
(8, 0), (0, —2), (0, 4). Find its equation. 

11. Show that if a circle touches both axes, the point of contact 
with the a:-axis being {a, 0), then it must touch the t/-axis either at 
(0, a) or (0, —a). Find the equation of the circle in each case. 

12. Show that (i) 4a:— 2y = 6 

and (ii) x^-\-y^—ix—2y = 95 

are concentric circles and find the coordinates of the centre. Show 
that A s (—8, 1) and B = (10, 7) are on the circle (ii) and the 
middle point of AB is on the circle (i). 

13. If the lines Oia;+6i2/+Ci = 0 and = 0 are per- 
pendicular, show that = 0- Show that this condition is 

more general than the relation between gradients since it applies 
when the lines are a: = a, y = 6. 

14. The equations of the sides of a triangle are 4y— 3a; = 13, 
y+4a: = 8, 5^-f a; = 2. Find the coordinates of the vertices. Find 
the equations of the altitudes of the triangle which are perpendicular 
to 2/-|-4a: = 8 and 5y+^c = 2. Find the coordinates of the intersection 
of these altitudes, and show that this point lies on the third altitude. 

16. The axes can be chosen so that the vertices of any triangle are 
(a, 0), (6, 0), (0, c). Draw the triangle and mark in the axes. Find the 
equations of the altitudes through (a, 0), (6, 0) and show that the 
tc-coordinate of their point of intersection is 0. Show that this proves 
that the altitudes of any triangle meet at a point. (This point is 
called the oriho-centre of the triangle.) 

^ 16. A point moves so that its distance from (1, 0) is h times its 
distance from (—1, 0). Find the equation of its locus and recognize 
it as a circle. Examine and explain the result when A: = 1. 
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17 £ s (3, i) and is the middle point of AC 

(i) If G s (6, 6), find tbe coordinates of A 

{u)J£G^ (Xi, y^, find tbe coordinates of A 

(m) If ^ is any point on y-j-^ar—S = 0, find tbe locus of C 

18 A p&inter’a ladder la aet up against a vertical wall m a vertical 
plane at ngbt angles to tbe wall so that its foot is on horizontal 
ground 8 ft out from the wall and its top 30 ft above the bottom 
of the wall Tbe painter’s shoulder is 6 ft above bis feet As tbe 
pamter ascends the ladder, find the equation of the locus of his 
shoulder referred to horizontal and vertical axes through the foot 
of the wall (Assume tbe pamter remains vertical aU tbe time ) 

If he can pamt comfortably down to the level of his shoulder as 
long as it is not more than 2} ft out from the wall, down to what 
height can he pamt without movmg the ladder 7 

19 Any pomt y^) is tahen and a hne is drawn through it cut 

ting the X axis at A and the y at £ so that (Xj, is the middle 

pomt of AB 

(t) Find the equation of the Ime 

(n) Find the locus of (a^, yi) if it is chosen so that the area of the 
tnangle OAB a*, where O is the ongin 

(m) Find the locus of (x^, yj) if it is chosen so that the length of 
AB always equals h 

20 A a (-2, -1), B = (4, 1), 0 at (1, 3) £ and F are the 
middle pomts of BC, AB F^d the equations of AD, CF and the 
coordinates of 0, their pomt of mtersection Fmd the coordinates 
of X where Q is the middle pomt of £X Fmd the equations of the 
lines through X parallel to AQ and CQ, and show that they pass 
through C and A respectively 

21 Show that the four pomts (a, 0), (o-f &, a), (&, a+6), (0, 6) 
form tbe comers of a square (a, h may be taken to be positive The 
simplest method is to draw a sketch and use congruent triangles ) 
Fmd the coordmates of tbe centre, C, of the square If a square pece 
of cardboard is fitted exactly to the figure and then moved so that 
the vertices originally at (o,0), (0,h) remam on their respective 
axes, show that C moves on part of a straight Imp and find its equation 

22 Fmd the distance between (A, fc) and (A-f-8, Ir-flfi) If 
(h4-8, 1+15) moves on flie Ime y = 3x— 7, what is the locus of 

(A,*)? 

23 (o) The Ime 3x+2y = 48 cuts the x axis at A and the y axis 
at B Fmd the area of the tnangle OAB, where 0 is the ongin 

(b) The equation of a &mdy of Imes is x+o*y = 2o, where a can 
be given any value Using the notation of (a) find OA OB 
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[This result can be used to draw quickly a number of lines of the 
family. Do this, taking the lines fairly close together, and you 'sviU 
be surprised to see how they outline a smoother curve than you could 
possibly draw by joining points. A curve obtained in this way is 
called the envelope of the family.] 

24. The billiard ball shown in the sketch is 2 ft. and 1 ft. from 
adjacent edges and is to be sent into 
the middle pocket after two rebounds. 

Find the point on the first cushion 
to be struck at which the ball should 
be aimed. [BKnt; Let the gradient of 
the first leg of the path be ?».] 

25. A = (0, 0), B = (0, 6), 

C = (a, 6), D = (a, 0). If if is the 
middle point of BG and Dif meets 
AC at K, show that AK = 2KG. 

26. 0 is the origin and A = (—4, 0), 

B = (2, 0), G = (0, 6). M is the 
middle point of BC. AM meets the 
y-axis at D. BD meets AC at N. 

Show that ON is parallel to BG. 

27. A = (0, a), B s (0, -a), 

P = {b, 0), Q s (— c, 0), (a, 6, c 
positive and b ^c). AQ, BP meet at 
H. AP, BQ meet at K. Prove that HE is parallel to AB. 

28. Find the coordinates of the two points on = x whoso 

distance from (1, 2) is 5. 

29. In 1937 a firm was building yachts of {a) 12 tons for £720, 
(6) 4 tons for £199, (c) 2^ tons for £100. Draw a graph and show that 
the law connecting tonnage and price is very nearly linear. Find it 
approximately from the graph. The firm also built a 9-ton yacht for 
£575. Does this fit the law ? 

30. La 1936 one firm quoted marine engines as follows: 6 h.p., 
£65; 12 h.p., £92; 20 h.p., £130. Another firm quoted 7 h.p., £71 ; 
10 h.p., £82 ; 16 h.p., £105. Show that the law connecting h.p. and 
price is approximately linear in each case and find the best law you 
can from graphs. What would be the h.p. of an engine which both 
firms sold at the same price ? 

31. The breaking strain of manila rope of various sizes and its 
weight are compared in the following table: 


Breaking strain (cwt.) 

6 

9 1 

11 

16 

22 

28 

40 


Weight of iUO fathoms (lb.) 

18 

22 

28 

45 

60 

80 

125 

170 
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Show that the law coimeetH^ them js approximately linear and 
find the best linear law you can from the graph 
32 The figure shows two mirrota Ox, Oy at nght ai^lea The 
reflection of a candle flame at 
y (1, 1) IS viewed by a man whose 

eye is at (3( 2) Fmd the eqaa 
y tions of C^ilTj and M^E which 

C(i i) form the path of the hght ray 

/ Wemaynowconaiderwhetber 

Ni the man can see a second reflec 

0 Ml A/, * tion of the candle produced by 

a light ray following the track 
HecanifA^jbaaapositivey coordinate Fmdtheequations 
of CAj, 2^’jAfi, ifj-B Find the equation of the boundary separating 
the part of the first quadrant in which a second image xs visible, from 
the park m which it is not visible 


33 X The fatmhes of lines ic = n, y =s i, where n and i are posi- 
tive or negative integers, cover the plane with a network of unit 
squares and are said to form a lattice To constract such a lattice 
take a sheet of graph paper, choose an origin, and number each set 
of parallel lines on the paper —6, —4, —3, —2, —I, 0, 1, 2, 3, 
4,5 

The mterseciiona of the lines arc pomts which may be used to 
represent fractions The fraction | can 
y ^ be plotted as the pomt P s (4, 3) 

^ llien the value of the fraction is given 

by fh* gradient of the Ime joimng P 
to the ongm 0 

The fraction | (— |) is represented 
by the point (8, G) wluch is also on 
the line OP 

* 1 ■ -1 ■— Construct, on a large sheet of graph 

^ ® paper, a line through 0 of gr^ent 

V2 This may he done by drawing 
a large square, of side 100 say, and setting off the diagonal along 
the Ime x = 100 so that it stretiidies from y = 0 to y » 100^2 Join 
the ongm to (100, 100V2) by a length of black cotton stretched 
tight Then pomts of the lattice which he near the thread give 
fractions whose value is neariy ^2 In this way 1 found that yj and 
are approximationa to ^2 Check these and find other approxi 
mations If you evaluate tfa^e fractions to 4 decimal figures and 
compare with the tabulated value of ^ you will see how good the 
approximations are 



EXERCISE 1.Z 
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33.2. Farcy Series 

Draw on a sheet of graph paper the triangle whose sides are 
y — X, X = 4:, y = 0. Consider the points of^ the lattice x = n, 
y = Ic (n, k integers) which lie within or on the sides of this triangle. 
Note the following facts about the fractions represented by these 
points : ' 

(1) each fi-action is not greater than 1 ; 

(2) the denominator of each fraction is not greater than 4. 

Now place a sheet of paper so that two edges lie along the positive 
X- and y-ases. Slowly rotate the paper coimterclockwise about the 
corner at the origin and as each point of the lattice is uncovered 
write down the fraction which it represents. Sometimes the paper 
uncovers two or more points simultaneously. Then only write down 
the fraction corresponding to the point nearest the origin. (The 
fractions represented hy the other points cancel down to this one.) 
When the paper has rotated slightly the points (1,0), (2,0), (3,0), 
(4, 0) are uncovered. Write down j corresponding to the point 
nearest the origin. Thenextpointtoappear is (4, 1). Write dovmj. 
The complete set of fractions in the order in wliich they appear will 
be found to be I, This series contains all the positive 

fractions (in their lowest terms), not greater than 1 and with 
denominators not exceeding 4, arranged in increasing order of magni- 
tude. (This follows from the way in which the gradient of the edge of 
the paper changes.) It is called the Farey Series of order 4, 

The series has two remarkable properties : 

(1) If hilhi, are two consecutive fractions. 


^ 1^2 ^ h ^2 — 


(2) If /ig/fcj, Aj/fca are three consecutive fractions, 


Ai+Zs. 


- reduced to its lowest terms 


lln 


ky^k^ 

Test the series for these properties. 


33.21. Obtain the Farey Series of orders 5 and 7 and test for these 
properties. 


33*.22. Determine graphically which of the fractions | is the 
larger and check by arithmetic. 

33.23. Arrange the following fractions in order of increasing magni- 
tude: i, I, I 

33.3. Another lattice, which may be called the Billiard Table Lattice, 
is useful in the geometrical solution of billiard-table problems. 

ABGD is a billiard table, 12 ft. by 6 ft. [The fuU-size table is 
really 11 ffc. lOJ in. by 6 ft.] The cushions AB, BC, GD, DA are 
1> 2, 3, 4. A ball is at P, midway between 2 and 4 and 
2 ft. from. 1. Where must this ball be aimed to go into the pocket 31 
after hittmg 2 ? In this and all the other problems it is assumed that 
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the path of the ball makes equal angles with the cushion before and 
afterimpact Reflectthebilljardtablemtheside2(Fig i) Thereflec 
tionsof^.Z), if are marked The pomtm which 
this line meets 2 is the point at which the ball must be aimed Why ? 



Now suppose it is required to find the path by which a ball, m a 
position 2 St from oiishioo? 3 and 4 may go mto pocket B alter 
hitting 2, 3, 4 Three refiections will now be necessary because three 
cushions are hit The refiections are indicated by the suffixes 1, 2, 3 
m Fig u Fmd out why these particular reflections are chosen 
Jom PBi This line meets 2 in the point to be aimed at Also the 
pomts m which it meets Sj and 4j give the pomts m which the 
actual path meets 3 and 4 

A ball 13 at the centre of the table How must it be aimed to hit 
2, 3, 4, 2 and fall mto A 7 
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' EXERCISE l.Z 

The necessary reflections are shown in Tig. iii. The line joining 
FAf gives the point to he aimed at and the points where the ball 
hits the other cushions. The dotted line joining PiA^ divides ABCD 
into two regions. The shot is impossible (assuming the collisions 
with the cushions are in the order named) if the ball is anywhere in 
the smaller of these regions before it is struck. 

33.31. A ball is 3 ft. from 3 and 4 ft. from 4. How must it be aimed 
to hit 3, 4 and go into B ? 

33.32. If the ball is 2 ft. from 1 and 2 ft, from 2, how must it be 
aimed to hit 2, 3, 1 in that order and fall into D ? 

33.33. A ball is 2 ft. from 4 and 1 ft. from 1. How must it be aimed 
to hit 2, 3, 4, 1 and pass through its starting-point again. Tind the 
region of the table from which this shot would be impossible, the 
cushions being hit in the order named. 
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THE GRADIENT FUNCTION 


2.1. The average gradient of a curve 



In Tig 2 1, P, Q, R are the 
pomts (1,1), (2,4), (3,9) on. 
the curve 

The gra^ent of the straight 
hne PQ = | | = 3 and the 
gradient of the straight hue 

Thus on a curve, in con 
irast to a straight hue, the 
gradient of the hne joining 
two points depends on the 
positions of the points The 
gradient 4 is called the ater 
agt gradient of the curve /row 
s; es 1 X B3 3 Similarly 3 
)s the average gradient fr^ 
X s 1 to X s 2 


Ex£bcise 2 A 

Sketch the graph of y = z*, on j’Jfin paper, from x = 0 to x s= 3 
from the following table of values, takmg the umts on the x and 
y axes to be 1 m and J in respectively 



0 ' 

06 

rn 

16 1 

1 2 1 

26 

3 

y 

0 

0 26 

LlJ 

2 25 

LL 

626 

9 


Calculate the average gradient of y =* z* 

(o) from z = 2 to z « 3, (6) from Z5=2toz = 21, 

(c) from z e= 1 to z = 2 , (d) from z*=19toz=s2 

Draw on the graph the four lines whose gradients have just been 
found (Produce the hnes corresponding to (b) and (d) beyond 
z = 2 1 and z =s 1 9 respectively bo that their directions can be 
clearly seen ) 

Draw, by eye, the tangent to the curve at z = 2 
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2.1 AVERAGE GRADIENT OF A CURVE 

The four a:-intervals in this exercise were chosen so that each 
begins or ends at a; = 2. Of the four chords corresponding to 
these intervals, the figure shows that two are steeper and two 
not so steep as the tangent at aj = 2. Now the average gradients 
for the intervals (a) and (c) were found to be 5 and 3, Therefore 
the gradient of the tangent is between 6 and 3. Again the 
average gradients for the intervals (6) and {d) are 4-1 and 3-9. 
Therefore the gradient of the tangent is between 4‘1 and 3-9, 
and we can say that it is 4*0 with an error which cannot bo 
greater than 4* 1 — 3 • 9 

2 "" 


We next consider how to improve upon the accuracy of this 
calculation. The greatest hope of 
success seems to he in choosing 
two smaller a-intervals on either 
side of X = 2, e.g. from 2 to 2-01 
and from 1'99 to 2, However, 
the calculation of the average 
gradients for these intervals in- 
volves tedious arithmetic and it 
is better to proceed algebraically 
as follows. 

We first calculate the average 
gradient of y — x^ from a; = 2 to 
a; = 2+h. 

PH = the value of y when x — 2, i.e. PH = 4. 

QE = the value of y when x = 2-\-h, 

i.e. QE = (2-|-7i)“ = 4-]-47i-|-7i“. 

Therefore QN = QE—PH = 4+47t+7i2— 4 = 47i-}-7i“. 

Also PN — h. 



Therefore the average gradient from a; = 2 to a; = 2-\-h is 


QN _ 47i+*2 
PN~ h 


= 4-I-7J. 


By substituting different values of h we may now write down 
the results of Ex. 2,A immediately 

{a) ^h= 1, the average gradient from a; = 2 to a; = 3 is 6. 

^ 1 ~ ” a; = 2 to a; = 2-1 is 4-1. 

^ ” » a = 2 to a; = 1 is 3. 

(d) if A 0-1 „ „ tc = 2 to a; = 1'9 is 3-9. 


i 
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Bsebcise 2 B 

1 Changing the sign of A, we have the average gradient from 
j: = 2 to a: = 3— A = 4— A 

Prove this formvila, independently, by starting Vfith the interval 
X = 2— A to a; — 2 

2 Wnte down the average gradient of y = a:* 

(o) from a; = 2 to a; = 2 01 , 

(5) from a? = 1 99 to a? s= 2 

Between what two numbers la the gradient of the tangent at i = 2 
now known to lie ? 

3 Wnte down the average gradient of y = a:® 

(a) from a: = 2 to * = 2 001 

(6) from * = 1 999 to x = 2 

What IS the gradient of the tangent at ar = 2 to 3 sig fig ? 

2.2 The gradient of the tangent 
Fig 2 3 shows the curve y — with the tangent t at ar s» 2 
I, Ig are the chords joining 
the points on the curve whose 
X coordinates are 2, 2-f A and 
2— A 2 respectively We have 
found that the gradients of Ix 
andf2are4+Aand4-'A andthe 
gradient of f is clearly between 
these two numbers By taking 
smaller and smaller values of A 
we can find pairs of numbers 
closer and closer together 
between which the gradient of i 
must he Thus the gradient of 
the tangent is between 
3 9 and 4 1 
3 999 and 4 001 
Fio 2 3 3 99999 and 4 00001 

This is the anthmetical process of section 2 1 by which we can 
find as close an approximation as we like to the gradient of i It 
IS clear that this approximation is very near 4 
We can now go further and show that the gradient of f is 
exactly 4 The difference between 4+A and 4— A is 2A and this 
can be made as small as we please bj choosing li small enough 
For example, if we want to make 2A smaller than a milhonth we 
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have only to choose h smaller than half a millionth. Now the 
ixumhers 4 — li and. 4-(~^^ always have 4 between them for all 
values of Ti other than 0. Because their difference can be made 
as small as we lilce, there is no other number which is between 
them for all values of h, however small.t Hence the gradient of 
the tangent which is known to be between 4 — h and 4-|-7i, how- 
ever small li may be, can only be 4 exactly. 

i Exercise 2.C 

1. On the cmve y = a?- find 

(а) the average gradient from a: = 4 to a: = 4-f-i^ ; 

(б) the average gradient from x = 4— 7i to a; = 4 ; 

(c) the gradient of the tangent at a: = 4. 

2. On the curve y = 3x^ find the average gradient from a: = 1 to 
a; = l-\-h and the gradient of the tangent at a; = 1. 

2.3. In practice, the argument of section 2.2 is shortened in the 
following manner. 

In Fig. 2-4 the gradient of the chord PQ joining the points 
whose x-coordinates are 2 and 2-f-A, 
is 4-l-7t (proved as before). Suppose 
/^ takes smaller and smaller values 
getting as near to 0 as you please. 

Then Q approaches P along the 
curve and PQ approaches the tangent 
at P. But the gradient of PQ, 4-|-7a, 
approaches 4. Hence we conclude 
that the gradient of the tangent 
is 4. 

When h takes smaller and smaller 
values getting as near to 0 as we 
please, it is said to tend to 0 and we 
write h 0. This is to preserve the 
distinction between tending to 0 and 
being equal to 0. In the present example, we want 1i to tend 
to 0 hut we must not let h equal 0. For if h does equal 0, P and Q 
coincide, there is no increase in x or and we cannot find any 
expression for the gradient. 

t 3-9, for example, is not between 4— A and 4+ii for all values of 7i. Take 
^ P 4— fi. = 3-99 and 4-}-b = 4’01. 3-9 is not between these 

numbers. Now try a number greater than 4, o.g. 4-001. Take h — 0-0001. 
Then 4— k = 3-9999 and 4+i^ = 4-0001. 4-001 is not between those numbers. 
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2 3 Ex 2J5 


GRAUffiNT OP THE CURVE ' 

As A-vO, This fixed number, to which i-\-h 

approaches, is called the Itmit of 44*A as ^ 0 

We are now able to calculate the gradients of the tangents 
which we were unable to determine satisfactorily by drawing, m 
section 1 19 This is done m the foUowmg example 
It was remarked m section 1 19 that the fixed direction of the 
tangent to a curve is the instantaneous direction of the curve at 
its pomt of contact For this reason the gradient of the tangent 
is also called the gradtent of the curte at the pomt of contact 
Thus the gradient of i/ a:^ at (2, 4) is 4 


Example Find the gradient of the curve lOy = x® (o) where x = 5, 
(6) where x = 2 



SoIutMMi (a) Since y = i® /lO, 
when x = 5, y i= 2 6, 

and when * := S-j-A, 

, (g+A)» 

^ 10 

25-hlOh+h* 

“ 10 


2 5+A+^ 


The change in y is 

'*+ 15 ’ 


and the change m x is h 

Hence the average gradient from * = 6 to x = S+ft is 1+A/lO 
As A->0, 1+A/lO^l 

Hence the gradient of the curve at x c= 5 is 1 

(5) Similarly, the average gradient from x = 2 to x = 2+A is 
(2-fA)®/10-2*/10 4+4A+A*-4 4 . k 

h m “10*^10' 

The limit of 4/104-A/10 as A ->-0 is 4/10 
Hence the gradient of the curve when z = 2 la 0 4 


Exercise 2 J) 

1 Fmd the value of 4+JOA when 

(fl) A = 0 1 , (b) A == 0 001 , 

(c)A = — 0 01, (d) A =s — 0 0001 

What 13 the limit of 4*f-10A when A 0 ! 

2 Fmd the Umit of 2— 6A whrai A ^ 0 

3 Fmd the limit of 3-h8A— A® when A -> 0 



Ex. 2.D, 2.4 
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EXERCISE 2.D 
^ (6+70=— 25 , , 

4. Find the limit of when h -s 

, , . ^27i+37r+47t3 

5. Find the limit of when h ■ 

6 . The figure shows a circle with radius 
1 and centre (1, 0). Show that the equation 
of the circle is x^-\-y'^—2x = 0. P = (a;, y) 
is a point on the circle. 

Show that 


0 . 


-> 0 . 





X-. Find the 


ON X 

As a: 0, P -s- 0 and PN - 
Find the limit of PN^jON. 

7. Find the gradient of y = 2x^ at (2, 8). 

8. Find the gradients at (1, 1) and (4, 16) on y 
average gradient from (1, 1) to (4, 16). 

ft. Shaw thah hha af 'g •= 43 ? afe three times the 

gradient at (1, 4). 

10. Prove that the tangent at (3, 12) on y — a/^+3^ is parallel to 
the chord jo inin g the points on the curve where a? — 1 s.nd a; = 6. 

11. Show that the tangents at a: = 0 and a; 5 *= 1 on curve 
y = x^—x are perpendicular. 

12. Prove that the tangents at a: = 1 and x =; —3 on the curve 
y x^+2x are equally inclined to the x-axis. 

13. On y = x^ find 

(а) the gradient at (2, 4) ; 

(б) the average gradient from (1, 1) to (3, 9). 

Illustrate by a sketch. 

2.4. Example. Find the equation ofthe tangent ^^(Ij 3) to y = 3x-. 

Solviion, Draw a sketch of the curve 
y = 3xK 

Average gradient from x = 1 to x = l+7i 
3(l+/i)2-3 Gh+3h^ 
h ~ h 

Let h-^0. The gradient at x = 1 is 6. 

The tangent is therefore the line through 
(1, 3) of gradient 6. 

Its equation is y—Qx — 3—6 = —3, 
or y—Qx+Z = 0. Eig. 2.6 ' 

This line cuts the axes at (J, 0) and (0, —3). ^ou can verily the 
correctness of the work by plotting the curve y 3x® from x = — 1 


is 


= 6+3A. 
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to * = 3 and joining the points {\, 0), (0, — 3) with a ruler The line 
should touch the curve at (1, 3} 


£lxEBCisn2£ 

1 Find the equation of the tangent at (1, 2) to y l+x®, and 
show that it passes through the ongin 

2 Find the equations of the tangents at P ^ (— li 1) nnti 
Q s (3, 9) on y = Show that the point of intersection of these 
tapgenta has the same x coordinate as the middle pomt of the 
chord PQ Uluatrate with a figure 

3 Fmd the equations of the tangents at (4,4) and (—1, J) to 
4y = a* Show that they are perpendicular and that they meet on 
y +1 =0 

4 Fmd the equations of the tangents to the curve y — 2r— r* at 
(0, 0), (2, 0) and show that they meet on x = 1 Drau a sketch 
graph and show what the result means geometncally 

2 5. Use of gradient in a formula 
When Tre consider an equation y = a:^ and its graph we may 
place the emphasis upon geometry or upon algebra So far, in 
this chapter, we bare considered the grupb as a geometrical 
curve Then y = jg the equation of the curve and we use it, 
for example, to find the direction of the tangent at a pomt of the 
curve ^ this section we take up the algebraic pomt of view 
y = IS a. formula and the curve is its graph drawn, if at all, to 
give a picture of how y changes when the value of z changes 
The formula y = x* is arranged in a suitable form for the 
calculation of y when the value of x is given In elementary 
algebra we call y the subject of the formula Here we call x the 
independent lartable and y the dependent variable The vanable x 
IS described as independent because m using the formula we can 
give X any value we choose The variable y la described as 
dependent because in any apphcation of the formula, the value 
of y IS calculated from, and therefore depends upon, the chosen 
value of X If, in y == x®, we give the mdependent variable, x, 
the value 3, the dependent vanable, y has the value 9 If we 
now change x to 4, y chmiges to 1 6, an mcrease of 7 We say that 
the change of x is *f 1 and the change of y is +7 
Now let X change from 3 to 2 y changes from 9 to 4 We say 
that the change of x is —1 and the change of y is —5 
More generally, if, when z changes from x^ to Xg y changes 
from pi to Pi, we define the change of z as X 2 ~x^ and the change 
of y as yg— yi (i e ‘new’ value mmus ‘old’ value, m each case) 



2.5 APPLICATION TO FORMULAE 

Consider, for example, the linear formula ^ ■- 
Then 2/i = 3.ri+7 

and ^2 = 33^2+ 

so that ^2 2/i ~ 3(®2 

2 / 2 -^! _ 3 
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3x+7. 


or 


a:,— a:. 


Since Xj^, x^ can have any values we choose, we may write this 
result in words 

residting change of y ^ 

any change of x 

This constant, 3, is called the rate of change of y with, x. We 
can use it to find the change of y 
resulting from any change of x. 
e.g. If X increases by 1, y increases 
by 3, 

if X increases by 5, y increases 
by 15, 

if X decreases by 2, y decreases 
by 6. 

If the graph of the formula is 
drawn it is a straight lino (section 
1,16). (a?!, yfj and {x^, yf} become 
two points on the graph and 
i.y 2 ~yi)l{^ 2 —^i) is the gradient of 
the straight line. (Fig. 2.7.) 

The rate of change of y with x is the 
gradient of the straight line gra/ph of 
the formvla. 

For the linear formula y — 5— 2a;, 

y2-yx 



Fig. 2.7 


a;, — a:. 


= - 2 . 


The rate of change of y with x is 
negative. 

If the change of a; is +1, the 
change of y is — 2 ; 
if the change of a: is —1, the 

change of y is +2. ' 2.8 

The graph is a straight hue with negative gradient, i i 
faUmg line. (Fig. 2.8.) 



e. a 
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Eiercisb 2 F 

1 If y = 2x — 1 and 2 — 12— Jz, find the changes m y and z 
TV hen X changes from 2 to 6 What are the rates of change of y and z ? 

2 If y = 1 5z— 11 and z = 2— 7*, find the changes of yand z when 
X changes from 2 to 5 Find the rates of change of y and z with x 

3 y = 14— 6a: If aschangea&oma to a+h, find the change of y 
Find the rate of change of y with ar 

4 If 2y = 3— 7x, what is the rate of change of y with a: 1 

6 y = 16+8z What is the rate of change of y with * ? For what 
Talua of 35 13 y zero ? For what values of a: is y positive ? 

6 y=9— Jbr wliat values of X 13 y positive f 

7 Fmd the value of y when ® = 3 m the fonnula y = (l4-4a;)/2 
For what values of xis y greater than this value t 

8 In a certain formula when ® = 4, y = 3, and when z =» 7, 
y = 15 If the formula is Imear, what is the rate of change of y 
with X ’ Without findmg the formula find y (o) when x = 6, (i) when 
1 = 10 

9 In a certain formula when * = 2, y = 19 and when x = 12, 
y = 4 IftheformuJaislmearwhatistherateofchangeofywith*? 
Find y (o) when x 4^, (6) when x = 0 

10 The weight, IF lb , of a round steel bar 1 in m diameter and 
X ft long is given hj the formula TF = 2 67x What is the rate of 
increase of weight with length t 

A rod 13 10 ft long and it is proposed to replace it by one 8 m 
longer What will be the increase in weight t 

11 The length, I va , of a steel rad at tempetatnse t® F , va apptosi 
mately given hy I = 720+0 006 t Fmd the rate of increase of 
length with temperature In Bnlam the annual range of shade 
temperature may amount to 86* F. What change m the length of 
the rail must be allowed for in this country if it is shaded from the 
direct rays of the sun ? 

12 The petrol, 0 gallons, m an aircraft i hours after take off is 
given by G =a 800— 76^ What is the consumption of petrol per 
hour ? With what quantity of petrol does the aircraft take off ? 

13 Thehorse power.S.requaedtoliftGgallonsof'waterperniin 
to a certam height is given for different values of G m this table 


B 

a 


3 03 I 6 06 
1000 2000 


Show that the law connecting G and S is linear What is the rate 
at which B mcreases with G, to 1 sig fig ? 
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2.6. Constant velocity 

One of the commonest examples of a rate is the velocity of a 
moving body. 

Suppose a lorry is travelling along a straight road and at a 
certain instant passes an A.A. box. Suppose also that t 
later its distance from the box is s miles where s = \t. Tms 
formula is called the distance-time formula for the inotion of the 
lorry. It is assumed that s is measured positively m a defimte 
sense along the road, and, negatively, in the opposite sense. 

The formula is linear. The rate of change of s with i is i. The 
distance of the lorry from the box increases at the constant rate 





M 

0-5 0-6 ^ 



4 

5 miles 

+ 


tmit of velocity : mile [ler min. 
Fia. 2.9 


of ^ mile in every minute. We say that the velocity of the lorry 
is ^ mile per min. 

Now consider a car moving on the road so that t min. after the 
lorry was at the A.A. box the car is s miles from the box, where 
s and t are connected by the formula s = B—0‘6t, and s is 
measured positively in the same sense as before. The rate of 
change of s with i is -0-6 nule per min. Hence s decreases with 
i and the car is moving in the opposite direction to the lorry. 

When i = 0, the lorry is at the A.A. box and the car is +6 
mdes from it. The relative positions and directions of travel at 
this instant are shown in Pig. 2.9. 

The velocities of the lorry and car are 0’6 and — 0*6 nule per 
min. respectively. We might want to decide which vehicle is 
moving faster. This we do by comparing their speeds which are 
0'6 and 0'6 mile per min. The car is moving faster. 

The velocity of a body has magnitude and direction; the 
magmtude of the velocity is called the speed. The direction of 
motion in which the velocity is reckoned positively is the direc- 
which the variable representing distance increases, 
hen t = 10, the distance-time formula for the motion of the 
car gives s — 1. This shows that the car has passed the 
A.A. box and is 1 mile beyond it. 
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Exeuciss 2 6 

1 On a straight road roniung east and Tvest there is a milestone 
The distance time formulae for 4 vehicles travelling on this road are 
given below a represents distance from the milfeatone in yards and 
13 reckoned positively towards the east ( is tune from a certam 
instant m minutes 

Vehicled a = 50+260(W, Vehicle £ a = 3000^—100, 

Vehicle C s = 200— 4(X)0t. Vehicle!) « = 20— 2000t 

(i) In what direction is A travelling ? 

(u) Give the velocity of each vehicle m yd per mm Which is 
travelling the fastest 1 

(m) Name the vehicles which are travelling from east to west 

(iv) Give the distance of each vehicle east or west of the milestone 
att = 0 

(v) Give the order in which the vehicles pass the milestone 

(vi) Give the distance east or west of the milestone at which 
B and D pass each other 

2 A tram leaves Paddington and after passing Reading ite 
distance tune formula is « = 60(— 10, where a is distance m miles 
from Paddington and ( is time m hours from Paddmgton What is 
the speed of the tram from Reading ? How long does it take from 
Paddington to Swindon (77 miles from Paddington) if this speed is 
maintained all the way £wm Readmg 7 

3 As a- tram passes a quarter mile post a stop watch is started 
and the next 3 quarter mile posts are passed after 18 sec , 36 sec , 
54 sec Show that the speed is constant and £nd it m m p h 

4 A tram leaves a station and p^ses a signal, then a signal box 
220 yd farther on, and it enters a tunnel after travelling a further 
650 yd The tunes of posing ate 2 nun 05 sec , 2 min 16 sec , and 
2 mm 40 sec from laavit^ the station Show that the speed of the 
tram is constant from the signal to the tunnel and find it 

6-7 In the followmg distance tune formulae s is in ft and t m 
sec Pmd the velocity ra each case 

6 a=n-$l 6 2« = 6+17( 7 s == H18<-6) 

8 A meteorologist releases a balloon to determine the temperature 
and pressure of the upper air The height of the balloon at various 
tunes 13 


Height above sea 
level (ft ) 

211 

713 

2721 

5231 

Tune (mm ) 

0 

1 

3 

10 


Show that the balloon rises at a constant rate and find this rate 
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2.7. Variable Rate 

Now consider tbe equation ?/ — a:- as a formula. When x 
changes JErom 1 to 3, changes from 1 to 9 : 

change of y ^ g ^ 4_ 
change of a; 

When X changes from 1 to 2, y changes from 1 to 4: 
change of y _ a _ 3 
change of a; ^ 

Hence the rate of change of y with x is not constant. 

If y changes from y^ to y^ when x changes from x^ to x^, the 
value of the fraction (y 2 —yi)l{^ 2 ~^i) called the average rale of 
change of y with x from aij to «». 

Therefore for the formida y = x^, the average rate of change 
of y with X from a;=ltoa: = 3is4. Similarly, the average rate 
of change of y from a: = 1 to a; = 2 is 3. 

Now consider the change in y when x changes from 1 to 
1+^. 

When Xi = l, y^= 1, and when Xq = l+7i, 7/2 = l+27i+ 
Vi—yi ... _ 

X^^~~’X^ It 

= 2-f-7i. 

When A -» 0, 2+7i ^ 2. 

2 is defined to he the rate of change of y with x at x = 1. 

If the graph of the formula is dra^vn, 
the average rate of change from a; = 1 
to a; = 3 is the gradient of the chord 
joining the points (1, 1) and (3, 9). 

Similarly the average rate of change 
from X— 1 to a; = 1+^ is the gradient 
of the chord joining the points (1, 1) 
and (1+A, i4-27i+7i2). 

Since we find the rate of change at 
a: = 1 by letting h-^0, this rate is the 
gradient of the tangent to the graph 
at a: = 1. In, general, if x and y are 
connected by a formula, the rate of 
change of y with a: at a; = ccj is the 2.10 

gradient of the graph of the formula at a; = x^. 
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Bxebcisb2H 

1 If y =10^2 find 

(i) theareragerateofcbangoofywitbafroma: = 5 to» = 6+R, 
(u) the average rate ofchangeofj^ with X from X = 6to(a)x = 61, 
(6)x = 601,(c)» = 5 001, 

(m) the rate of change of y with x at x = 6 
2-4 Pmd the average rate of change of y with x for the stated 
change m z and the rate of change of y with z for the stated value 
of X m 

2 y = 3x*, X = 2 to * = 2+h, x = 2 

5 y = l+^x*, X = 4 to X = 4+A, x = 4 
4 1/ = 4x— X*, X = 6 to X = 6+6, x = 6 

6 The force, P lb wt , on a plane surface of area 1 sq ft held 
perpendicular to a current of water flowing at t> f p a , is given by the 
formula P = 1 Sv® What is the average rate of mcreaso of force 
with the velocity of the current from t»ssa2tov = 6? What is the 
rate of mcrease of P with v when o = 3 ? 

6 You are given two fonnulae, y = x*/2 and z = 4x— 8 
(0 Find the rate of increase of y with x when x = 4 
(u) Find the constant rate of increase of z with x 

(m) Show that y = z when x = 4 

(iv) Sketch the graphs of the formulae on the same axes 

(r) What IS the relationship of the straight Ime to the curve t 

7 If y = x®/10, find the rate of mcrease of y with x when x *= 5 
If y mcreases according to this formula as x mcreases from x = 0 

to X = 6 and after that the rate of increase of y with z remaua 
constant at its value when x = 6, find the formula giving y m, terms 
of X when x la greater than 6 

8 Fmd the rate of mcrease of y with x when x = 2, if the formula 
connectmg them is y rs 6— x* As x mcreases through the value 2, 
IS y increasing or decreasing 7 

9 The lengths of cod and grey mullet are given at various ages in 
the following table f 


Ag© (yra ) 

1 

2 

3 

4 , 

6 


Length of cod (cm ) 

18 1 

36 1 

55 j 

63 i 

79 

89 

Length of grey muDet (em ) 

1 ' 

36 

46 

61 1 

53 

1 55 


Draw graphs on the same axes What m the rate of growth of each 
fish (a) at 3 yis , (b) at 6 ym 7 (c) At approximately what age does 
the rate of growth of grey mullet become constant ? (d) What is the 
average rate of growth <rf cadi fish durmg the 6 yrs ? 

t D’Arcy Thomfwm. (Jmeth and Form, p 209 
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Ex. 2.H, 2.8 EXERCISE 2.H 

10. The mean height of the barometer in in. of mercury at various 
heights in ft. above sea-level is shown in the following table : 


Barometer height in 
in. of morcury . 

30 

28 

26 

24 

22 

20 

Height above sea- 
level (ft.) . 

0 

ICOO 

8500 

6600 

7800 

10300 


Draw the graph and determine from it the average rate of fall of the 
barometer in in. of mercury per 1000 ft. 

{a) from 0 to 2,000 ft., (b) from 7,000 to 10,000 ft. 

Knd as accurately as you can the rate of fall at 6,000 ft. 


2.8. Variable Velocity 

If the distance-time formula of a body moving in a straight 
line is not linear (e.g. s — the velocity of the body is not 

constant. The average rate of increase of s with i in any interval 
of time is called the average, velocity in that interval of time. The 
rate of change of s with t at any iustant is called the velocity of 
the body at that instant. 

• If the graph of the distance-time formula is drawn, the 
velocity at any time is the gradient of the graph at the corre- 
sponding point. 


E xa i CT le. If the distance-time formula is s = find the 

velocity v'hen t = 4. 


Solution. The average velocity from t = 4z tot — 4-f h is 
chang e of a _ 6+}(4-}-bp—(5+8) 
change of f ~ /t 

6-}-8-f-47i-j-^h” — (fi-j-S) 

ft 


When h -> 0, 


4. 

The velocity at i = 4 is 4. 


Note. ^ The units of s and t are not stated in this example and the 
answer is left as a number. We might give the answer in the form 
4 umts of distance per unit of tune, but this is not customary. In anv 
question where the units are given, the unit in which the answer is 
measmed must be stated. Eor example, in this question, if s were 
given m rfc. and t in sec. the answer would be 4 f.p.s. ' 
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Ex 2J 


£x£RCISs2 J 

In this exercise, the bodies are supposed to move in a straight line 

1 If the distance time formula, la a = 24-6<*, find the velocity 
when t = 1 Pind the avers^e veloaly from t s= 0 to t = 4 

2 If the distance, s yd , travelled by a tram t mm after startmg 
13 given by iS = 60<*, find the velocity of the tram m yd per mm 
after 10 mm 

3 If the distance time formula is s *= £* — 2t, show that the body 
IS travellmg 3 times as fast when < ^ 4 as when t = 0 and m the 
opposite direction 

4 By means of electncal apparatus the tunes at which a runner 
passes various distances from bis startmg pomt can be measured to 
jjg sec The following table shows the correspondmg times and 
distances for the first 20 yd of an actual run | 


Distance, (yd ) ' 


i 

3 

6 ( \0 1 

15 ' 

20 

Tune (sec ) 

LL 

0 68 

104 

1 so 2 00 

SSS 

3 08 


Draw the distance tune graph (suitable scales are 1 in = 5 yd 
and 1 m s 1 sec ) and find approximately the velocity (a) 1 sec 
after the start, (h) 16 yd from the start (c) Docs it appear from the 
times at 10, 15, 20 yd that the runner attains his top speed dunng 
the first 20 yd ? (d)IfthetotaUengthoftberacewaslOOyd and the 
runner covered the remamder of the distance at his average speed 
from 15 to 20 yd , m what time would he run the 100 yd ? 

5 The distance of a body from its startmg pomt after various 
times 13 given by the foUowmg table 


5 (ft) j 

M 

8 

12 

12 1 

8 

0 

—12 

t (sec } 

UJ 

1 

2 

3 1 

4 

5 ; 

6 


Draw a graph and find (i) the average velocity durmg first 3 sec , 
(u) the velocity at < = 2 , (ui) the time at which the body is mstan 
taneously at rest, (iv) the velocity with which the body passes 
through its startmg pomt agam 

6 The foUowmj: table javes the distances of a car from a road 
junction at various tunes Draw a graph and find its speed (a) at 
30 sec , (b) at 100 sec , as accurately as you can (c) Fmd the average 
speed from 60 to 90 sec 


Distance (yd ) 

688 

352 

149 . 

44 

1 7 1 

0 

Tune (sec ) 

0 

30 

60 1 

90 

130 

160 


t A V HiU, Lwmg Maehmtry p 248 
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2.9. The gradient function 

We have now seen how the gradient may be used to draw a 
tangent to a curve or to find a rate of change in a formula. We 
are somewhat handicapped in these applications at present by 
the tedious work of finding the gradient at each point or value 
where it is required. Our next object must be to show how tliis 
labour can be very greatly reduced. 

Examination of the worked examples and exercises of tins 
chapter shows that we have already worked out the gradients 
oiy — for the following values of x. 


X 

-1 

1 

2 

3 

4 

Gradient of x- 

-2 

2 

4 

6 

8 


This table suggests that the gradient of .r- for any value ofx is 
twice that value of x. We now show that this is true for aU 
values of x. 

Let Xi be any value of x and as x 
changes to Xi-j-h, let y change from i/j 
to y^. 

Then A. 

and 2/2 = (»i+^)^ 

Therefore 2 / 0 — = ^Xih-^-h^, 

The average gradient from a; = to 
X x-i^h is 
2x 

— 1— =2x-r{-h-^2x-i when 7i->0. Fia. 2.11 

h 

Therefore the gradient ofy — x^ when x = Xj is 2xi. 

We are accustomed to denote the coordinates of point 
ony = x^ as {x, y). The gradient at this point is 2a:. 

For the present we shall call 2a: the gradient function of a:=. It 
enables us to write down, by substitution, the gradient at any 
given point of the curve. 

e.g. the gradient at (5, 25) is 2X5 = 10, 
the gradient at (—2, 4) is 2x — 2 = —4. 

The yvoTd function is used in mathematics to denote a number 
which depends upon another variable mmiber. Thus x^, 
a;3-2.-c-l-l, ifx, sin a:, log a:, are all cafied functions of x. 

If y and a: are connected by a formula, the rate of change of y 
^th X for a given value of x is the gradient of the graph of the 
lormula at the corresponding point. Hence the rate of change 
or y with x can be written down immediately from the gradient 
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fonction For example, if y = ®*, the rate of change of y with x 
when s = 7 13 2x7 = 14 

Exercise 2E1 

1 Find the gradient function of x®/6 Find the equation of the 
tangent to 6y = ** at (6, 6) 

2 Verify that the chord joining the points ( — 1, 1) and (6,25) 
of the curve y la parallel to the tangent at (2, 4) 

3 Fmd the equations of the tangents to y = x® at (2, 4) and 
(4, 16) Verify that the x coordinate of their point of mtersection 
equals the x coordinate of the middle jKiint of the chord joining their 
points of contact 

4 What is the gradient of y = X* at z = 2JT Fmd the coordinates 
of the pomt on the curve at which the tangent is perpendicular to 
the tangent at z = 2 J Fmd the equation of this tangent 

6 If y = z*, show that the rate of increase of y with z when 
X = 100 13 60 times its rate of mcrease when z = 2 For what value 
of z IS the rate of decrease of y one half its rate of mcrease when 
« = 2 ? 

6 Fmd the gradient function of y = 0 06x* 

The air resistance, i2 lb wt , on a certam car travellmg at v m p h 
IS given by the formula E = 0 06w’ Fmd the rate of mcrease of It 
with V when the velocity is 20 m p h At what velocity the rate of 
increase of R with v, 6 lb wt per m p h ? 

7 Fmd the gradient function of y «= 16z* 

When a stone falls freely from rest the distance fallen, a ft , is given 
m terms of the time of fall < sec , by the formula a = 16t* 

(i) Fmd the velocity after it has been fallmg for 3 sec 

(u) Fmd a formula for the veloaty after fallmg for ( sec 

(m) After how long will the velocity he 400 f p s ! 

(iv) How long will the stone take to fall 256 ft T 

(v) What will be its velocity after fallmg 266 ft ? 

8 Fmd the gradient function of 4z* P is the pomt (2, 16) on 

y = 4 t 2 pN 13 drawn jiar^el to the x axis to meet the y axis at N 
Ti!& tasge^i st P sxets sod^ iS .Sknt 

that TO = ON 

2.10 The gradient function of other powers 

We also need to wnte down quickly the gradient function of 
other powers of x We consider next the function of cubes, 
y = 3^ 
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Sketch, the graph ofy = and let P be any point of the curve 
■with the gener^ jc-coordinate, x. As x 
changes from x to x-\-h, the change of y is 
{x+hf—x^. 

No'w 

= {x^-\-2xJi-\-7i"){x-{-h) 

= a^+3x%-{-3xh^+Ji^ 

x^-{-2xh-\-h^ 

a; ■\-'h 

a:®+2a;%+ 

x^-\- 3xVi 3xh^ 

Therefore the change of y is 
x^-\-3x%-\-3xh"-\-h ^ — a? — 3x‘%-{-Zxlfi-\'1i^. 

Therefore the average gradient from x to a:-l-7i is 
ix’-l+ixW+V ^ 
h 

Let A -» 0. Then Zx'^-\-Zxh-\-'hP‘ -> 8x^ and the gradient at P* 
is 3a:2. 

Therefore the gradient function of a:® is 3a:®. 

In the same "way, -we can find the gradient functions of a;^, a:®, , 
but -we then require the results of multiplying out {x-\-hY, 
{x-^-TiY ,... . If the Binomial Theorem is kno'wn, these products 
may he ■written down and Ex. 2.L may he worked immediately, 
the remainder of this section being omitted. 

Otherwise, we must first note that the form of the products 
.can be predicted. We know that 

{x-\-hY = x\-\-2xli-\-hP' 

{x-\-hY = a;®4-3a:®^+3aA®+7i®, 

and we can see that 

{x+hY = x^-\-{ )x^h-\-{ )a:2/iS+{ )a;7i®+74<‘ 

(a;+7t)® = a:®+( )a:474+( )xW-\-[ )x%^+{ )xh‘^-\-7i^, 

where certain numbers must be written in each of the brackets. 
A glance through the worldng by which we obtained the 
gradient function of a:® shows that we only need the first of these 
unknown numbers. After di^vision by 7t to find the average 
gradient, all the terms after the first contain at least Id- and 
therefore tend to 0 when 7i h«- 0. We now find the first unkno^wn 
nmnber in the expansion of {x+hY and (a:+7i)®. 
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(a;+A)« = (a;+A)3(:c+i) = (a:3-f3z2A+3x7i4-A3)(x+/i) 

= x*-j-4a;®A+ 

3:3+3x*A+3xA+A* 
x-j-A 

a:«-f 3xSA+ 
g»A+ 

a}-\-A3?k-\- 

(x+A)® = (a;4*A)*(ar+A) = (x*4-4x®A+ )(a;4'^) 

= a:»+6x*A+ 

x®4-4x*A+ 
x-j-A 

x®+4x<A4- 

x<A+ 

x®+5x*A+ 


EX£BCIS£ 2 L 

1-2 Use (x+A)* = x<+4*»A+ and (x+A)® = x®+6s;*A+ to 
find the gradient function of 
la* 2 X* 

3-4 Find the gradient function of 
3 X 4 1 

5 Complete the following table 


Fuoetion 

a 

D 

D 

El 

Fl 

1(- *») 

Gradient function 

II 

II 

■1 

II 




2.11, Exampm Find the gradient fanction of 1/z* 

Solution Let y = l/x® and sketch the 
graph 

As X changes from x to x+/i 
tbechangeofy = ^-^ 

**_(z+A)S _2xA-A» 

Average gradient from x to x+A 

Oj xxh X change of y — 2xA— A^ — 2x— A 

' change of x Ai2(x+A)® ~ x*(xH-A)* 

FI 0 213 LetA-j-0 

The gradient at P = if x 0 

X* x* 
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Exercise 2.M 

1. Find the gradient function of IJx. 

2. Find the gradient function of 1/a:®. 

3. Guess the gradient function of xP and x’. 

4. Write Ijx, l/x®, l/a;® as x-\ a;-®, ar®. Can you write doion the 
gradient functions of these three functions by the method of No. 3 ? 

5. Find the gradient function of 10a:®. Compare with the gradient 
function of a:®. 

6. Find the gradient function of .1:®+*** In what way can the 
gradient function of a:®+a:® he foimd from the gradient functions of 
a:® and a:® ? 

7. Find the gradient function of x—ljx. In what way can the 
gradient function of x—ljx he found from the gradient functions of x 
and 1/a: ? 

8. Assuming the gradient functions of x and a:®, write doton the 
gradient function of 6+2a:— 3a:®. 


2.12. From particular cases worked out in sections 2.10, 2.11, 
and Ex. 2.M we make the following generalizations. These 
enable us to write down the gradient function of any function 
which can be expressed as a sum (or difference) of positive or 
negative integral powers of x. 

(1) The gradient fxmction of .t” is if n is a positive or 
negative integer. 

(2) The gradient function of c.r", wdiere c is a constant, is 
cnx^-^. 

(3) The gradient function of a sum (or difference) of powers 
of X is the sum (or difference) of the gradient functions of the 
powers taken separately. 

(4) If the value of a function is constant, its gradient is 0 for 
ah. values of x. (This is clear from its graph which is a straight 
line parallel to the x-axis.) 

Conversely, if a function has zero gradient for aU values of x, 
it is a constant. 


Example 1. Fiad the gradient function of (a:®— 2)®/x®. 
Solution. Write the function as a sum of powers, 
(x®— 2)® _ 4x®-j-4 

X® “ X® 


: = a:®-44-4x-®. 


^ra^ent function of x® = 2x; Gradient function of —4 = 0 • 
Gradient function of 4x-® = — 8x-® = — 8/x®.] ’ 

The required gradient function is 2x— 8 /x®. 

In practice, the work shoivn in brackets is not written down. 
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Ezaufli; 2 The distance time formula of a body moving in a 
straight Ime is a = 3t*— 144 and the motion starts when t = 0 

Fmd the velocity after time I and the time at which the body is 
instantaneously at rest 

Solution Let the velocity of the body after time f be v Then v is 
the rate of change of s with t at time t 

Hence v = — 14 

To find when the body is instantaneously at rest put v = 0 
0 « |i»-6f-I4, 

0 = <»-12<-28, 

0 = {t-14)(«-{-2). 
t = 14 or —2 

It IS usual to Ignore negative solutions since these denote tunes 
earher than t = 0 when the motion is supposed to start 

The body is at rest when t » 14 The physical explanation of this 
IS that the body reverses its direction of motion at t = 14 The 
formula for v gives v — 7^ when t = 13 and v = 8 J when t =* 16 
The different signs mdicate that the body is travelhng in opposite 
directions at these two instants 

Note If the graph of the distance tune formula is drawn, the 
velocity at time t is the gradient of the graph for the general value, t, 
of the tune The tdocUtf at time t ts ike gradient function of the 
distance, s 


Esescisb 2 N 

1-41 Wnte down the gradient functions of these functions of x 


1 

3x* 2 

A** 


3 3 


4 8x’ 

6 

^ 6 

4/x 


7 l/2x* 


8 -1/x* 

9 



10 

2a:-x* 

11 

34'8x 

12 

64-4xS 


13 

X+lx« 

14 

l-2x* 

16 

I+2x-3x3 


16 


17 

(3x*-4x«)/6 

18 

i(l-x+2**) 


19 

§x* — 4a: 4-6 

20 

-1/x* 

21 

3/x» 


22 

l/4x* 

23 

X— 1/x 

24 

x^+l/i* 


26 

2x»-3/x> 

26 

3x*4-2/x» 

27 

x(3+4x) 


28 

(x+D* 

29 


30 

(l-fx)(l+x*) 


31 

( 14 -x){l— x)/x 



32 

(l-2x)Vx 


33 

x(x-2Kx4-21 



34 

1—23^+a* 


35 

5x»-2/x> 

36 

3x34-4x*4-6x 

37 

(6-10x+x»)/6 


38 

l(x*— X““) 



39 

(2x-3/x)® 


40 

,7{X*-X«) 

41 

7r(a4-3)/x 


42-5 Fmd the velocity, at tune < ofabodytravelhngmastraight 
Ime with the given distance time formola 
42 « = 10P-4t-{-3 43 « = 5-41+1^18 

44 s = 4B «=4i3_12i 
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Ex. S-N EXERCISE 2JSr 

46. The safe load, T tons, which may be put on a steel beam s ft. 
long, 7| in. wide, and 24 in. deep, is given by the formula T = 1126/5. 

Eind the rate of change of T with s when (o) s = 10, (p) s — 60. 

47. A body moves along the a:-axis starting from the origin O, at 
f = 0. After t min. its position is given by a: = 

{a) Find its velocity at « = 1 and t — A. Is it moving in the same 
or opposite directions at these two instants ? 

(6) Show that the body starts from rest. 

(c) When is it again instantaneously at rest ? What is its position 
then? 

(d) When is it again at 0 ? What is its velocity then ? 

48. The distance-time formula for the motion of a body in a 

straight line is s = where s is measured in ft. and t in min. 

The start occurs at f = 0. 

(i) Find the velocity at i min. 

(ii) Find the velocity at (o) 2 min., (6) 10 min. 

(iii) Find the velocity at the start. 

(iv) How long after the start is the velocity instantaneously 0 ? 

(v) Fill in the blanks in the folloning statement. The body starts 

with velocity ft. per min. and moves with decreasing 

velocity imtil it is instantaneously at rest after min. 

when its distance from the start is ft. It then reverses 

its direction of motion and moves with iacreasing speed 
reaching the start again when t is the positive root of the 
equation = 108 (obtained by putting i = 0 in the distance- 
time formula. Verify this.) It passes the starting-point with 
velocity ft. per min. 

49. A ball is thrown vertically upwards and its height, H ft., 
above ground after t sec. is given hj E = SOt — ICj®. 

(i) Show that it reaches the ground again after 6 sec. 

(ii) Find its velocity after t sec. 

(iii) Find its velocity after 1 sec., 3 sec. Esplaiu the meaning of 
the signs of these velocities. 

(iv) Find the velocity with which it is thrown up. 

(v) How long after the start is the ball instantaneously at rest ? 

(vi) What is the greatest height reached by the ball ? 

50. A stone is thrown vertically downwards from the edge of a 
cliff 400 ft. high. After t sec. its height, H ft. above the level of the 
foot of the cliff, is given by H = 400-36t-16i2. Show that it 
reaches the ground after 4 sec. Find its' velocity after t sec. Find the 
velocity with which it reaches the ground. 
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51 Find the point on y = a:* at which the gradient i3 G Find the 
equation of the tangent at this point 

62 Find the equation of the tangent to y = hich is parallel 
to Zy—2x = 0 [First find the point of contact ] 

63 Find the equation of the tangent to y = x*+4*-['5 "which is 
parallel to (o) y-^2x = 0, (6) the x axis 

64 Find the coordinates of the point on y = 2x* at which the 
tangent is perpendicular to the tangent at (4, J) 

65 Find the equation of the tangent to 3y = which is 
perpendicular to the tang^t at the point where a; = 4 

2.13. Curve drawing and curve sketching 

Suppose we "want to draw an accurate graph of y = x'^-\-4x 
We make a table of values and plot pomts, joining them by a 
smooth hne 



Accuracy may be improved by plotting points which he closer 
together In the present example we 
might take values of z between the 
mtegral values given in the table In 
this way we obtam a graph which may 
be used to read off corresponding 
values of x and y 

But a graph has another very im- 
portant us© with which we axe more 
concerned here It gives at a glance 
a general picture of the way m which 
y changes as x changes For this pur 
pose a sketch is all that is needed 
The rise and fall of y must be shown 
correctly, but the graph need not he 
BO accurate that values can be read 
from it In fact, it need not be drawn 
on squared paper at all 
For example, suppose we want todrawasketchofy = z^-\-4x 
Denote the gradient function by g 
Then g = 2x-{-4 

Sketch the graph of g gainst x, this is particularly easy, 
since it 18 a straight hne (Fig 2 15) 
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This graph shows that g is posi- 
tive when X is greater than —2, and 
negative when x is less than — 2. 
Therefore the graph of y rises when 
X is greater than — 2 and falls when 
X is less than —2, The value of y 
when X = — 2 is — 4. 

These facts are sufficient to 
enable a sketch to be drawn. An 
additional guide is the fact that 
the graph passes through the origin. 
The graphs are most conveniently 
drawn together, with parallel a;-axes 
and g- and y-axes in line (Fig. 2.16). 
Full advantage may then be taken 
of the information provided by the 
graph of the gradient function. If 
g is positive, then the bigger it is 
the more steeply the {x, y) -curve 
rises and if y is negative, the bigger 
its numerical value is the more 
steeply the {x, y)-curve falls. 

As an example of the useful in- 
foimation about a function which 
may be deduced from quite a rough 
sketch graph, note that the points in 
which the curve crosses the x-axis are 
found by solving x^-\-4x — 0. The 
solutions are a; = 0 and x = —4c. 
Then the graph shows that x^-\-ix 
is negative for values of x between 
—4 and 0 and positive for values of 
X greater than 0 or less than —4. 

Further help in curve sketching 
is sometimes given by symmetry. 
For example, the graph of y = x^ 
is such that if (a;^, y^) is a point on 
it, so is {—x^, yi) [if y^ = af, then 
yx — (— Hence the part of the 
curve for which x is negative is the 
reflection in the y-axis of the part 
for which x is positive. When this 
is the case, the curve is said to be 
symmetrical abovi the y-axis. 





Tig. 2.17. Symmotry about 
^ tho j/-axis 



Similarly if (®i, yj) is a point on == 4 ^. go is 

This curve is said to "be symmttn- 
2/ ad about the x axts 

I Another kmd of symmetry is 

I shown by y =5 If (®j 2 / 1 ) is a 
I pomfcofthiscurve.sois — x^, — j/j) 

.a ) [if Vi = I?, then —Vi = (— arO’) 
// The middle pomt of {x^, yj) and 

z'/ (— ~yi) IS (0, 0) the ongm In 

— /7 Q 5 ^ tins cas 0 the curve is said to be 

X/ symmetrieal about the origin 

// Note The gradient function 

( X, yiU' also gives useful information 

/ when the graph is plotted from a 

I table of values It enables us to 

decide how the pomts should be 
218 eymm.tnr. bout for example, the graph 

the ongia of y = a: +4x was completed by 

drawing a smooth curve through 
the plotted points This may be justified by notmg that the 
gradient function mcreases steadily from large negative to large 
positive values If the curve ‘zigzagged’ between the plotted 
pomts, Its gradient would fluctuate 
Nevertheless care must be exercised m joining plotted pomts 
For example, the three pomts (—1, —1), (0,0), (1, 1), whichhe 
on a straight Ime, are oU on y =» and yet its graph is not 
straight between a: =® — I and a; = 1 This is shownimmediately 
by the gradient function 3i*, which is not constant 
^ A more extreme example is the graph of y = Bm(180j:)'’ 


Fio 2 18 Symmetty about 
the ongm 
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X 

-5 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

6 

y 

0 

0 

0 

0 

0 

0 

0 

n 

0 

0 

0 


The next example is included to show how a curve can 
oscillate when it really tries. The equation of the curve is 

y == sin(36/.T)°, 

Between x = ^ and x = io V runs through all the values of 
sin 0 as 0 increases from 0 to 360. This is repeated between 
a: = and x = again between a; = and x = ^g, and so 
on. Therefore between a: = 0*1 and x = 0, the curve describes 
more oscillations than can be cotmted and no pen can follow it. 


X 

2 

1 

0-4 

0-2 

0-13 

0-1 

0-05 

36/® 

18 

36 

90 

180 

270 

360 

720 

y 

0-31 

0-59 

1 

0 

-1 

0 

0 


• z X 


Era. 2.20 



' Exeroisb 2.P 


1-7. Sketch the following curves in the neighbourhood of the given 
point. ^ denotes the gradient function: 

1. a: = 1, y = 2, Gradient at a; = 1 is and is increasing. 

2. a: = 1, y = 1. Gradient at a: = — 1 is — 1 and is increasing. 

3. X ~ 2, y — 4:, Gradient at a; = 2 is — 2 and is decreasing. 

X — 1, y = 1. Gradient at a; = — 1 is 3 and is decreasing, 

5. a: = 0, y = 1, gr = a:. 6. a; = 0, y = 1, n = -a;. 

7. a; = 0, 2/ = 1, g = a:®. 


8-16. State whether the following curves have symmetry (a) about 
the a:-axis, (6) about the y-axis, (c) about the origin: 

8. 2/ = x4+x2+l. 9. 2/2 = a:. " iQ. ’ y = 

11. y2+a;2 ^ 10. 12. a:2+^2-{-2a; = 0. 13. y = 

14. y = l/aja. 16. y = sina;. 16. y = cosa;. 


1/a;. 
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2.14 A CURVE WITH TWO BRANCHES 

Construct a small table of values : 

10 ^^^2 -1 j 0 1 i 2 10 

01 —0-5 — 1 ? 1 0-5 01 

001 —0-25 —1 7 —1 — 0-26 —001 

Disregai’ding for the moment the entries marked ?, we can plot 
6 points. The values of the gradient show how these may be 
joined. 



Fig. 2.21 {not to scale). 


We need more information between a: = — 1 and a: = 1. 


X 

-i 

3 - 

iO 


i 

y 

-2 

, -10 

10 

2 

g 

-4 

I -100 

-100 

-4 


Add these points to the sketch. Note the large negative values 
of g when x — The curve is plunging downwards very 
steeply at a; = — fg and is coming down from the top edge of 
the paper equally steeply at » = 

We now have two ‘pieces 
of curve’ and we probably 
feel instinctively that they 
should join up. But the curve 
caimot pass from (— ig, —10) 
to (^, 10) on the paper 
without having a positive 
gradient. And we know that 
for aU values of x (except 0) 
the curve has a negative gra- 
dient. Consequently the two 
parts of the curve remain Pig. 2.22 

separate. 

This is a graph of a new land. It is said to have two branches. 

We must now consider the entries marked ? in the first table 
of values. If we put a: = 0 in = 1 /» we obtain y= 110. What 

4SG7.1 „ , 
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IS the value of this ? Looking at the graph for a clue we unme 
diately encounter a difficulty One branch of the graph suggests 
that 1/0 13 a large positive number while the other branch 
suggests that it is a large negative number 
Now suppose we buy a large sheet of paper and choose a small 
scale, for example, 1 m := 1,000 Then if the paper is long 
enough we may be able to plot y coordmates as large as 1 million 
and —1 milhon For this the length of the paper must be 
2 miIhon/1,000 m = 2,000 m = 166| ft , so it will have to he a 
fairly large sheet Is it large enough to contam all the points of 
the graph ’ Suppose a == 1/2 million Then y = 2 miUion and 
this pomt cannot bo plotted Similarly the point (—1/2 million, 
—2 milhon) cannot be plotted Also the gradient at each of 
these pomts is — (4 nulhon nuUion) and the two branches of the 
curve are separating even more violently than before 
We must therefore, conclude that however large the sheet of 
paper is, the graph of y = 1/x goes o2 the paper, as x approaches 
0 either through positive or negative values It is impossible to 
plot a pomt on the curve whose z coordmate is 0 
No number is large enough to represent y m the formula 
y SB l/a? when x = 0 We say that y = 1/x does not exist when 
ic ss 0 The operation of dividmg by 0 is not defined m mathe 
matics and symbols like 1/0, 1/0^ have no meamng 

Bxebcisu 2 Q 

1 Sketch the graph of y *= 1/x* 

2 ^present the graphs of y — a; and y = 1 /x on the same figure 
by dotted lines Use these graphs to draw the graph of y »= x+l/x 
Note how the curve tries to approach y = x when x is large and 
y =» 1/x when x is small 

3 Give the equation of a graph which is near the graph of 
y = *— 1/x, when (o) x is large, {b) x is small Sketch y = x— 1/x 

4 Sketch the graph of y = x+l/i* [First sketch y = x and 
y= 1/x*] 

6 Sketch (o) y* = x, {b) y* = I/x, (c) y* = x+l/x 

Exercise 2 B> (m preparation for section 2 16) 

Sketch the family of curves y = a^+c for c = 0, 1, — 1, 3 fix 
X = —3 to X = 3 

Fmd the gradient function of each curve 
Draw the tangents to the curves at the pomts where x = 2 
Fmd the value of c for the curve of the family which pas; 
through ( — 1, — 2) 
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2.15. The equation of a curve which has a given gradient 

function 

By this time you probably find it comparatively simple to 
write down the gradient function of a curve whose equation can 
be expressed as a sum of powers of x. But can we proceed in the 
reverse direction ? Can we find the equation of the curve when 
we are given the gradient function ? 

For example, the gradient function of a curve is 2x. What is 
the equation of the curve ? 

We solve this by trying to think of a fimction which has 2x 
as its gradient function. The first function we thinic of is x^, but 
Ex. 2.R shows that *“+1, .r-— 1, a:®+3 are also answers to the 
problem. Generally we see that y = x^-\-c is a possible equation 
of the curve, where c is any positive or negative number. Thus 
the answer to our problem is the equation of a family of cmves 
and not the equation of a single curve. To obtain a definite 
curve further information must be given, e.g. the coordinates 
of a point through which the curve passes. Such problems are 
taken up in section 2.16. 

We have seen that y = X“-\-c is a possible solution of the 
problem, but it is not yet clear that every solution is given bj* 
this formula with a suitable value of c. That this is in fact so, 
will now be proved. 

Consider any two functions each of which has gradient 
function 2x. Then the gradient function of their difference is 
2x—2x = 0 for aU values of x. But if a function has zero 
gradient for all values of a: it is a constant (section 2.12 (4)). 
Therefore any two functions with gradient function 2.1; differ 
by a constant. But we have seen that one such function is x^. 
Therefore all such functions are given by where c is a 

constant. 


Exercise 2.S 

Find the equation of the family of curves whose gradient function is : 


1. 2. 3. 5x*. 

5. 4x. 6. —2a;. 7. \-\-2x. 

9. a;. 10, 14-a;. 11. 2— a;. 


13. —xjS. 

16. {1-Sx)l5. 
19. l+3a:2. 

22. -a:2/4. 

25. [x-x^)l5. 

28. 23^+Zx^. 

31. ix^-4x+2. 


14. 2x15. 

17. 2a:2. 

20 . 2x+x^. 

23. a:2/3. 

26. \—x-\-x^. 

29. (a:3+a;)/6. 

32. l/x2. 


4. 1. 

8. 3-2a;. 
12 . xl2. 
16. l-4a:/3. 

18. 

21. |a:2. 

24. 3(a;+a;2). 

27. a;3, 

30. 4a;3+6a;2. 

33. -2/a;2. 
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34 1/2x2 
37 x^+ljx^ 
40 4x-4/z2 
43 X— 2/xS 


EXERCISE 2S 
35 z-1^ 

38 

41 l/4x» 

44 l/x»-l/a:» 


E* 2 S. 2 16. Ex 2 T 
36 -2/i» 

39 3i+H-2/x2 
42 6(i*-2/x2) 


2.16 

ExAMPI/E 1 

Find the equation of a curve with gradient function 2x, passing 
through the point (2, 3) 

Soluiton The equation of the family of curves with gradient 
function 2* IS 1 / *= x*+c We now determine c so that when * = 2, 
y = 3 

We have 3 = 44-c, giving c = ~1 
The curve is y = **— 1 

ETAHTpr.T! 2 A body moves m a straight Ime so that t sec after its 
start at t <= 0, its velocity, w f p s , is given by i> «= 10— Find the 
distance time formula 

Sdluhon Ijet the distance from the start at { sec be s ft 

^en V is the gradient function of s 

Hence a *=* lOJ— 3i*+c, where c is a constant 

But a = 0 when t — 0 Therefore c »= 0 

Hence a as lOi— 3i* 

This IS the distance tune fonnula 


Exerqse 2 T 

1-6 In the following the gradient function of a curve and the 
coordinates of a pomt on the curve are given Fmd the equation of 
the curve 

1 2x,{l,2) 2 x,(2,6) 3 6+4x.(l,10) 

4 4x,(2,8) 6 I-3x>,(0,l) 6 4x5, (1,0) 

7-16 Given the foUowmg velocity tune formulae, find the 
correspondmg distance time formulae assuming that a is the distance 
from the start at t = 0 

7 v = l—2t 8 v = 4l— § 9 v = 20 

10 v = 3t*-6 II i> = 9{t«— 4) 12 t> = 40+32i 

13 V = Sl^+1 14 V = l+ft* 16 0 = 3r(24-«) 

16 V = (1-20* 

17-19 We are not always given that « 0 when t = 0 

These are examples of different imtial conditions 

17 r s=s 4t and a = 6 whrai t = 1 Fmd s when t = 2 Find a 
when < = 0 

18 « = 8(— 4 and s = 9 when < = | Fmd a when t = 1 
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EXERCISE 2.T 

19. V = St^+2t and s = 22 when < = 1. Find s when i = 4. What 
are the values of 5 and v when f = 0 ? 

20-4. Find the equations of the curves satisfying the given 
conditions : 

20. Gradient function 1-1 and passing through (2, 0). 

21. Gradient function x~ and passing through (1, ^). 

22. Gradient function ia: and passing through (1, J). 

23. Gradient function IJx" and passing through (^, 5). 

24. Gradient function (1— a:) and passing through (2, 4). 

(25-30. These refer to the motion of a body in a straight line starting 

att — 0.) 

25. If V = i/10 f.p.s. find the distance travelled in 10 sec. from the 
start. 

26. If u = (l+3i“) ji’d. per min. find the distance travelled from 
i = 1 to i = 2 (i.e. during the second minute). 

27. If « = {2-|-ii®) yd. per min., find the distance travelled during 
the second minute of the motion. 

28. If u = (4i— 1) f.p.s., find the distance travelled during the 
fourth second of the motion. 

29. If u = Gt f.p.s., find the distance travelled while the velocity 
increases from 6 to 12 f.p.s. 

30. If u = (1+i) cm.p.s., find the distance in which the velocity 
is increased fi:om 5 cm.p.s. to 11 cm.p.s. 

31. The gradient function of a family of curves is i(l+a:). Show 
that each curve of the family rises by the same amount as x increases 
from 2 to 4. What is the rise ? 

32. The gradient function of a curve is 3—4* and it passes through 
(0, 2). Find the equation of the curve and the points in which it 
meets the axes. Draw a sketch. Find the decrease in y as * increases 
from 1 to 5. 

33-52. Find the equations of the families of curves with the 
given gradient functions : 

33. 1-^*. 34. 6*2. 35. 6/*2. 36. 5*®. 

37. -4/*3. 38. 1/8*2. 39. |. 40. f*. 

41. |-|x. 42. 9—10*2/3. 43. 2*— 1/2*2. 

44. *2/3-3/*2. 45. 5-4*+6*2. 46. x^-2+l/x\ 

47. (*-l)(a:-2). 48. {x+\)\ 49. (l-*)(*-4). 

50. (l+*2)/a;2. 51. 4(2-*2 )/x 2. 52. |*(l+*)2. 

53. The gradient function of a curve is 6*(*-l) and it makes an 
intercept of 2 on the y-axis. 

Find the equation of the curve. 
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64 A body txavels in a straight Ime and its velocity, v yd per mm 
at t mm is given by v = (3t — 2)(<+4) Find the diataneo travelled 
durmg the fifth minute of the motion 

65 If a body moves in a straight line and its velocity at / sec is 
v=J(7-i-3t*) fps, find the distance m which the velocity is 
increased from 2fps to 11 fps 

Miscellaiteods Exercise 2JC 

1 Whatisthegradientfunctionofy = z*— 3* ? Fmd the gradient 
when X = 2 and the average gradient from x = 0 to x = 2 

2 At the pomt ( — 1,2) the gradient of a curve is 2 and m the 
neighbourhood of this point the gradient increases as x increases 
Draw a sketch of the curve m the neighbourhood of (—1, 2) 

3 Fmd the equation of the tangent at x = —2 to y = x(4— x^) 

4 The gradient function of a curve is x’— 2x and it makes an 
mtercept of 1 on the y axis Fmd the equation of the curve 

5 Fmd the gradient function of y = (2— z)(l+x) Sketch the 
curve 

6 y = (1 — x*)/x* What is the rate of change of y with x when 
X = 2 7 

7 If s = (units ft , mm ) is the distance tune formula for a 
body monng m a straight Ime, find the velocity at t = 0 and t = 10 
Also find the average velocity durmg this 10 mm 

8 Sketch, the curves (a) y = — 2x*, (b) x = — 4y* 

9 Give the gradient function of y = {x*'-2x*+4)/x* 

10 If the rate of change of v with h w wb*(2— A) and v =* Itt when 
A = 1, find V m terms of h 


11 Write down the gradient function of y = (x— 1)® Sketch the 
curve 

12 At (—2, 0) the gradient of a curve is —1 and is mcreasmg 
Sketch the curve near ( — 2, 0) 

13 About which axis is y = 1+1/x* symmetneaH Sketch the 
curve 

Fm4 t’ne points oi contact ol ftie tangents to y = 
which are parallel to y+2x = 0 

16 The rate of change of y with x is (3x— l)(x— 1) and when 
X = 3 y = 8 Fmd the formula 

16 Fmd the gradient function of X* 4 - 1 /x® 

17 Without usmg the rule, work out the gradient function of 2z* 

18 Fmd the equations of the tangents at the three pomts where 
y = x(x‘’ — 1) crosses the x axis 
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19-34 EXERCISE 2.X 

19. Write do\vn the equation of the family of curves whose 
gradient function is (x*—l)/.x®. 

20. The height of a balloon above the ground in ft. at t sec. is 
given by li — 1000— 20/« when t > 1. Mnd a formula for the 
vertical velocity of the balloon. Is it rising or falling ? Find its 
height and velocity att = 5. 

21. EindthepointsofcontactofthetangentstoOy = 2x^+3a:^+24a: 

which are perpendicular to = 4. 

22. Give the gradient function of x{n—22^). 

23. Without using a rule, find the gradient function of y = a:+a:“. 

24. A body moves in a straight line so that v — (i® — 21) f.p.s. Knd 
the distance travelled from < = 1 to f = 4. 

25. Tind the rate of change of y with x when y = y^—x" and 
(a) a; = 1, (6) x — 2, (c) x = 0. For what values of x is the rate of 
change of y with x = 40 ? 

26. Sketch y = 1/x. Find the intercepts on the axes made by the 
tangent at x = 2. 

27. y is given in terms of x by the formula 3y = .x®— 3x“+3x. 
Show that as x increases y always increases. 

28. Give the gradient function of x(2+x)^. 

29. The line y = 2x+l touches a curve whose gradient function 
is 4x. Find the coordinates of the point of contact and the equation 
of the curve. 

30. A road has the form of y = x® from x = —2 to x = 1 and is 
straight from x = 1 to x = 4. (There is no corner at x = 1 so that 
the straight portion is a tangent to the curved portion at x = 1.) 
Sketch the plan of the road. What is the angle, to the nearest degree, 
between the directions of motion of a car at x = —2 and x = 4 if it 
is travelling from the first point to the second ? 

31. If u = (12— 3t) f.p.s. and the body starts at t = 0, find the 
time and the distance from the starting-point at which the body is 
instantaneously at rest. 

32. The rate of change of y with x is Jbx where i is a constant. 
When X = 1, y == 9 and when x = 5, y = 67. Determine h and the 
formula for y in terms of x. 

33. The gradient function of a family of curves is x— l/x“. Find 
the equation of the family. One of the curves passes through the 
point (1, 2). What is the equation of the tangent to this curve at 
(1, 2) ? 

34. Take the origin at the top of a hiU with the x-axis horizontal 
and the y-axis vertically upwards. The gi-adient of the hiU-side at a 
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horizontal distance x ft from the origin is — */I000 What is the 
depthofthegroundbelowtheluU topwhen(fl)a;= 600, (&)ar= 1000? 

35 Pmdthegradientfanction3of(<i)(x-f-l)(z+2),(6)a:(®+l)(ar-l-2) 

30 The surface area, A 6q m , of a hdless cylindncal tin of radiua 
r m and height 10 m is given by ^ = 5rr(r*f 20) Show that the rate 
of change of A with r is never less than 20^, and find its value when 
r = 6 

37 Find the coordinates of the points of mterseetion of 
p = 3z^-}-6z-f-l and y =s 3 Find the equations of the tangents to 
the curve at these points 

38 Fmd the curve whose gradient function is x-* and which passes 
through (— 10) 

39 The distance tune formula for a body is s = 1— 1*/10 (umts 
ft , sec ) Find the velocity of the body 4 sec after the start WTien 
18 the body travelling four times as fast (o) m the same direction, 
(b) m the opposite direction ? 

40 Fmd the equation of the tangent at the pomt where x = | on 
y B 3x^— I Fmd the equation of the other tangent to the curve 
which IS parallel to this one 


41 The direction angle, a, of the tangent at any pomt (x, y) of a 
curve u given by tana = I— 2x* Fmd the equation of the curve if 
it passes through the pomt (—1, If) 

42 Fmd the gradient fonctionof x*(l— 2x)+x(l+2x) 

43 If t =* t*— t, find the distance m which the body increases its 
velocity from 0 to 20 

44 Sketch the curves (a) y x^— 4x, (6) y =* 2x— x® 

45 A curve has the gradient function 6x*— 6 and touches 
y— x-f-3 = 0 where x = — 1 Fmd its equation 

46 Find the equations of the tangents to 8y = x*(x— 6) at the 
points where x « 2 end x = 6 

47 If y = — 10/x® (where g denotes the gradient function) and 
y == 10 when x = find y when x = 2 J 

48 A body starts from the ongin and moves along the x axis so 
that after t see itspositionisgi-raiby x = l*(t— G) Fmdxwhenvis 
agam 0 Also find v when x is agam 0 

49 Two quantities are connected by the formulate = 100 Fmd 
the rate of change of p with t; when v = 10 Also find the rate of 
change of v with p when « = 20 

50 Show that there are two values of o such that the tangents at 
X ~ 1 and X = 3 to the curve y = ox*— 2x— 1 are perpendicular, 
and find these values 
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1-10. Knd the gradient functions of: 

1 . 

3. a;2-2/a;. 

5. {X+2YI2X. 

7. 1077x2(2-®). 

9. is a constant]. 


2. Ml+®)2. 

4. (Wl)/a:®. 

6. a^°+l+llx^°. 

8. 477x2(1+x2). 
10. x(x+l)(x+4). 


11-20. Bind the functions which have the following gradient 
functions: • 

11. 2x3. 12. ^x«. 


13. l+2x+3x2. 14. 4:7x2. 

16. (l+3x)2. 16. l-l/x2. 

17. 3(x2-4/x2). 18. 4x3+l-f4/x2. 

19. (a:4'^)“ where fc is a constant. 20. 3(5— x)/x2. 

21-2. Given the following distance-time formulae find the corre- 
sponding velocity-time formulae : 

21. s = 6(^-}-(2_io. 

22. 45 = ((-3)(i-6). 

23-4. Given the following velocity-time formulae find the corre- 
sponding distance-time formulae : 

23. V — 5((2— 6)2 and s = 0 when t — 0. 

24. V — ((2-fl/()2(i > 1) and 5 = 0 when t—l. 

25. Bind the equation of the curve passing through the origin for 
which the gradient function is x2 — 3. 

26. Bind the equations of the tangents to y = x-f-l/x which are 
parallel to the x-axis'. 

27. Bind the equation of the tangent to y = 4/x2 whose direction 
angle is (a) 45°, (b) 135°. Show that these tangents meet on x = 0. 

28. The gradient function of a curve is 4-l-2/x2 and it passes 
through (2, 3). Bind the equations of the two tangents whose 
gradient is 6. 


{Nos. 29-34 refer to the movement of a body in a straight line.) 

29. If the distance-time formula is 5 = <-f (2 (units; ft., sec.), find 
the average velocity (a) from 1 to (1-f ^) sec. ; (b) from 1 to l-Ol sec. ; 
(c) from 1 to I’OOl sec. 

, What is the velocity at 1 sec. ? 

30. 5 = 48t—t^ (units: ft., sec.), and the motion starts at f = 0. 

(i) When is the velocity zero ? 

(ii) When is the body again at the starting-pomt ? 

(iii) What is the distance from the starting-point (a) when t = 2, 
(b) when t = 51 
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(iv) How far has the body actually travelled (o) when t = 2, 
(6) when t = 51 

(v) How far does the body travel during the fourth second of its 
motion 1 

(vi) What IS its average velocity dunng the first four seconds ? 

(vu) What 13 the velotaty when 1 = 31 

(vm) Descnbe the motion 

31 A stone is projected from a cliff so that it falls vertically to 
the sea After i sec its height above the sea, h ft , is given by 

h »= 144-f-128t-16/* 

Fmd 

(а) The velocity of projection Is it upwards or downwards ? 

(б) The greatest height of the stone above the sea (Consider 
what the velocity must be when the stone is at its highest 
pomt ) 

(c) The tune and velocity when it strikes the sea 

(d) The height of the cliff 

32 If V = (2<— 10) f p a and a = 0 when i ** 0, find when the 
body is at rest and the distance from the starting point, s >» 0, at 
that time Fmd the velocity with which it passes through the 
starting point again and describe the motion as completely as yon 
can 

33 Ife= (I— <*/3)fpB and the body starts from s BB 0 at < = 0, 

(a) Fmd the dutance from the startmg pomt after t sec 

(b) Fmd when the body returns to the startmg pomt and its 
velocity as it passes through 

(c) Show that when the body changes its direction of motion, the 
distance from the startmg point is |(2V3) ft 

34 V = 30f+12) fps and the motion starts at t = 0 

Fmd the distances of the body from the startmg pomt at the two 
mstanta when the velocity is zero 

35 The sketch shows half the cross section of an artificial bank 
built at the side of a nver 
A 13 a pomt at the bottom of 
the bank, and at a horizontal 
distance of x ft from A the 
gradient of the cross section is 
I— s/10 At what horizontal 

distance from A is the gradient zero 1 If this is the top of the bank, 
find the height of the top above the level of A 

36 The followmg table gives the times (Greenwich Mean Time) 
of sunnse and sunset in latitude 60” N on Sundays in January 1944 
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Date 

Time of sunrise 

Fimc of stmset 

2 Jon. 

07 60 

16 09 

9 Jan. 

07 67 

16 17 

16 Jan. 

07 63 

16 26 

23 Jan. 

07 47 

16 37 

30 Jan. 

07 38 

16 49 


(i) Find in min. per week, to the neatest min., the rates of change 
of the times of sunrise and sunset (a) on 9 Jan., (b) on 23 Jan. 
(Suggested scales for the graphs: 1 in. = 10 min. ; 0‘7 in. = 1 
week.) 

(ii) Find also the rate of change of the length of the day on 9 Jan. 
and on 23 Jan. to the nearest min. per week. 

(iii) Find the average rate of change of the times of siinrise and 
simset during the month (take it from 2 to 30 Jan.) in min. 
per week. 

37. The following table gives the altitude of the sun at various 
times on a certain day: 


Altitude 

10° 33' 

ll” 68' 

13° 22' 

14° 47' 

Time (hr. min.) ■ 

06 19 

06 27 

06 35 

06 43 


Altitude 

66° 54' 

66° 68' 

56° 69' 

66° 67' 

66° 64' 

66° 47' 

Time 

11 66 

12 01 

12 04 

12 16 

12 19 

12 25 


(а) Show that the rate of change of altitude is approximately 
constant from 06 19 to 06 43 and find its value. 

(б) Find the rates of change of altitude at 12 00 and 12 20. 

(c) Find, as accurately as you can, the maximum altitude of the 
sun and the time at which it occurs. 

38. The foUoAving table shows the times taken by the former 
Ij.N.E.R. locomotive No. 2002 Earl Martschal to travel certain 
distances at the start of an actual nm from Aberdeen to Dundee.f 


Distance from 
Aberdeen (miles) 

Time from start 
(min. SCO.) 

0-0 

0 00 

0-6 

2 19 

1-1 

3 28 

3-1 

6 66 

4'-8 

9 40 


Find, approximately, the speed, in m.p.h., at 2 min. 

Show that the speed becomes approximately constant and find 
its value. 

t From Locomotives of Sir Nigel Qresley, by Oi S. Nock, p. 124. 
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39 A ball IS let fall from rest, 16 ft above the floor of a hall, and 
its heights at vanous times are given on the following table The ball 
hits the floor and rebounds after 1 sec 


Height (ft ) 

IS 

144 

12 6 

96 

64 

0 I 

3 4 

66 

66 

Time (sec ) I 

“ 

02 

04 

06 

08 

10 


1 4 

16 


(o) Pmd the velocity •when t = 0 6 and 1 3, stating the direction 
of motion 

(6) Fmd, as accurately as you can, the velocity with which the 
ball hits the floor and the velocity of rebound 

40 y = a?~‘tx^-i-2x Find the value of z at which the rate of 
change of y with z has the same value as when x = S 

41 y « a;* — 3x*+4 Find a formula in which the rate of mcrease 
of the dependent variable ( 2 ) with the mdependent vanable (*) is 
X times the rate of mcrease of y with x for every value of x, and 
y = a when » = 0 

43 The length of the mandible, y mm , of a stag beetle whose 
total length is * mm is given approximately by y c* —6 G4+0 368x f 
Show that the rate of increase of the length of the mandible with the 
length of the body is constant and find its value 

The correspondmg relation for the remdeer beetle is given as 
a; ss 1 7y+13 7 Find the rate of mcrease of the mandible (y) with 
the body length (z) for this beetle and compare tnlh that for the 
stag beetle 

43 Fmd the coordinates of A and S, the pomts where y = 2 
meets y = 2z®— a:+ 1 Find the equations of the tangents at A and B 
and the eq'oaiion of the hne joining the middle pomt of AB to the 
pomt of mtersection of these tangents 

44 Fmd the equations of the tangents at the pomts on the curve 
y = z*— where z = 1 and z = 2 and show that they meet 
on the z axis 

45 Fmd the equations of the tangents to y = z*— 5z®+9z— 1 at 
the pomts where z — 1 and z = 3, and show that the first tangent 
passes through the point of contact of the second 

46 Fmd the equation of the tangent to 6y = z*(z— 1) at the pomt 
where z = — 1 Verify that this tangent meets the curve agam at 
the point (3 3) Find the equation of the tangent at (3, 3) 

47 Fmdthecoordmatesofthepomtsofmtersectionofy == 3?{4t—x) 
and y *= 4— z Fmd the equations of the tangents at these pomts 
and the coordinates of the vertices of the triangle of which they are 
the Bides 

■f D’Arcy Thompson Growth and Form, p 209 
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48. I'ind tlie gradient at each of the pomts where 

y = ax"{x — l)(a: — 3) 

meets the a;-axis, a being a constant. Eiiid the only positive value of 
o which makes two of these tangents perpendicular. When a has this 
value find the equations of the tangents and the area of the triangle 
formed by them. 

49. Knd the equations of the tangents toy = i{x+llx) which are 
parallel to 2y+3a; = 0. 

50. The cross-section of a hill is y 

10^ = 3+a:— (where the unit of x 

and y is 100 yd.). At P = (0, 0‘3) a ^ p 

flagstaff is set up at right angles to the 
ground. What angle does it make with q| 

the vertical (i.e. Oy) ? 

51. The figure shows a desk 
blotter with a curved boundaiy 
given by 8y = a:®, the unit of 
X and y being 1 in. 

Through what angle has it 
turned from the position 
shown, when a point on the 
cmrved boundary 2 in. from 
the line of symmetry {Oy) is in 
contact with the desk (Ox) ? 

52. Complete the following table for the curve y = s^{x~—5). 
(g denotes the gradient function.) 


X 



X 

-2 

-1 

0 

1 2 

y 





a 






Plot these points ; they lie on a straight line. 

Is the graph straight from x = —2 to x = 2 ? 

Show that it is symmetrical about the origin and that it^ gradient 
is zero when x — V3. Add this value of x and, by symmetry, another 
value to the table of values. Draw the curve from x — — 2 to x = 2. 
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NOTATION AND APPLICATIONS 
3 1. Increments 

If y and x are connected by a formula we defined the average 
rate of change of y with x in section 2 7 ae 
y!-»i change of y 

Zj— a?! change of z 

The change of either vanable is called the xricrtmtnl of that 
variable If z denotes the independent vanable, {x^—Xi) is the 
increment of x and {y^ — y^) is the increment of the dependent 
variable, y, resultmg from the given increment of z If (Zj— Xi) 
13 positive, Zj IS greater than Zj and x is increasing, while if 
(zj— Zi) IS negative z is decreasmg Similarly (yj— yj) is positive 
or negative according as y increases or decreases Thus the 
increments are directed quantities A positive increment defines 
an increase of the vanable, a negative increment defines a 
decrease of the vanable 

A special notation has been invented to represent mcrements 
An increment of z, Zj— Zj, is represented by 8z or Az [A, S « 
capital and small delta, Greek d, the first letter of the word 
‘difference’, the increment being the difference (new value-old 
value) of the vanable ] 

The increment of y, the dependent vanable, caused by the 
increment, 8z, of x is represented by Sy [if the increment of x is 
denoted by Az, the increment of y is denoted by Ay] 

If y =s z* and z changes from 1 to 3, 
we wnte 

z = 1, i-J-Bz = 3, Si ^ 2, 

and 

y = 1, y+Sy-^ 9, Sy = 8 
If X changes from 4 to 2 we have 
z = 4, z-l-8z = 2, 8z = —2, 

mid 

y = 16, y+Sy == 4, 5y = —12 
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More generally, iij/ — -3:" and x changes to .r+Sa; we have 

ij = 3:2 

and = (a:+Sa;)2 = a:2+2a:.8x-j-(8a:)2. 

Hence by subtraction 

8y = 2a;.8a:+(8a:)2. (1) 

In section 2.9, where we found the gradient function of a:2, we 
wrote y„ = {x^+h)\ 

therefore y^—yi ~ (2) 

(1) conveys the same meaning as (2) but more concisely. 
Note that 8x replaces h, a single letter. 8x must always be 
thought of as a single quantity and care must be taken not to 
confuse the delta notation with the algebraic notation where, 
for example, ab denotes the product axb. 

One advantage of the delta notation is that it distinguishes 
clearly the increments of x and y, e.g. 8a: is obviously the incre- 
ment of X and not of y. Another advantage is that, once the 
notation has been defined, we understand without explanation 
that 8y is the increment in the dependent variable caused by the 
increment 8a: in the independent variable. 

The notation may be applied equally well to a formula con- 
necting two variables represented by letters other than x and y. 
Nor example, the distance, s ft., fallen by a stone in i sec. is 
given by a = IQt". If we let t increase from i to t-\-8t we use 8s 
to represent the resulting increment in s, i.e. the distance fallen 
in that time. 

We have 5 = 16^2 

and 5-f 8s = 16(<-{-8i)2 = 16i2-|-32«.8^-f 16(8i)2. 

Therefore 8s = 32t.8t+lG{8t)'^. 

Let t = 2 and 8^ = h Then the distance fallen from 2 to 2i 
sec. is given by 

Ss = 32.2. i-f 16(1)2 
= 32+4" 

= 36 ft. 

Exehcise 3.A 

1. If y = a;2, read off the values of 8y, from a table of squares 
when (a) Sa: = 1, a: = 52; (6) 8a: = 2, a: = 20. 

2. If 2 / = sin a:, find Ay approximately from the tables when 
a: = 30°, Aa: == 

3. If y = log z, read off an approximation to Sy when x = 370, 
8a; = 0-1. 
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4 If y = I /a; and, (a) ® = 4 Aa: = 0 7, (6) a; = 6 Az = 0 3 find 
an approximation to Ay in each case, from a table of reciprocals 

6 Us© the following data, to wnte down the value of V33 2 
approximately If y = x ~ 33, and fiz = 0 2, then y = 6 745 
and Sy = 0 017 

6 Use the foUowmg data to write down 1/5 2 approximately If 
y = 1/z, z = 5, and 8i 0 2 then y = 0 2 and Sy = —0 0077 

7 When y = ^^r, z = 100, and 5z := —2, then Sy = —0 101 
Fmd m 

8 Use 30* = 900 and Sy =3 2z Sz-h{8z)* to calcnlate the squares 
of 31, 32, 33, and 34 Check your results from a table of squares 

9 If the distance a travelled by a body m time t is given by 
8 =5 2t* find As when < =* 1 and 

10 If the veloaly of a body at tune t is given by n = Ji*, find &v 
when t t=s 2 and St « 1 

11 If y es z+a:*, find Sy m terms of z and Sz 

12 If y= l—3z*, find Sy m terms of z and Sz 

13 If r and 8 are connected by the formula r s lOD/s, find Ar in 
terms of e and As Also find Ar when s s 10 and As «s 0 1 

14 Ifni3aDumber,it8Peciprocal,r,isgirenbyr=a 1/n FindSf 
in terms of n and Bn 

Calculate Sr when {a) n = 1, 8» =s J, (b) n *= 10, Sn « —1 

16 Draw the graph of y against z, 

(а) if Sy sa 2Sz, and y =* 2 when z = 0, 

(б) if ^ = — Sz, and y = 1 when z = 0 

16 How can we use the delta notation to represent the average 
rate of change of y with x ? 

3 2 Differentials 

P = {z y), Q s (z+Sz y+5y) are two points on the curve 
shown m Fig 3 2 where PAT 
represents 8z and QN repre 
I sects S«/ Then 
1 QNIPN = 8y/8z 

***• IS the average gradient of the 
curve from z to z+Sz 
The gradient of the curve at 
P IB the gradient of the tangent 

01 —■ ' * o.tP = TN(PN 

3 » TA7is calledthedt^ercniifllof 

y and 18 written dy SmcePA7is 
Sz, the gradient at P may now be written dy/ 8 z This looks 
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awlcward and we ■write dx for dx so that the gradient at P is 
dyjdx. dx = 8a; and each is the 
increment of x. No confusion is 
caused in practice by having two 
names for the same quantity. If 
we are measuring the ‘rise’ to the 
curve, 8y, we use the symbol 8.1; 
for the increment of x, while if 
we are measuring the ‘rise’ to the 
tangent we use dx. For example, 
let the curve be y = a;^. (Fig. 3.3.) 

Let P = (.-s, y) 
and Q = (a;+S.'c, y4-8y). 

Then 8y = (x-\-Sx)"—x^ = 2.a;.Sa;+(8a;)®. 

The gradient at P = 2a;. 

TN 



Therefore 


PN 


= 2a; 


Put 

Then 

and 

Put 

Then 

and 


a; = 3 



dy — 2xdx. 
and Sa; = da; = 0*1. 


Sy = 6X0-1+0-01 = 0-61 
dy = 6x0-1 = 0-6. 

a; = 3 and 8a; = da; = 0-05. 
8y = 6x0-05+0-0026 = 0-3026 
dy = 6x0-05 =0-3. 


Exebcise 3.B 

1. If y = 4a:^, -ivrite down the gradient function. Find dy in terms 
of X and dx. 

2-6. Find dy in terms of x and dx for the foUo'wing curves. Show 
dy on a sketch in Nos. 2 and 3. 

2. y = 0 !?. 3. y = 1/a;. 4, y = 2a;— 8a;®. 

5. y = a:®+|a;®. 6. y = 1+Ja;*. 

7. Find 8y and dy at the point (2, 8) on the curve y = 2a;® in ■ferms 
of Sx or dx. Draw a sketch and mark Sy and dy on it. Find Sy and 
dy when Sx = 1. 

8. Find Sy and dy at the point (1, 1) on y = 1/x for any increment 
of X. Find 8y and dy when Sx = fg. 

9. Find (a) Sy, (6) dy, (c) Sy—dy at the point where x = 1 on 
y = lOx® for any increment of x. Show on a sketch the geometrical 
meaning of Sy—dy. Calculate Sy—dy when Sx = (i) 0-1, (ii) 0-01. 



10. A curve passes through the point (2, 0) and when k = 2, 
dy = 2dx. The values of Sif, for * = 2andvariQua values of Si, are: 


Draw the curve from x = 2to2r=2 6. 

Plot points on the tangent when dx = 0-2 and 0 6. 

Draw the tangent. 

11. A curve passes throngh the origin and when * = 0, dy — 3dx, 
Values of Sy, for x = 0 and various values of Sx, are : 



0 76 

0 63 j 


-225 

lx 

06 

07 j 

LLl 

-0 6 


Sketch the curve from x *= — 0*6 to x == 1 and its tangent at the 
origin. 

12, Complete the following table for the curve y = x* at x = 4 



02 

01 

1 0 01 

*y 




dy 




Sy— dy 





13. At (1, 6)oaacertalncurvedy s lOdx. Complete the following 
table* 


1 1 

06 

03 

01 

DOl 



3 45 



dy 1 

j 6 25 


1 1 05 

1 0 1006 

8y-dy 






Draw the curve between x = 1 and x = 1"6 and its tangent at 
X *= I. 

14. At (—2, 0) on a certain curve dy != —2dx. Complete the 
following table: 


* = —2. 8* 

01 

06 

1 1' 1 

2 



-0 76 


0 

dy 

j —019 


1 


Sy— dy 






Draw the curve between x = — 2 and x = 0 and its tangent at 

X = —2. 

16. A curve passes throngh the origin and when x = 0, 
hy = Sr— (5x)* and dy = dx. Find Si/— dy and sketch the curve, 
with its tangent at the origin, from x = —1 to x = 1. 

[Note the information given by the sign of Zy—dy about the curve 
and its tangent in Nos. 13, 14, 15 ] 




116 


Ex. 3.B, 3.3 EXERCISE 3.B 

16. Draw the curve y = a:^ — 2x — 1 from the table 


y 1 

2 1 

[ -1 1 

-2 1 

-1 1 

2 


-1 ' 

0 

1 

2 

3 


Write down dy in terms of x and dx. Draw the tangent at a; = 2 
by finding dy when x = 2 and dx = 5 and drawing a straight line 
between two points. Without drawing any more of the curve, cal- 
culate the distance between the curve and its tangent at x = 2, 
- measured along the line a: = 7. 

Draw the tangents to the curve at (0, —1) and (1, —2) by similar 
constructions. 

17. Show that on the curve y — ifi, Sy — dy is always positive for 
any increment of x, positive or negative. Show what this means by 
a sketch of the curve in the neighboirrhood of a point P together 
with the' tangent at P. 

18-21. Find dy in terms of x and dx when; 

18. y — x(x-\-lf. 19. y = {x—2flx. 

20. y = a;3_4j.2^10a;-6. 21.y = a^-2lx\ 


3.3. The application of differentials to formulae 

The air resistance, H lb. wt., on a certain motor-car travelling 
at V m.p.h. is given by the formula B = v^/lO. Suppose we 
want to find the increase in the air resistance wdien v increases 
from 30 to 30-5 m.p.h. 

Let Sv be the increment in v and BB the resulting increment 
in B. 

Then B+BB = ^ v^-+2vSv-\-i8v)^ 

10 10 

and Si? = 2t;8t;-K8u)° 

10 

Putting v= 30, Sv = 0-5 


3-025. 


10 

The increase of air resistance is 3-025 lb. wt. 

Now the rate of increase of B with v is 2v/10 = Iv. This rate 
vanes with v but if Sv is small it cannot alter much as v changes 
to v-f8«. Let us suppose that the rate of increase of P with y is 
Reid constant. at as v increases from v to v-f8y On this 
assumption the change in B is jvxSv. Putting v = 30 and 

= ™s<iifierence between the change 

i fnlv’ nns? “e‘hod and its true Tata 
only 0-025 or ^ lb. wt. and this is quite insignificant in 
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companson with the forces actmg on the car The practical 
man would therefore he justified m using the simpler approxi 
mate calculation 

Now consider this method of approximatmg in terms of 
the graph of the formula It 
amounts to assummg that the 
change of B may be calculated 
approximately by replacmg 
the curve PQ by the straight 
Ime PT havmg the same gra- 
dient as the curve at P, i e 
the tangent at P We then 
calculate TN instead of QN 
That ts, we calculate dP instead 
ofSP 

Wo have already seen that 
~ 10 “ 6 10 ‘ 



From P = v^lO we have immediately 

dB = ^dv = Uv 
10 5 


But dv is Su and when St) is small, (Sv)* i9 very small (If 8v is 0 1, 
(Sv)2 = 0 01 ) 

Hence dR is the part of 8P which is linear m Bv and it may he 
descnbed, roughly, as the most important part of 8P when 8tj is 
small In practical apphcations of formulae it is often useful to 
calculate the mcrement of the dependent variable approxi 
mately We postpone the important question of how accurate 
the approximation is, merely observing that its accuracy is 
likely to mcrease as the mcrement m the mdependent variable 
decreases 


Example Calculate (10 1)* approximately 
Solution We know the square of 10 and we require the square 
of 10 1 We therefore write down the formula giving the square (y) 
of a number (a:), ^ 

We require y+Sy when a: = 10 and = 0 1 
Now dy = 2xdx 

— 20x01 when X 10 and dr = 0 1 
= 2 

Therefore By — 2 

But y = 100 Therefore y-^By = 102 

[Fmdthe exact value of (10 l)*aiMitheeiTor of the approximation ] 
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Exeeoise 3.C 

1. If 71 is a number and c is its cube, c = 7i®. 

(i) Find the average rate of increase of c with n from 7i = 1 to 
n—\‘2. (ii) Find the rate of increase of c with n when n—1. (iii) If 
c is increased constantly at the rate (ii), w'hat would be its value 
when n = 1-2 ? What is the error of this approximation to (1'2)® ? 

2. 1^y = 0 ?, complete the following table : 


a; = 1 . Sx 

1 

0-1 

0-01 

Sy 




dy 




Zy—dy 





State approximations to (1-1)^ and (l-Ol)® and their errors. 

3. The weight, T7 lb., of one fathom of 6-strand rope is given 
, approximately by the formula W — x^, where x is the circumference 

of the rope in inches. What is the weight of one fathom of a rope 
whose circumference is 4 in. ? Find approximately the weight of one 
fathom of a rope whose circumference is in. 

4. The total road and air resistance on a motor-car of ordinary 
design weighing 1 ton is given as 12 = 60-f 5-83(v/10)^ where v is 
the velocity in m.p.h. and H is the resistance in lb. wt. 

Calculate approximately the increase in the resistance when the 
velocity increases from 40 to 42 m.p.h. 

5. The safe load, T tons, of beams of a certain cross-section and 
length a; ft. is given hy T = 810/a;. Find approximately the change 
in the safe load when the length is increased from 27 ft. to 28 ft. 6 in. 

6. Calculate approximately (10-1)*. 

7. Calculate the cube of 41 to the nearest thousand. 

8. Calculate (29'8)® approximately. 

9. The intensity of ihumination, I foot-candles, of a 100-candle- 
power lamp at a distance x ft. from the lamp is given by I = lOO/a:^. 
Find approximately the change in illumination if the distance from 
the lamp is increased from 10 ft. to 10 ft. 6 in. 

^ 10. The weight, W lb., of 1 ft. length of iron pipe of 2-m. bore is 
given by IF = 104(2-f ()(, where i is the thickness of the waU of the 
pipe. When t = \, W ■= 2’8. Find W approximately when t = ^g. 

11 . In considering the strength of girders, engineers use a quantity 
I defined in terms of the height, H, of the girder hy I = /12. An 

engineer’s pocket book gives the following values of I and H: 

HIO 7 83-3; 5 10| 1 86-5. 

Calculate the imderlined value approximately from the other three. 
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12 A formula used with girders of circular cross section is 
1 = where 2) is the diameter I found the following ralues 

of I and D to be 

Z)l| 212, 2)2 216 

Calculate the underlined value approximately from the other three 
3.4. Approximate determination of error 
In the newspapers of 23 February 1033 it was reported that 
Sir Malcolm Campbell had achieved a land speed record of 
272 108 m p b , this being the average speed on two runs over a 
measured mile The results of tho runs were given as 



Speed (fn p ft ) 

Ttmt (tec ) 

Southbound 

273 556 

13 16 

27ortbboufid 

270 678 

13 30 


If a distance of 1 mile is covered m t sec ss ^/3600 hr , the 
speed, u m p h , IS given by 

3600 
** t ' 

Futtu^ t sa 13 16, we dad for the southbound run 
^ 3600 ^ 360000 
^*“l316“ 1316 
« 273 656 
373 656 
1316)360000 OOO 
2632 
9680 
9212 
4680 
3948 
7320 
6580 
7400 
6580 
8200 
7896 
304 

By contmumg the division it is possible to obtam still more 
figures If we do this, do we find the speed more accurately ? 
Not necessarily, because the calculation does not start from 
exact values of the distance and time All measurements are 
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approximate and there -would undoubtedly be errors in the 
measurement of the mile and the time of the run. Suppose Ave 
neglect the error in the measurement of the distance and 
assume that the time was measured correct to the nearest 
jJjj sec. so that the greatest error in f is nJjj sec. What effect 
does this error have on the calculated value of u ? This is easily 
found approximately by the method of section 3.3. 

w I, S600 

We have v = — : — . 


Therefore 

and 


dv — 
Sv = 


3600 

3600 


dt 

S<. 


Substituting t = 13" 16 and 8^ = (w® do not know whether 

the true time is greater or smaller than the observed time), we 
^ave 3600 1 

" " ^( 13 * 16)2 ^ 200 ' 

We approximate still further, replacing 13T6 by 13. 


Bv = 



± 0 - 1 . 


Therefore the true value of v may be any number between 
approximately 273-556-{-0T and 273-566'-0-l, i.e. between 
273-656 and 273-456. 

It is noAv clear that the last two figures in the quotient of our 
di-vdsion have no meaning at all. It is better to stop at the first 
decimal -figure and give the answer as 273-6 m.p.h. within 
about 0-1 m.p.h. 

Thus the figures given in the newspaper were misleading 
since they imply a greater accuracy in the determination of the 
speed than is justified by the accuracy with which the time was 
measured. 

Whenever the result of an experiment is calculated fi:om 
certain observed data by means of a formula, it is important to 
estimate, in advance, the error of the result for two reasons : 

(1) to save the labour of working out meaningless figures ; 

(2) to avoid gi-sdng a false impression of the accuracy of the 
result. 

In general tins error is caused by errors in a number of 
measurements, but in the foUoAving exercise we limit ourselves 
to the determination of the error caused by an error in only one 
measurement. 
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Ezeboke 3 D 

1 A farmer 'steps out’ the side of a square £eld and finds it to be 
220 yd with a possible error 10 yd He works out the area of the 
field in acres from the formula A =» a:®/4840 and says it is 10 acres 
Show that he is really only justified m saying that the area is between 
9 and 11 acres 

2 The weight of 100 yd of steel wire of diameter ( m is given 
approximately by the formula Tf = 774f® If the maker guarantees 
the accuracy of ( to jj^ in (possible error fjJjg in ), to what accuracy 
are we justified in calculating IT from the formula (o) when t = 0 3, 
(6) when ( = 0 02 ♦ 

3 By the side of British railway tracks, white posts are set up at 
intervals of ^ mile A boy travellmg m a tram estimates that be 
takes 16 sec to pass from one post to the next with a possible error of 
i aeo Fmd (i) the formula for the speed v m p h when the observed 
time IS ( see , (u) the approximate error m the calculated speed 

4 Suppose an apparatus were designed to measure the time of a 
racmg car over a measured mile to the nearest sec Find, to as 
many figures as are justified, the speed of a car whose time is 
14 000 sec 

6 A 100 yd race is timed by stop watch to the nearest ^ sec 
Determine approximately between what limits the vdocity (in f p s ) 
of a runner Les if his time is 10 sec dead 

6 A boy sets out to find the value of p (the acceleration of gravity) 

by observing the tune of swing, T sec , of a simple pendulum of 
length 20 ft The formula he uses isg = He finds T = 6 sec 

with, a possible error of J sec Determine approximately the error m 
the calculated value of g (Take tt* = 10 ) 

7 The Thames tonnage, T, of a yacht is calculated from the 
formula T = {L—B)B^{168, where 2/ ft is the length and B ft is the 
greatest breadth of the yacht The designer draws the Imes of a yacht 
BO that L = 20, B = 7, but the builder may be expected to get 
L correct and B m error by as much as 0 1 ft With L — 20, £ — 7 
the formula gives T = 3 39 Show that the tonnage of the completed 
yacht may be expected to he between 3 32 and 3 46 

8 By regardmg the earth as a sphere of radius 3,957 miles and 
usmg the formula A = dvr", I calculate that the surface area is 
196,750,000 sq miles But it is known that the earth is not a true 
sphere Assummg that the assumption which I made i3 equivalent to 
an uncertamty m r of ±4miles find the possible errorin the calculated 
surface area and give the answer to as many figures as ate justified 
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3.5. A notation for the gradient function 

Let P = (x, y) be any point on a curve and let PT be the 
tangent at P. Give x any increment dx -whicb is represented in 
Kg. 3.5 by HK = PN. Then dy is represented by TN. There- 
fore the gradient at P = TN jPN = dyjdx. 

Since this holds at all points of the curve at which there is a 
gradient, we use dy/dx as a convenient notation for the gradient 
function. Thus if the curve is y = the gradient function is 



denoted by dyjdx — 2x, and the gradient at the point P = (x^, y^) 
is given by . 


Example. Find the gi-adient of the tangent at (1, 1) to the curve 

y — 3*“— 4a;-l-2. 

Solution. We have ^ = 6a: — 4. 

dx 

When a; = 1 ^ 

dx 

= 2 . 

The gradient of the tangent at cc = 1 is 2. 

Similarly if is givertin terms of v by the formula p — 10 jv, the 
rate of change of p with v is denoted bj’- dpjdv. Thus 

dpjdv = — 10/z)2. 

In a distance-time formula the rate of change of distance with 
time is denoted by dsjdt. Hence dsjdt = v, the velocity at time t. 
Thus if s = Qt~—lU 

ds 

It""'" 

= 12«-14. 
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3.6. The normal 

The normal at any point, P, of a curve i3 the straight line 
through P at right angles to the tangent at P. 

y 


0 

Fio 

Example Find the equation of the normal at (2, 8) to y » a:*. 
Solution Since y »* ** 


The gradient of the tangent at x » 2 is 12 Therefore the gradient 
of the normal is — and its equation is 

12y+£ » 12x8+2 (it passes through the pomt (2, 8)) 

= 03 

Exercise 3 E 

1 Ify = 8i*— 6z+4finddy/(iemtenn3ofar What is the gradient 
of the curve when a: = 3 ? 

2 Find the gradients of the tangent and normal to y = 
at (2, 0) 

3 Ifa = 4(®, findda/df If a is the distance travelled by a body in 
time t, find the velocity when < =! 2 5 

4 If u) = 30A®+2A*— 5, find the rate of change of to with h 
when A = 1 

6 Fmdtheequationofthenormalat (1, 1) toy = l/ar Showthat 
it passes through the origin 

6 Fmd the equation of the normal to 8y = x^atthopomt (— 6,4J) 

7 Fmd the equations of the tangent and normal at (o) (1, 0), 
(6) (0, 1) to y+x» = 1 

Fmd the coordmates of the vertices of the quadrilateral formed by 
these four hnes and the radius of the circle which passes through 
their vertices 
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8. Find the equations of the tangent and normal at (2, 4) to the 
curve y — x~. If the tangent and normal meet the y-axis at P, Q 
prove that the middle point of PQ is (0, ^). 

9. The normal to a:?/ — 3 at (2, |) meets the axes at A and B, 
Find the length of AB. 

10. y = (a:— 1)2. Complete the following table at a: = 2. 

x = 2. 


(a) What is the gradient of the curve at a; = 2 ? 

(b) What is the average gradient from a: = 2 to a: = 2-01 ? 

11. If 5 = 5, find the formula for v in terms of t. 

How do you represent d by a symbol involving s and 1 1 Find v when 

12. A stone is thrown vertically into the air and its height, h ft., 
above the grormd after t sec. is given by h = lOOi— Find its 
velocity after (a) 2 sec., (6) 4 sec., and state whether it is rising or 
fallmg. 

13. The area, A sq. in., of the cross-section 
of a pipe whose overall diameter is 2 in. and 
whose wall is i in. thick is given by 

A = 7r(2{-t2). 

Find the rate of increase of A with t when 
t = {a)i in., (6) | in. 

14. Find the equations of both the tangents 
toy = 2a;-}- 1 /a: which are parallel to y = a:. 

16. Find the equations of all the normals toy = 6a;/2-{-l /x which 
have gradient 

16. Find the equation of the tangent at the origin to 
y — 2x~10x^/d. 

Find the equations of the tangents to the curve which are perpen- 
dicular to the tangent at the origin. 

3.7. Increase and decrease 

If Xy y are the coordinates of a point on a curve and if dyjdx 
IS positive when x = x^, it is clear that the tangent atx = X]^ is 
a rising line. The rate of increase of y with x is positive when 
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increase and decrease 3 7. Ex SJ 




z = Xj This means that 
y mcreases as x increases 
tliTongh the valne Zj 
If dyjdx IS negative when 
z = Xj, 1/ decreases as x in 
creases through the value x^ 
If dyidx IS positive for 
every value of x Irom x = a 
to X s= 6 (6 > a) y mcreases 
steadily from x = a to z = 6 
and the value of y when 
x = b must be greater than 
the value of y when x = a 
Similarly, if dyjdx is nega 
tive for every value of x torn 
X a to z =5 6, the value of 
y when x = 6 is less than 
the value of y when z = c 
[Draw a sketch similar to 
Fig 3 0 for this case ] 

Note The phrase ‘as x 
increases’ is often omitted 
When nothing is said about 
the change of x it is 
assumed to be an mcrease 
Thus We say that when dy jdx 
IS positive, y mcreases and 
when dy/dr is negative, y 
decreases 


Exebcise SF* 

1 If y = X*, does y increase or decrease as x mcreases through the 
value 1 ’ For what values of x does y (o) increase, (6) decrease J 

2 If y = it®, show that y does not decrease for any value of x 

3 p and v are connected by the formula pv = 100 Show that 
when V mcreases, p decreases (v 96 0 ) 

4 For what values of x does y = **— 3x+4 decrease ? 

5 For what values of x does y = 1 /z* increase ? 

6-S Sketch the shape of possible curves satisfying the data of 

6 y = 2 when z = 1, dyjdx negative from z = 1 to z = 4 

1 y = — 1 when z = 0, dyjdx positive from z = 0 to z == 3 

8 y = 0 when z = 0, dyjdx positive from z = 0 to z = 1, 
dyjdx = 0 when z = 1, dyjdx negative from z = 1 to z = 2 
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9. Find the values of y and dyfdx when a: = 0 and y — 1. 

Draw a sketch of the curve y — 1 for small positive and 

negative values of x. 

If the equation x^+x— 1 = 0 has a root near 0, is it likely to ho 
positive or negative ? 

10. If y = x^— 2x+2, what is the value of y when x = 1 ? Show 
that y is greater than 1 for aU values of x > 1. What is the sign of 
dyjdx when x < 1 ? Show that y is also greater than I 'when x < 1. 
Sketch the graph. 

11. Show that y = 2x®— 3.X-+1 is positive when x > 1. 

12. Show that 2— x— x" is negative when x > 1. 

3.8. Maxima and Minima 



0 X 0 X 

(Hi) (iv) 

Fig. 3.10 


We have seen that y increases or decreases when x = 
according as dyjdx is positive or negative. If dyjdx = 0 at 
X = Xi, it follows that y neither increases nor decreases. For 
this reason, the values of y when dyjdx = 0 are called stationary 
values. The tangent at a point on a curve where y is stationary 
is parallel to the x-axis. Since dyjdx can be positive or negative 
on either side of x = x^, there are four cases to be considered. 
These are shown in Fig. 3.10 (i-iv). 

In cases (i) and (ii) dyjdx = 0 and changes sign at x = Xj but 
in cases (iii) and (iv) although dyjdx = 0 when x = x^, its sign 
does not actually change. 
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The points on a curve at which dyjdx changes sign by passing 
through the value zero are called turning points Fig 3 10 (i) 
and (u) illustrate the two possible kinds of turning points In 
case (i) the vAlue of y is said to be a maximum and in case (u) the 
value of y IS said to be a minimum Cases (i) and (u) may be 
distinguished by the way m which dyjdx changes sign 
y 18 a maximum at a; = scj, if 
(i) dyjdx = 0 when x= Xi, 

(u) dyjdx changes sign from + to — as ® increases through 
the value Xi 

y 18 a minimum at ar = *„ if 
(i) dyjdx — 0 when x = x^, 

(u) dyjdx changes sign from — to -j- as a; increases through 
the value 

Consideration of cases (m) and (iv) where the value of y is 
stationary but not a maximum or mimmum, is postponed 
Example 1 Find the maxunum and nu.mgmm values of 
y = 2*3-3**-l2*+10 

/Soluhon We have 

dyjdx * 6x*-6x-12 * 6(*-2)(»+I) 

Therefore dyjdx s= 0 when *=s2or« = — 1 
There are two stationary values of y, 

(i) when a? = 2, y *= —10 
(u) when x = —1, y » 17 

We now have to decide to which of the four cases each stationary 
value belongs 

As X increases through the value 2 a?— 2 changes sign from — to + 
and a:4-l is positive all the tune smce it 
IS nearly 3 

Hence dyjdx = 6(x— 2)(i4-l) changes 
sign from — to + 

The shape of the curve near ar = 2 is 

w 

Therefore y = — 10 is a minim um value 
As X mcreases through the value —1, 
X — 2 18 near —3 and therefore negative, 
while i+l changes sign from — to + 
Therefore dy/dx = 6(x— 2)(a:+l) 
chan^ sign from + to — 

The shape of the curve near x = —I 

Fio 3 11 IS 

Hence y = 17 is a maximum value 
We illustrate these results by sketching the graph of 
y = 2x»-3x*-12*-f 10 
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[Verify that the sign of dyfdx is + when a: <; — 1, — when 
— 1 < x < 2, + when x > 2. Also when x = 0, y = 10.] 

The graph suggests that y has values greater than 17. Putting 
a; = 10 we find 

y == 2000-300-120+10 = 1590. 

Similarly —10 is not the smallest value of y. When x— —10, 
y = -2000-300+120+10 = —2170. 

Thus the particular kind of stationary value which we have called 
a Tnavimmu value (case (i), Fig. 3.10) is not necessarily the greatest 
value of y but it is the greatest value in its own neighbourhood. It 
might have been better to call it a local maximum. Indeed y may 
have several maximum values. K its graph resembles the section of a 
range of mountains, the summit of each peak gives a maximum value, 
regardless of the relative heights of the different peaks. Similarly 
the bottom of each valley gives a minimum value. 

Example 2. Find the stationarj’’ values of 

(a:— l)(a:-4) 
a: ’ 

distinguishing between maxima and minima. 

Solution. 4 

dx~ X-' 

Stationary values occur when 1—4/a:- = 0, i.e. when x = +2, 
Consider a: = 2. 

[a; just less than 2 ; 4/a:2 greater than 1 ; gradient negative, x just 
greater than 2 ; 4/x- less than 1 ; gradient positive.] 

At a; 2 the gradient changes sign from — to +. 

The shape of the graph in the neighbourhood is 
Therefore a; — 2 gives a minimum value of — -1. 

Now consider x = — 2. 

1 [a: just less than —2 (e.g. — 2T) ; 

4/a;® less than 1 ; gradient positive. 

X just greater than — 2; gradient 
negative.] 

The gradient changes sign from + 
to — . 

The shape of the graph is ^ 

Therefore x — — 2 gives a maximum 
value of —9. 

Here we have a remarkable result, 
a maximum value smaller than a 
minimum value ! 

To see that this makes sense, we 
draw the graph. 
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This example emphasizes the necessity of distmguishing between 
maxunum and mmimum values by discussing the sign change of 
dy Idx and not by relying on the relative magmtudes of the stationary 
values 


1 Find the maximum value o( 4r— Is it the greatest 
value of y ? 

2-6 Fmd the stationary values of the foUowmg functions Dis 
tinguish between mamma aud minima 

2 x3+6i+8 3 4 *H10 

5 (I -a:)* 6 

7 The figure is a sketch of the 
graph of dyjdx m the neighbour 
hood of X = a Is t/ a maximum or 
mifUTTiuTn when X = Sketch a 
po^ible graph of y m the neighbour 
hood of z — o, given that y » 0 
‘when X s a 

8 The figure is a sketch of the 
graph of dy/dx Which of the values 
of z named on the sketch give 
stationary values of y ? Which gives 
(i) a maximum, (u) a 
value of y f Sketch a possible graph 
of y, given that it passes through 
the ongin and mark a, t, c, d, e on 
your sketch 

8-16 Fmd the manmum and 
minimum values of the functions 

9 x+l/x 10 X5/2+1/X 11 a^-Sx* 

12 a?~dx-\-l 13 3-b3x*-x» 14 4x(z*-3) 

16 |x2+24/x 16 i(i’-f40)+ie/x 17 

3 9. The gradient of the gradient function 
Suppose Tve wish to draw the graph of 
y = 2x*— 3xS 
The gradient function is 

f' = fa=-6x 

OX 

and we have found in section 2 13 that the graph of the gradient 
13 useful in drawing the graph of y In the present case the 


dx 
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gradient function is of the second degree and in drawing its 
graph the gradient of the gradient function will clearly be 
useful. If we denote dyjdx by g, we have 

g — 6a;" — 6.r, 

^ = 12a;-6. 
dx 

Hence the graph of dgjdx is a straight line 
and it may be drawn easily. We find dgjdx = 0 
when X — and from the grapli it is seen 
that dgjdx changes sign from — to +. Hence 
a: = i is a minimum point on the graph of 
g = 6a;2 — 6a: which has no other stationary 
values. When x — g — —Ih The graph of 
g — Qx^—Qx may now be drawn. 

This graph crosses the a:-axis at a: = 0 and 
a:=l. Ata; = 0, p = dyjdx changes sign from 

to — . Hence y has a maximum value when 
a: = 0. TMs maximum value is 0. 

At a; = Ij dyjdx changes sign from — to +. 

Hence a: = 1 gives a minimum value of y. This minimum value 
is —1, 

There are no other stationary values of y. The graph of y 
rises when x is negative and when x is greater than 1. Between 
a; = 0 and .a; = 1, the graph falls and its steepest negative 
gradient is at a; = f-. 

Exercise 3.H 

1. Find the gradient and the gradient of the gradient at any point 
of 1 / = x^—Zx. 

Sketch the graph of this equation. 

2. Sketch the graph ofy — 

3. Sketch the graph of y = 

4. Sketch the graph of y = 

5-7. Find the gradient of the gradient function : 

5. a:®. 6. x—ljx. 7. 77(l+2a;— a;^). 

8-14. Denote the gradient function by o.and find g and dgldx: 

8. lQx*—8x'^. 9. Qx^—4.jx. 

10. 2a:+17. 11. a:'‘-2a:+5. 

12. a:(a:-l)(a:-2). 13. {l-x)^j4:X. 

14. (l+a:)2/a:2. 

4967.1 T 
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3 10. A notation for the gradient of the gradient function 
In section 3 9 we used the notaUon 
y = 2a:®— 3a?*, 

^ = ff = Dai®— 6x, 

dx 


& = 121-0 
dx 

Since g la dyjdx we may wnte this 

= I2I-6 

dx 

"For ease of writing, this is condensed to 


dr® 


= 12ar-6 


T/ie gradient of the gradtent of y t« denoted by dhjjdz^ 


There w, of course, a reason for wntmg this symbol os a 
fraction in just this form But it is not convenient or necessary 
to ezplam here what mesmogs the numerator and denominator 
have if they are taken separately For tb© present we always 
use the symbol as a whole to mdicate concisely that the opera 
tion of taking the gradient has been performed first upon y and 
then upon its gradient 


Exbkcisb 3 J 

l-IO Fmd d^yldx^ 

I 1/ = 10**4-121® 2 y = *'(**/16-l) 

3 lOg = ***4-®® 4 1/ = (**4'1 )/k* 

6 dyldx~8x~\jx 6 y = *(**4-1/**) 

7 y = **4-4**4-» 8 y = o** [o is a constant] 

9 dyjdx = ^(*®— 6/*) 

10 y =a**-i- 6 * 4 -c [ 0,6 c are constants] 

II ( 0 ) If y and * are connected by a formnla, wnte down the 
mathematical notation fcff (i) the rate of change of y with * , (u) the 
rate of change of the rate of change of y with * 

(5) If 17 and I are connected by a formula wnte down the matbe 
matical notation for (i) the rate of change of W with I , (u) the rate of 
change of the rate of change of W with I 

12 The weight, TF lb , of a fathom of six strand rope of circuin 
feience c m is given by TT = ^ Show that the rate of change of the 
rate of change of 17 with e la constant and finrl its value 
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13. The weight of coal in a locomotive’s tender after it has travelled 
X miles is (15000— 42a:) lb. Show that the rate of change of the rate 
of consumption of coal is zero. Find the consumption of coal in lb. 
per mile. 

14. A formula for the load, P, supported by a column of height I 
is P = where h is a constant. Find 

(a) the rate of change of P with I, 

(b) the rate of change of the rate of change of P with 1. 

16. On board the S.S. was a second mate w’ho had studied 

mathematics in his youth. At the inquiry into the loss of the ship 
the following extract froin liis diary was read. It was explained that 
the symbol h was used to denote the depth of water in the well of 
the ship’s hold. 

9 a.m. Sounded the well, dhjdt, -f-. 

Started the pumps. 

10 a.m. dhjdt, — .d^jdt-, 0. 

11a.m. dhldt,-{-.d'^h[di~,-{-. Distress signals sent out. 

3 p.m. abandoned ship. 

Write this extract from the diary in plain English. 

16. Find dyjdx when d-yjdx^ = x, and dyjdx ■= 1 when x = 1, 

17. If d^yjdx^ = 2+4x and dyjdx = 10 when x = 2, find dyjdx. 

18. Find y if d^yjdx^ ~ Qx~ and both dyjdx and y = 1 when x — 1. 

19. Find y when d^yjdx^ = l/x^ and y = 0, dyjdx = 2 when 
X = —1. 

20. Sketch the curve for which d^yjdx- = ^ if it passes through 
(0, 2) and has gradient 1 at that point. 

3.1 1. The use of d^jdx^ to distinguish maxima and minima 

Suppose that at x = dyjdx = 0 and d^rjdx^ is positive. 
Then dyjdx is increasing at x = x^. 

{d^yjdx^ is the gradient of dyjdx 
and is positive.) Therefore dyjdx 
changes sign at x = x^ from — 
to -f, and in the neighbourhood 
of X = Xi the graph of y has the 
shape shown in Fig. 3.14. 

Hence y has a minimum value 
at X = Xj, 

Similarly if dyjdx = 0 and 
d^yjdx^ is negative at x = Xj, we 
can show that y has a maximum value. (A separate figure 
should be drawn for this case.) 
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We novT have the followup test for deciding whether a 
stationary value is a maxunum or minimum 


If duldx^a and dhjiix’ M 

for th,a value of X 
\maximutnj ■' •' 


when X = ij then y is a 


This test will usually be found easier to apply than the test 
by discussion of the sign change of dyfdz given in section 3 8 
However, it cannot ho rehed upon entirely because it may 
happen that = 0 at x = Xi In that case, not only does 

the teat fail to distinguish a maximum from a mimmum value 
bub lb does not even show that the stationary value is a man 
mum ox minimum Tor, although dyjdx = 0 at x = Zj, we 
cannot now prove that it changes sign and the graph may have 
one of the shapes illustrated m Fig 3 lO (m, iv) 

When dyldx « d’’y}dx* =» 0 the nature of the stationary 
value must lie decided by considering the sign change of dyjdx 
Th^ test never fails 


Exajtple 1 Fmd the maximum and minimum values of 
y = 2*»~3x»-12r+10 

(This is Example 1 of section 3 8 and is worked agam as a comparison 
of the two teals ) 

(Solution We have 


dx 

=*6(x-2)(x+l), 
<ry_ 


dx* 


= l2x-6 


dyjdx = 0 when x = 2 or x =* — 1 
These are the stationary values To distinguish them we have, 
d*u 

^=>2 2-6 
= 18 


when X = 2, 


\dy(dx mcreases, i e chan^ sign — to -f , shape of graph , 

TmniTniim J 

When X = —1, ^ = —12—6 

dx* 

« -18 

[dy/dx decreases, ue changes sign + to — , shape of graph f''~\ , 
maximum ] 

Hence x = 2 gives the imniitinm value of y = — 10 and x = —1 
gives the masimam value of y = 17 
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3,11 ■ AND MINIMA 

Example 2. Find whether y = x^'is a maximum or minimum 
when X = 0. 


Solution. 


f' = 4x>, 
dx 


dhj 

dx^ 


12x2. 


When X = 0, dy/dx = 0 and d-y/dx" = 0. Hence we must con- 
sider the sign change of dyjdx when x = 0 . WTien x is negative, 
4x2 jg negative and when x is positive, 4x2 jg positive. Hence dyjdx 
changes sign from — to +• 

The shape of the curve near x = 0 is . 

Hence y = has a minimum value at x = 0. 


Example 3. Examine the stationary values of 10x2— 3x^°. 
Solution. Let y — 10x2 — 


Then 


^ = 30x2-30x9. 
dx 


dyjdx — 0 when x 2 — x9 = 0 , i.e. when x = 0 or 1 . 

S = 60x-270x8. 
ax2 

x = 0 . 


When 


When 


^ = 0. 
dx2 - 

x = 1, 

^ = 60-270 
dx- 

= - 210 . 


This is inconclusive when x = 0 ; when x = 1, dyjdx is decreasing, 
the shape of the curve is , and y is a maximum. To discuss 
X = 0 , consider dyjdx = 30x2—30x9. 

In the neighbourhood of x = 0, x® is smaller than x2 so that near 
the origin, dyjdx has the sign of 30x2. Therefore dyjdx = 0 at the 
origin hut is positive on both sides of the origin. 

The shape of the curve is 


Hence the origin is neither a maximum nor a minimuTn 
This result may he confirmed by considering an approximation 
to the equation of the cmrve near the origin. 

When xis small, y — lOx®— Sx^® = 10 x 2 . [-jf ^ 32.10 _ 3 . 10 - 10 .] 

Therefore, in the neighbourhood of the origin, the graph of 
y ~ 10x2— 3a;i® is indistinguishable from the graph of y = lOx®, 
which, as we know, does not have a maximum or TniniTrmm value at 
the origia. 
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1-5 Determina whether the stated value of x gives a maximum 
or mimiauta (or neither) and find ths maxinvntn or minimum value 
of y when it exists 

1 a = 2 y = ««+4a:S-4z*-C4a;4-8 


, _ **+7 1 

9 fie* 


3 a = 0 y = 3^ 


4 a = 0, y+i* = 0 5 a:=l, y = 

6-18 Detenmme the ina:utQum and minimum values of y 
6 9 = 22:3-16x*4-24xd-13 7 y = s*— 4x+5 

8 y = 64-24a:+Cz‘'— 4i* 9 y = 9(ir®-f ®*— 1) 

10 y = (4-*)(®s-3) 11 y«a:V^+4/r 

12 ys=6z*— 16z« 13 y = *— 125i* 14 4y«x»+16/i:* 

15 y = 3r(a:-2)*-3 16 2y = 8i»-I2x2-iar-5 

17 *’ya27a:*+4 18 ys=a:»+z« 


3 12 Problems involving maxima or minima 
We ate now able to solve a number of problems m which we 
ace required to find the maximum oc minimum value of a 
quantity dopendmg on one variable 

BxAurL£ 1 Find the least value of the sum of a positive number 
and Its reciprocal 


Solution let * denote any positive number and let the sum of 
this number and its reciprocal be y Then y = x+I/® 


dx' 


( 2 ) 



that stationary values of y occur when x = ±1 
As we are only interested in positive values of x, 
we substitute x = 1 m (2) and find that when 
X = 1, 13 positive ^ | 

Hence x = 1 gives a minimum value y «= 2 
Now in section 3 8 we noted that the 
value IS not necessarily the least value of y 
However, by drawing a aketch of the graph of 
y = we see that lu this example, the 

least value of y for positive values of x is its 
mmimnm valne 

Hence the least value of the sum of a posi 


tive number and its reciprocal is 2 
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3.12 PROBLEMS 

Example 2(a). A rectangular box •with square base and no lid is to 
be constructed so that its surface 
area is 75 sq. in. and its volume is a 
maximum. Eind the dimensions of 
the box. 

Solution. Let the length of each 
side of the base be x in. and the 
height y in. Let the volume be 
F cu. in. 

Then F = x^y 

and 75 = x^-\-4xy. 



Eio. 3.16 


( 1 ) 

( 2 ) 


We have to find the maximum value of F, and here we meet a 
•difBculty ; F is a function of two variables x and y so that we cannot 
find the gradient function. We must therefore use (2) to eliminate 
xor y from (1). 

Inspecting (2) we see that it is linear in y and that 

75-a:2 


Substituting in (1) we have 

x-{15~x^) 


F = 


4a: 


15x-x^ 


4x 


{x ^ 0). 


F is now expressed as a function of a single variable and we can 
proceed in the ordinary way: 


For a stationary value 


dV _ 

75-3x- 

dx 

■ 4 

dW _ 


dx^ ~ 

—lx. 

75-3a:2 

= 0, 

a:^ 

= 25, 

X 

= 5 or — 


5. 




a: = — 5 is clearly inapplicable and when a: = 5 
dW ^ _15 
dx“ ~~ 2 

Therefore a: = 5 gives a maximum value of F. 

But, when' x = 5 

75-x"‘‘ 

' = 

20 2 - 

The side of the base must be 5 in. and the height 24 in for the 
volume to be a maximum at 62^ cu. in. 

The problem can be set in a more general form. 
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Exasiple 2(b) A rectangular box tnth square base and no lid is to 
be constructed so that its surface area is A and its volume is a 
maximurQ Prove that the height must be half the side of the square 
base 


Solution We now have F = 
and A == 

A-i* 


from which 


y = 


4x 


80 that V = 

where A is a constant 
Hence 

and 


x^A — x^) Ax — x^ 





Hence V has a etatiooary value when i(A —Zz*) =* 0, i e when 
A » 3*" If the positive root of this equation is taken, dXVjdx* is 
negative Therefore the positive square root of ^A gives a maxxmum 
vaTue of V 

We could now dad x and y in terms of A , but it is more convenient 
to proceed as follows 

We have and A =• **+4*y and we require a relation 

between z and y We must therefore ehmioate A 
A — 3x* and A = ie*+4xy 
Iheretora 2i* = 4iy 

X = 2y, emce x vt 0 

Therefore the side of the base must be twice the height of the box 
for maximiim volume 


EXEBClSE 3 L 

1 Pmd the least value of the sum of a positive number and a 
quarter of its reciprocal 

2 X and y are two numbers whose sum is 80 Pmd x and y when 
(i) x*+y® IS a muumam,(u) 3^ is a maximum, (ui) x-h y* is amiiumum 

3 A closed cardboard box has dimensions x m , 2x m , ^ m Fmd 
the maximum volume of such a box if the total area of the cardboard 
18 48 sq m 

4 A cylmdneal tm with no lid u to have a surface area of 
SOOtt sq m Fmd the dimensions of the tin when the volume is a 
maximum 

6 A bell tent is to be made m the form of a cone with slant height 
12 ft Find the height of the top of the tent when the volume is a 
maximum 
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Ex. 3.L EXERCISE 3.L 

6. The perimeter of a rectangle is 4a. Prove that the area is a 
maximum when the rectangle is a square. 

7. A sheet of cardboard 1 ft. square has 
the small shaded squares shown in the figure 
cut away. The remainder is then folded along 
the dotted lines to form a box Avithout a lid. 

Pind a formula for the volume of the box in 
terms of x. Find x when the volume is a 
maximum. 

8. For a parcel to be sent through the Post 
Office its combined length and girth must not exceed 6 ft. If the 
end section is a square of side x ft. and the length is y ft., find x and 
y for the volume to be a maximum (the girth is 4x ft.). 

9. Find the dimensions of the parcel of maximmn volume, which 
can be sent through the post,' if the end section is a rectangle with 
one side twice the length of the other. 

10. Think of two numbers whose difference is 1. Note down the 
value of the sum of the larger and the reciprocal of the smaller. Show 
that in all cases the answer must either be greater than 3 or less 
than —1. [Denote the smaller number by x,] Wliat can you say 
about the answer if the numbers are restricted to be positive 1 

11. (i) A farmer wishes to pasture his sheep by enclosing three 
sides of a rectangle with hurdles and making use of a straight hedge 
as the fourth boundary. If he has available 200 yd. of hurdles, what 
is the greatest area he can enclose ? 

(ii) If three sides of a rectangle are composed of hurdles of given' 
total length in the manner of (i), show that the area of the rectangle 
is greatest when its length is twice its breadth. 

12. The dimensions of a closed box are x, 2x, and y. It is to be made 
from a given area of cardboard so that its volume is as great as 
possible. Find y in terms of x. 

13. A motorist estimates the cost of ruiming his car as 1 14 -1 

600 ( 66 

pence per hr., Avhere v is his speed in m.p.h. What is the cost in 
pence of a 600-mile journey ? Find the most economical speed at 
which the journey can be performed. 

What would be the most economical speed for a journey of 
d miles? 

14. ^ A cylindrical tin has radius r in. and height 1i in. The surface 
area is to be A sq. in. Show that for the volume to be a maximum 

(!) • if the tin has no lid, r = h ; 

(2) if the tin is entirely enclosed, 2r = h. 
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15 A lidless rectangular box bas a Toltune of 3 cu ft and a base 
mth one side three times as long as the other Pmd the dimensions 
of the box when the area of the cardboard of which it 13 made a 
least 

If the box has a Ud and a fixed volume v, show that its surface area 



13 least when its height is one and a half times 
the shorter side of the base 
16 A rectangular cardboard box to hold 
breakfast cereal 15 to be made so that for a 
given area of cardboard its volume is a maxi 
mum The four sides of the box have flaps 
at each end These are folded along the dotted 
lines and gummed to form the top and bottom 
of the hoi With the dimensions shown m 
the sketch shoTr that the box should be made 
so that f/^4x 


3 13 Further uses of 

FxAttFLS I Sketch possible curves satisfying the following data 
( 0 ) ^Vhen X <= 1 , y sa 1 , dtfjdz =» I and d^yjdx* = 1 
(h) When * » 1 y =» 1, dy/dr =* I and d'yldx* *= —1 


Solution (a) Since dPy/dt^ 13 the gradient of dyjdx and is positive, 
dyldx mcreases m the neighbourhood of a; = J When * is a httle 
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greater than 1, dyjdx>\, and when * is a 
httle smaller than 1, dyjdx < 1 

The shape of the curve in the neighbour 
hood of X « 1 13 therefore that shown in 
Pig 317 

(h) Since d^fdx^ is negative dyfdx decreases 
as z mcreases through the value 1 Hence the 
shape of the curve m the neighbourhood of 
ar = 1 13 that shown m Fig 3 18 
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If a moving point describes the curves (a) 
and (6) of Example 1 so that its x coordinate 
mcreases tinough the value 1 m each case 
the point turns to the left on curve (o) and 
to the ngbt on curve (6) We say that these 
curves bend m opposite senses 
The sense m which a curve bends is deter 
mined by whether the gradient increases 
or decr^isea as x increases Consider, for 
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example, the curve y = which bends in the same sense at all 
points. 

As X increases from 1 to 2, dyjdx 
increases from 2 to 4. As as increases 
from —2 to —1, dyjdx increases from 
—4 to —2. In fact, as as increases 
from a large negative to a large positive 
value, dyjdx increases steadily from a 
large negative value, tlnsough 0 at as = 0, 
to a large positive value. This is most 
readily seen by noting that its rate of 
change, d-yjdx^, is 2 and is therefore 
positive at all points. 

As an example of a curve which hends 
in the opposite sense we may take 
y = For this curve we have d^yjdx^ = — 2, Hence its 
gradient decreases steadily as as increases. 

We now consider the shape of a curve in the neighbourhood of 
a point P in the four cases which arise according to the signs of 
dyjdx and d^jdx^. 



Sign of dyjdx 

Sign of dryjdx^ 

Change of d^jdx 
as X increases 

Shape of curve 
near P 

(1) + 

4* 

increases 

J 

(2) - 

-f 

increases 


(3) -f 

— 

decreases 

r 

(4) - 

— 

decreases 



It is now clear that a curve bends in one sense at all points 
where d^jdx^ is positive, and in the opposite sense at all points 
where d^yjdx^ is negative. It 
follows that at a point Q on 
a curve where d^jdx^ = 0 and 
changes sign, there is a change 
in the sense in which the curve 
bends. If the gradient at Q 
is positive, the graph there- 
fore takes one of the forms as 
shown in Fig. 3.20. 

_ praw the two corresponding figures when the gradient at Q 
IS negative.] 

"l^e point Q is called a point of inflexion on the curve. The 
gradient at Q may be positive, negative, or zero. Since the 
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gradient of dy/dr vamshea ond changes sign at Q dyfdx is a 
maximum or mimmiun at a point of inflexion 

We can now complete the investigation of stationary values 
made m section 3 8 It is clear that cases (m) and (vv) of Fig 3 10 
are points of inflexion inth zero gradient 

Example 2 Show that the ongm is a pomt of inflexion on y = ar* 
BohtUon We have tfy/dx = 3a? and = 6* Hence 

d'^y/dx'^ = 0 and changes sign when ® ^ 0 Also when ar = 0, y = 0 
Hence the ongm is a point of inflexion on the curve 


The condition for a point of inflexion at a pomt P of a curve 
has been stated in the form = 0 and changes sign at F 

The necessity for the change of sign may be seen by considermg 
the origin on y » a? 

As we have already seen in section 3 11, Example 2, the ongm 
18 8 mimmum pomt on the curve But, if we differentiate, we 
find that d*y/ds* *= 12s* and therefore d*y/ds* =» o when s » 0 
Kevertheless the origin is not a pomt of inflexion on the curve 
because d*y/ds* does not change sign as x passes through the 
value 0 and therefore the sense of bending does not alter 


Exa^iple 3 Fmd the coordmates of the pomt of inflexion on 
y *= **— 3r*+6x--2 and sketch the graph 


d*y 

as 


6x+6 
« 3(x*--2a:+2), 
= (w— 6 


= 6(;r-l) 

Therefore d'^yjdx* = 0 and changes sign at ar = 1 
The point of inflexion is (1 , 2) The gradient at this point is given 
by dyjdx = 3(1— 2+2) = 3 ttTien * > 1, d’yldx* > 0 , when * < 1, 
d^yjdx^ < 0 These d^enmne the way m which the curve bends on 
either side of (1,2) The sense of bending 
cannot change at any other point 
When X » 0, y = —2 
We can now draw the sketch This 
sketch shows no tunung pomts This may 
be verified 

dyidx =. 3(x»~2z+2) * 3{(r-l)*+l} 
Hence dy/dx IS notOfor any value of a, 
and there are no stationary values 
Also the least value of dyjdx la 3, when 
PiQ 3 21 X *= 1 


s: 

y 

fji 


/ 

(bn ^ 
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Exeecise 3.M 

1. Eind the point of inflexion and the turning-points on 
y = x^-\-3x^—9x. 

2. Is the origin a point of inflexion on (1) y+x^ — 0, (2) y+x^ = 0 ? 
Sketch the curves in the neighbourhood of the origin. 

3. Eind the point of inflexion ony = 6x‘“— a:® and sketch the curve. 

4. Eind the point ofinflexion and turning-points ony — x®— 3a:+l 
and sketch the curve. 

5. Show that there are no turning-points or points of inflexion on 
y — (l-i-x®)/x® and sketch the curve. 

6. Eind the turning-points and point of inflexion on 3y = 27x— x®. 

7. Eind the points of inflexion on y = x®— 3/x and show that there 
are no turning-points. Sketch the curve. (You may find it useful to 
sketch y = X® and y = — 3/x first.) 

8. Eind the point of inflexion and the tiurning-point on x®y = 1 — x 
and sketch the curve. 

9. A curve passes through the origin. Sketch a possible form of 
the curve from x = 0tox=lif 

(а) dyjdx is negative, d^fdx^ is positive from x = 0 to x = 1. 

(б) dyfdx is positive, d'^yjdx- is negative from x = 0 to x = 1. 

10. A curve passes through the origin and from x = 0 to x = i 
dyjdx is positive and d^jdx- is negative; at x = 1, dyfdx ~ 1, 
d^yjdx^ = 0; between x = 1 and x = 2, dyfdx and d"yfdx" are both 
positive. Sketch a curve satisfying these conditions from x = 0 
to X = 2. 

11. At (1, 2) on a curve dyfdx = — J, d^yfdx^ = —1. Sketch the 
curve in the neighbourhood of (1, 2). 

3.14. The motion of a body in a straight line (continued) 

Let the distance-time formula for the motion of a body in a 
straight line be s = 10-l-16t®— 2f*. 

If V denotes the velocity at time t 
. V = 32f— 8#®. 

Now V changes with t and its rate of change is so useful that it ' 
has been given a special name'. 

The rate of change of velocity of a body with the time is 
called its acceleration. 

If the acceleration of the body is denoted by a, we have 

a — 32— 24i®. 

When i = 0, a = 32 ; 
when ^ = 1, = 8 ; 

when t = 2, a= —64. 
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A positive acceleration iDeaos that v increases with t A 
negative acceleration means that v decreases and is sometimes 
cahed a retardation 

If 5 IS in ft and t in sec v la measured in f p s The unit of the 
rate of change of v is therefore f p s per sec This is the umt of 
acceleration on this system and is often ivntten f p s * 

If the velocity of a body changes from Vj at time tj to Vj a.t 
time IS called the average acceleration of the 

body m the interval of time from to Another notation for 
the average acceleration is hvjht 
Smce a — dvfdl and v = dsfdt another notation for the 
acceleration is o — d^ajdi^ 


Example 1 Discuss the motion of a body travelling m a straight 
line if its distance tune formula is a sb and it starts at f ss 0 

, Solution Since « «= t*— SI* 

ds 

T 


» 3i*-6h 




ei-e 




The graphs Qf«,v,<imaynov be sketched 
It 19 best to begin with the graph of the 
acceleration which is a straight line of gra 
dient 6 cutting the i axis where t » 1 This is 
the top gra]^ in Fig 3 22 and it is the graph of 
thegr^entofv By observing the sign change 
of a at < SB 1 we see that v has a minimum 
value when t 1, and from the formula for v 
this value 13 ~3 Alsov = 0when3t(t“2) = 0, 
1 e when < = 0 or 2 The graph of v may now 
be sketched 

But this IS the graph of the gradient of a 
Hence a has stationary values at < » 0 and 
t = 2 When t = 0, the sign change of v shows that s has a man 
mum value and thus value is 0 Similarly when t =‘ 2, a has a 
minimum value and this value is —4 Also a — 0 when r(i~3) — 0, 
le vrben£~OotS The graph ofamay now be siefchecT 
The tunes at which one at least of s, v, a vanish are 0, 1, 2, 3 
Constructmg a table of values at these times, we have 




Fro 3 22 



The motion may be descnbed as follows At i = 0 the body starts 
from rest with acceleration ~6 It therefore moves so that s becomes 



143 


3.14, Ex. 3.N IN A STRAIGHT LINE 

negative and at i = !> s = — 2 and v = — 3, but a = 0. At this 
instant the velocity is a minimum 

(the speed is a maximum). At l ~i ^ , t- o 

< = 2, 5 = —4, and v — 0. How- f ' , ' .. — 

ever, a = 6, so the body is only at t-3 

rest for an instant and is, in fact, Pio. 3.23 

reversing its direction of motion. _ 

When « = 3, it is back at its starting-point, which it passes with 
velocity 9 and acceleration 12. s, v, a do not vanish any more and so 
the body moves away with increasing velocity and acceleration in 
the direction in which s is measured positively. 

Exebcisb 3.N 

Nos. 1-9 refer to the motion of a body in a straight line starting at 
5 = 0 when t = 0. 

1. Ks = find the velocity and acceleration at i = 1. 

2. If 5 = find 

(1) the velocity and position when the acceleration is 0 ; 

(2) the acceleration and position when the velocity is 12. ' 

3. If V = (t®-f2<) f.p.s., find 

(1) the average acceleration from 1 to 4 sec. ; 

(2) the velocity when the acceleration is 14 f.p.s.^ 

Given the distance-time formulae in Nos. 4, 6 find 

(1) the time when the velocity is zero ; 

(2) the time when the acceleration is zero, and the velocity at 
this instant ; 

(3) the distance from the starting-point, the velocity, and the 
acceleration when t = 1. 

4. 5 = (units; yd., min.). 

5. 5 = (units: ft., sec.), 

6. If 5 = 5i-f lOi^ show that the acceleration of the body is 
constant and find its value. 

7 . Repeat No. 6 when s — gt+^ht^, where g, h are constants. 

8. If 5 = bt+l{ct^), where 6, c are constants, show that the 
acceleration varies as t. 

9. J£v = 6t^ — 26i4' 11, find the acceleration at both instants when 
the velocity is 3. Also find the velocity at the instant when the 
acceleration is zero. 

10. A body starts from the origin and after t sec. is x ft. from O, 

where x = Eind (i) the time and position when u = 0 ; 

(ii) the time and velocity when the acceleration is zero; (iii) the 
velocity with which the body passes through the origin again; 
(iv) the position and velocity when the acceleration is —42 f.p.s.^ 
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11 Discuss the motion completely when s = and the start 
13 at t s= 0 

12 The times at whidi various distances were run by H A 
Russell of CJomell University dunog & race of 200 yd are given m the 
following table | 


Distance (yd ) : 

0 

1 

i ® 

« i 

lO 1 

16 

20 ; 

40 

Tune (sec ) 1 

0 

0 36 

j 0 75 

1205 1 

1 716 1 

2 275 

2 760, 

4 595 


100 
9 885 


13 550 16 455 


Draw the distance time graph from 0 to 2 sec Verify that some of 
the entnes m the following table (the resiills of my calculations) are 
approximately correct 


Time (sec } 

M 

02 

04 I 

06 

08 1 

10 

12 

Velocity (yd pet eec ) 


30 

43 

54 

es 

70 

76 


Draw the velocity time graph from 0 to I 2 sec 
Fmd approximately the acceleration (a) at 0 4 sec , (6) at 1 0 sec 
When IS the acceleration a maximum I Estimate the maximum 
acceleration as accurately as you can 
Find the average acceleration for the first second 
Show from the distance tune table of values that the runner 
attains his greatest speed between 60 and 80 yd and that the average 
speed between these distances is approximately 23 44 m p h 
Assuming that the error in the times is not more than ±^§5 see 
and that the distances are correct, show that aU that can he said with 
certamty is that this speed hes between 23 4 and 23 S m p h 

Example 2 A body moving m a straight line, starts with velocity 
15 fps and its acceleration after t sec is (12— 6£) fps* Find 
(1) the velocity and distance from the startmg point m terms of the 
tune , (u) when and where its velocity is zero 
Solution (1) If 0 f p s IS the velocity £ sec after the start, 

Therefore v = 12/— 3£*+c, where c is a constant 
When f 0, 0 = 16 

Therefore 15 = c and v = 16+12/ — 3/* or 

^ = 16+12!-3(> 
at 

Therefore s = I6/+6 t®— smee « = 0 when / = 0 


t A Y Hill lAwng iLfscAtnery p 250 
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(ii) V = 0 wlien 15+12i— = 0, 

6+it—t^ = 0 , 

( 6 - 0 ( 1 +0 = 0 . 

The only positive root is 5. 

Hence the velocity is zero after 5 sec. 

Its position then is given by 

s = 75+150-125 = 100. 

The velocity is zero 5 sec. after the start and 100 ft. from the 
starting-point. 


Exercise 3.P 

The following questions refer to the motion of a body in a straight 
line. 

1. The velocity of a body after t sec. is given by v = 3(t^+ JO f-P-s- 
How far does the body travel in the first 4 sec. ? 

2. A body starts from rest at i = 0 and moves with acceleration 
(i+1) f.p.s.2 where t sec. is the time from the start. "RTiat is the 
velocity after 4 sec. ? What is the distance travelled after 3 sec. ? 

3. A body starts with velocity 5 f.p.s. and after t sec. its accelera- 
tion is (4— iO f.p.s.s What is its velocity after 6 sec. ? 

4. A body starts from rest and moves so that v = 24^(1— 0 f.p.s. 
after t sec. How far has it travelled when it is again at rest ? 

5. A body is thrown vertically upwards and after t sec. its velocity 
is u = (90—320 f.p.s. What is its height after [a) 2 sec., (b) 5 sec. ? 
After how long and with what velocity does it return to its starting- 
point ? 

6. At t sec. V = {(<+5)/10} f.p.s. How far must the body travel 
from its position at t = 0 to reach a speed of 2’5 f.p.s. ? 

7. At t sec. V = 3(1 +i“) f.p.s. Eind the distance travelled when 
the acceleration is 12 f.p.s.^ Eind the velocity and acceleration at 
the start {t — 0). 

8. A train starts with velocity 2 f.p.s. and moves with acceleration 

. f.p.s.2, t being the time in sec. from the start. After how long 

will the velocity be 7 f.p.s. ? How far will the train travel in 12 sec. ? 

9. A body starts with velocity f f.p.s. and after t sec, its accelera- 
tion is (1— f) f.p.s.2 After how long will it be back at the starting- 
point, and what will be its velocity then ? 

10. A train starts from rest at a station and after t min. its accelera- 
tion is 900i(2— f) yd. per min.® until this expression vanishes, when 
the acceleration remains zero until the train brakes for the next 
station. Eind the maximum velocity of the train between the stations 
and the distance in which this velocity is attained. " 

4967.1 _ 
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11 A car passes a poUcemau and continues at the constant speed 
of 750 yd per mm for 1 mm Then its acceleration is 100(2—/) 
yd per mm \ where t mm is ttie time since passmg the policeman 
What IS its speed 2 mm after passmg the policeman ? 

12 A stone is thrown verUcaHy downwards from the edge of a 
chff with velocity 20 f p s Its acceleration is 32 f p e * rind the 
velocity With whichifchitathewater4eec later Also find the height 
of the chff 

13 A body starts with velocity —72 f p s and moves with 
acceleration Jt* f p s where t is the time in sec from the start Pmd 
when the velocity la -{-72 f p s and the position of the body relative 
to the startmg point then 

14 At / sec ti =» 6t* — 22/-b 12 Show that the body passes the 
startmg pomt twice and find the velocity and acceleration on each 
occasion Show that it changes direction twice and find the distances 
from the starting point where this occurs 

36 (o) A body starts with velocity u and moves with constant 
acceleration a Fmd the veloaty and distance at time / in terms of 
uandt 

(i) A body starU with velocity u and moves with acceleration kt, 
where il is a constant Find the velocity and distance at tune t 

3.15. Further families of curves 
Example 1 Fmd the equation of the curves for which 
d^fdx- ~ I2x 

Solution We have dy/dx =* 6z*-}-a, where o is a constant 

Hence y 2a:*-f cw+d, where 6 is another constant 



a t b I « a. ff.g 


Via 3 24 

This equation contains two constants which may be given 
any values we like Each of the curves so obtained is such that 
the gradient of its gradient function is 12a: The curves are 
therefore said to form a family This means that we widen the 
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definition of a family to include the case when the equation of 
the family contains any finite number of constants. 

The gradient function of the family of curves obtained in 
Example 1 is Hence when a is negative there are two 

stationary values of y and when a is positive there are none. In 
both cases the point of inflexion is on a: = 0. 

The graphs of typical curves of the fanuly are shown in 
Kg. 3.24. 

ExAaiPLE 2. Knd the equation of the cmve passing through (1, 0) 
and (—1, —2) for which d^jdx" = 12x. 

Solution. As before, the equation of the family is y = 2a^-\-ax-{-b. 
At (1, 0) is on the curve 0 = 24-a+6. 

As (—1, —2) is on the curve —2 = —2—a+b. 

Solving these equations for a and b we find a = — 1,6 = — 1. 

The equation of the curve is y = 2a^—x—l. 

Note that when the equation of the family contains two 
constants, two conditions are necessary to enable us to find a 
particular curve. 


Exercise 3.Q 

1. A family of curves is such that d^yjdx^ = a:-. Find the equation 
of the family. Find the equation of the curve of the family which 
passes through (0, 1) and (— 1, fg). 

2. Fiad the equation of the family of cmves for which dhjfdx^ = 2. 
Sketch the curves for different values of the constants, 

3. Find the equation of the family of curves for which 

d"y _ a;— 1 
dx“ X* 

4. A curve is such that d-y/dx^ — l-\-x and the points (0, 2) and 
(1, 4) are on it. Find the equation of the curve, 

5. A curve is such that d^y/dz^+2x = 0, and it passes through the 
origin and has gradient ^ there. Find its equation. 

6. A curve is such that dhyjdx^ = 2— 3a:. It passes through 
(—1,2), and when a; = 2 the gradient is — |. Find the equation of 
the curve. 

7 . A curve is such that d'^yjdx^ = a: ; it passes through the origin, 
and the equation of the tangent at the origin is y = a;. Find the 
equation of the curve and the equation of its tangent at the point 
where a: = 1. 

8. Find the equation of the curve which has dhjfdx^ = 6(1+ 10a;*) 
' and which passes through (1, 10) and (—1, 4). 
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9 A manufacturer makes an S bracket as shown in the sketch 
He wants it to bend one way when 
X 18 positive and the opposite way 
when X is negative He therefore 
tidtes d^[dx^ = — |i He makes 
the curve paa? through (0, 0) and 
(2, 0) Fmd the equation of the 

curve and show that it passes through (—2 0) If AB is the man 
mam height of the curve, show that AB = 4/(3>^) 

10 A curve has d^fds? « and has a stationary value of —10 
when X = 2 Find its equation and whether the stationary value is a 
manmum or mmimum 



3.16. Differential Equations 
Equations sueli as 



(or dy * 


6x 

(1) 

6(lx) 



(2) 


are called differential eguaitoM 
We know from previous work that we can find the equation of 
a femiZy of curves such that the grodient function of each curve 
satisfies (1) In fact the equation of this family is y =* 3i:*+c, 
where c is an arbitrary constant 
We call this family of curves a eoluhon of the differential 
equation (1) 

A solution of the differential equation (2) is found as follows 

rfi» ' 

^ _ x* . 
dx ~ 


r+e. 


y = jj+ra+rf. 


where c and d are constants For all values of c and d this 
family of curves hag a gradient of the gradient which satisfies (2), 
and it IS called a solutuyn of the differential equation (2) 

Note that differential equations which contain dyfdx but not 
d^jdz^ have a solution which contams one constant, while 
differential equations which contain d~yjdx'‘- have a solution 
which contams two constants 
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Exajiple. Solve the differential equation 

* 2^+2 = 0 . 
dx 

Sohifiwi. Write the equation in the form dyfdx = —2lx^. 

Hence y = 2/x+c, -where c is a constant. 

This is the required solution. 

Exercise 3.R 

1-8. Solve the foUo-v'ing differential equations : 

I, dyjdx = 6x“ — 16x+4. 2. dy = {x-\-2x")dx.‘ 

3. dyidt = 2(3-|{2+l. 4. dyjdx = x^-ljxK 

5. d^jdx^ = Ax. 6. d-hjdl- = 2i(i^-i-l)* 

7. dvjdt = 8. d^s/dt^ = 2}t^-2AjlK 

9-13. Solve the folio-wing differential equations subject to the 
given conditions: 

9; dAjdx = 30a:2(a:2-l), .4 = 0 -when a: = 1. 

10. dvjdh = ^^4-1 V -when h = 2. 

II. dhjdt^ — t{t—2),dsldt = 4 -when i = 3, ands = Ov^hont — 0. 

12. d^yjdx"^ = 4a:— 5, dyjdx = 1 -when a: = 2, and y = 2 -when 
a: = 3. 

13. dWjdP' = 1 — ddjdt — ^ -when t = 2, and 0 = 0 -when t ~0. 

14. Eind the equation of the curve whose gradient function is 
X times the gradient function ofy = and -which passes through the 
origin. 

15. Sho-w that the family of curves for which dy = adx, where a is 
a constant, consists of parallel straight lines. 

16. Eind the equation of the curves given by Sdy = 4a:® dx. Eind 
the equation of the curve through (2, 3). 

17. Eind the equation of the curve through (2, |) for which 

ZdyA-^dx = 0. 

18. Emd the solution of d“yjdx^ ~ 10/x® for which y = S when 
X = 1, and 2 / = 12 when x = 5. 

19. Eind the solution of dyjdx — 16x® — 1 /x® if the minimum value 
of y is |. Eind the maximum value of y. 

20. Show that the family defined by d^yjdx^ — 0 contains all the 
straight lines in the- plane of the axes except those parallel to the 
y-axis. 

21. The gradient of a road (defined as in graphs) steadily increases 
from 1 in 80 at 4 to 1 in 16 at jB, 400 ft. horizontally from A, so that 
the gradient x ft. from A is g^Q+^:x -with a suitable value of k. Deter- 
mine k, and if 4. is 100 ft. above sea-level, find the height of B. 
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3 17 We have seen that the solution of a djffercntjal equation 
IS a family of curves Ckmveisoly from the equation of a family 
we can obtain a differential equation charactenstio of the 
family 

Example I Find the differential equation of the family of curves 

Soluiiov, We have ~ = 3ax® 
dx 

Eliminating «, = Sfli* = 3y 

The differential equation of the family is 



2. 5mii tSie diSeitaAuA tqoaiitm of Vlio faosly p » oa» 4-b 
Solution We have a,, 

^«3az». 

dx 

g=- 

Hence z^~ = 2^ is the required differential equation. 


Example 3 Find the diffeceatial equation of the family 

y =a oarS+har 

Solution We have 


dx 

Shj 

5? 


=* 6ax 


Elumnatmg 6 from (1) and (2), 

y = ax’-l-x^—3az*) 

= x^-3azs 

dx 

Ehmmatmg a from 13) and (4) 

_ djf a* d*y 


(1) 

( 2 ) 
(3) 

m 


or x<^-3A+3y=a 

or* dx ^ 

Note that just as we found that a differential equation m 
volving d^yjdx^ led to a solution containing two arbitrary 
constants, so we find it necessary to find both dyjdx and d^yfdx^ 
when the equation of the family coutauta two constants 
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Exeeoisb 3.S 

1-12. Eind the differential equations of the following families of 
curves. 

Letters other than x and y are the constants defining the individual 
curves of the families. 

I. y = ax^. 2. y== mx+k 

3. y = mx+1. 4r. y=^ ax?+c. 

6. 2y = c^jx. 6. 2 / = ax^+bx. 

7. y = s?+axK 8. 2 / = ax-\-hJx. 

9. The lines through the origin. 

10. The lines parallel toy — 2x. 

II. The lines making equal intercepts (taking accoimt of signs) 
on the axes. 

12. The hnes through the point ( — 1, 2). 

13. The differential equation of the family of circles whose centre 

is the origin is dyjdx.yjx = —1. 

Show that this expresses the geometrical fact that the tangent at 
any point is perpendicular to the radius to that point. 

MrscELLANEons Exbecise 3.x 

1. Sketch the curve y — 3a;- from a; = 0 to a; = 2. At a; = 1 
choose a value for Sa; and show on the figure hy and dy. 

2. Eind the equation of the normal toy — x^—3x at (2, 2). 

3. If 2/ = x^~x, find the stationary value of y and decide whether 
it is a maximum or minimum. 

4. If 5 = 2(®— 4(, find formulae for v (velocity) and a (acceleration) • 
in terms of t. 

5. Show that the area of a circular ring of 
inner radius r and width Sr is approximately 
27TrBr. 

6. If y = x^{7 —2a;®), find d^yjdx^. Show that 
y has a stationary value when a; = 1. 

iind the stationary value and decide whether 
it is a maximum or a minimum. 

7. llv = 4i4-8, find a and s in terms of < (s = 0 when t — 0). 

8. Find the point of inflexion ony ~ a;®(.'c+6). 

9. The gradient function of a curve is x^3~10x^) and the curve 
makes an intercept of 3 on the 2 /-axis. Find the equation of the 
curve. 
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10 The pages of a book aro to hare margins of \ m at the sides of 
the print and of 1 in at the top and bottom If the area of the print 
IS to be 32 sq in , find the dimenaions of a page of mmimnm area 
[ Hin t let X in denote the -width of the pnni ] 


11 If y find dy in terms of x and dx Evaluate (2 1)* 
approximately 

12 Fmd the maxunum value of y = 32*— r* 

13 Find the coordinates of the pomt of infiesioti on 

6tj *= 




14 A church window consists of a semicircle sur 
mounting a rectai^le If the penmetet of the window is 
fixed, show that its area is a maximum when h = r 

16 If s » lO-f-S^—lCf*, find formulae for t» and o 
10 If o ss JO, and » *= -w when J =» 0, s ss 0 when 

J es 0 find formulae for v and s 

17 Sketch the curve y = **—2/* near the point where 
X ssl, showing the tangent there and how the curve bends 

18 At aU pomta of a curve, d^/dr* ss l/z* If the curve passes 
through 2) and (1, 1), find its equation 

10 Find the differential equation of the family of curves 
y s 0*4-1/* 

20 The tangent at the point of inflexion of the curve whose 
gradientfunctionisfl*— **i3y=®x-|-l Findthecquationofthecurve 


21 The lift on an aeroplane’s wing 13 0 2v* lb wt .wherevfps is 
its speed through the air Fmd approximately the mcrease m lift if 
the airspeed mcreasea from 200 to 220 f p a 

22 Fmd the equations of the normals at the pomta where 
2y-f 1 = ** meets the z axis 

23 Fmd the maximum and minimnm values of y — *^—3* 

24 Ifs = 6i*4-100^findtbevBlocityand acceleration whent — 2 

it has gradient 1 at the pomt (1 I) 

26 Compare the graphs of y =* a? and y = a^-i-x showing that 
the addition of the term i changes the gradient but not the way the 
curve bends Show that their pomt of intersection is a point of 
inflexion on each curve 

27 A manufacturer wishes to make, as economically aa possible, 
an aluminium saucepan with a tm hd Assuming that the volume 
IS to be Sfiir cu m and that the sheet aluminium and sheet tm tBed 
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cost 0-3 and 0-1 pence per sq. in. respectively, find the dimensions 
of the cheapest sancepan and show that the cost of the materials is a 
little less than 2s. lOd. 

28. Find the differential equation of the family of curves 4ay = x". 

29. Sketch y = 1 jx'^. Find the equations of its tangents at the 
points where it meets 2xy = ce— 1. 

30. The gradient function of a family of curves is ax-fl. Find the 
equation of the family and its differential equation. 


31. The triangle ABG has height 2 in. and base 4 in. A rectangle 
is inscribed in the triangle with one side on 
BG. If a:, y in. are the height and length 
of this rectangle, show that y = 4— 2a: and 
determine the values of x and y when the 
area of the rectangle is a maximum. 

Verify that the area of the maximum 
rectangle is one-half the area of the triangle. 

32. The slope ot of a curve at any point {x,y) is given by 
tan a = xjlO. Find the equation of the curve if it passes through 

(4, -i). 

33. Evaluate 3-2^ approximately, giving the answer to 3 sig. fig. 

34. Find the gradient of 1 jx when x — a. Find the equation of the 
tangent at P = (a, 1/a) to y = 1/a:. If this tangent meets the 
'a;-axis at T and the foot of the perpendicular from P to the x-axis 
is N, show that OT = 20N, where 0 is the origin. 

35. Sketch the curve y = 2-1-1/a: in the neighbourhood of .r = 1, 
showing the tangent at a: = 1 and the w^ay the curve bends. 

36. If a = 12i, V — 10 when ^ = 1, and s = 0 when x = 0, find 
formulae for v and s. 

37. If V = (31^-1-1) f.p.s., find the acceleration when o = 4 and the 
distance in which the velocity increases from 4 to 76 f.p.s. j 

38. If y = 2a:®— 6a;-, find the gradient of the tangent at the point 

of inflexion. .<• 

39. A ship springs a leak and the depth of water a: ft. in the hold 
after t hrs. obeys the law dx/dt = it. In what time will the depth 
increase by 18 ft. ? 

40. If the horse-power, H, required to propel a certain ship at 
V knots is given hy H = 2'7oa®-f 12000 find approximately the 
increase in horse-power necessary to increase the speed from 20 to 
21 knots. 
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41 Find the gradient function of 3/a;*) 

42 Rectangles ate mactibcd m the part 
of Uie curve 4y * Jc* bounded by y = 3 
as shown jn the sketch Find the dimen- 
etooa of the rectangle with mazunum 
area 

43 The rate of change of y with x is 
{1— x)* and y = J when x = 1 Find y in 
terms of x 

44 Fmdthehmitaof(a)l+A+A»,(6)(I+A)/(2+h),(6)2x*+a*'fA*, 
when A -»• 0 

45 Solve the differential equation d'^ijjdx^ss 1— l/i* if j/= 1 
and dyjdx = J when x «= 1 

46 Find the point of inflexion on jf es Or*— 12x—2x* Also find 
the maximum and muumum values 

47 Show that the gradient of Jx*4-s(J-’a:) is never negative 
Show that X* > 3x(x— 1) when x > 0 

4d Ify Bs l/x*, X a l,dx « 0 02, find dy lllustrato by a sketch 
What IB an approatnatvon to 1 /(1 02)* ? 

49 If the velocity of a body moving in a slrhigbt line is (S+tbO 
f p 8 at t sec after the start, find the ac<!eleration and distance 
travelled C sec after the start 

60 Sketch the curve y = x*4'4/®anditstoDgentinthenejghbour 
hood of the point (1, 6) 

JIiscEiXAiTBons Exekcisb 3 Y 

1 Find the gradient functions of the following (a) Ji*), 

(A) 2wx(l — 4/x*), (c) {a* — i*)/** (o is a constant) 

2 Fmd the equations of the family of curves whose gradient 

function IS (o) (h) l/x*— 2+3x*, (c) (x®— l)/x* 

3 Find the equations of the tangent and normal at (|,2|) to 
y £= x+l/x Show that the tangent does not meet the curve m any 
other pomt but that the normal meets it again in one other point, 
and find the coordinates of this point 

4 Fmd the equation of the tangent at the pomt where x = | on 
y =r X*— 4x Find the x coordinate of the pomt where the normal is 
parallel to this tangent, and find the equation of this normal 

5 Fmd the equation of the tangent at the pomt P, where x = o, 
on y = 1/x* If this tangent meets the x axis at T and the foot of 
the perpendicular from P to the * axis is N, show that NT = \a 

6 4y = x*(x— 6) Fmd the maxunum and minimum values and 
the pomt of inflexion Sketch the curve 
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7. Find the maximum and minimum values oiy — 2x^—x^. Has 
the curve any sjunmetry ? Sketch the curve. 

8. 2y — x{12—x^). Find the turning-points and the point of 
inflexion, and sketch the curve. 

9. A body travels in a straight line and its distance, s cm., from the 

start after t sec. is given by s = Find the maximum velocity 

of the body. Find the greatest positive distance of the body from 
its starting-point. What is the average velocity of the body during 
the first 3 sec. of its motion ? 

10. The velocity of a body t min. after the start is v metres per min., 
Tvhere v = t'^-f-2. 

(i) Find the distance travelled by the body during the fifth minute. 

(ii) Find the average velocity during the first two minutes. 

(iii) Find the acceleration when t = 3. 



11. The equation of one span of a copper high-tension electric 
cable referred to horizontal and vertical axes through A may be 
taken as = {»(»— 1000)}/6250 [units: ft,] when it is attached at A 
and B to pylons 1000 ft. apart. 

(i) Find the sag of the span (i.e. the greatest vertical distance 
of the wire below AB). 

(ii) Find the angle between the two spans of wire meeting at A, 
assuming that they are of the same shape. 

(iii) The corresponding equation for an aluminium wire is of the 
form y = fca;(a:— 1000), but the sag is only half the sag for a 
copper wire. Find Jc and the angle between adjacent spans. 

12. Find the least value of the sum of the square of a number and 
the square of its reciprocal. 

13. The product of two positive numbers is 100. Show how to 
choose the numbers so that their sum has the smallest possible value, 
and find this value. 

14. The sum of two positive numbers is a, a constant. Show how 
to choose the numbers so that their product is a maximum, and find 
the maximum value. 


M EXERCISE 3Y 15-20 

15 Circular arcs are drawn on a fixed chord of length 2a If the 
offset at the uuddle of the chord vs x, find a 
formula for the radius of the circle in terms 
of a: Fmd the least possible value of the 
radius and ©sjslam the resul t geometncally 
IG Arectangular box of height has a equate base of side sin 
Show that the volume © cu m and the surface area A sq in are 
given by V =* and A = 2a;*+4xy 
{a) Ift? = C4, find the valuesofarandywhichmakBAaminimuni 
(6) JfAss I5Q> find the marimom volume which the box can have 

17 A straight Ime 10 m long is drawn on a sheet of paper and you 
are asked to draw a nght angled triangle which has this hno as 
hypotenuse Show that the area of any nght angled tnangle you 
draw cannot exceed 25 aq in [Consider the square of the area ] 

18 A formula for the height to which a jet of water issmng from 
the nozzle of a hose pjpo rises is A «= 2 304p— 0 0072(p*/(f), where Aft 
13 the height of the jet, dm la the diameter of the nozzle, p lb pet 
sq in IS the pressure of the water m the nozzle Find the pressure 
at which the height of the jet » a maximum for a nozzle of I- in 
diameter Fmd the rate of increase of the height of the jet with the 
pressure of the water (o) whenp 50, (6) when p =» 100 

19 I found in a book on meteorologyf the following information 
about the sea breeze The barometne 
pressure, £ mm of mercury, and the 
temperature F® C of the air depend 
upon X, the ongin being on the land 
and the positive x axis stretchmg out 
to sea at nght angles to the shore line 
The hmgbt, y metres, to which the 

" breeze reaches is given by 

where SB and SF are the increments m pressure and temperature as 
we pass from the land to the sea Calculate to the nearest metre the 
height of the sea breeze on a day when 

Over land Oter tea 
B » 760 jxun 760 6 mm 

T« 27*C 22»C 


20 Calculate approximately 
(o) [81 5)* (to the nearest thousand) 

(&) 1000/(9 9)* (to one de cimal place) 

t W J Humpbreys, The Phytva o/ the A\r 
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21. In 1936 the scheduled time of the Flying Scotsman) wliich had 
been 7 hr. 30 min. for the 392 miles from King’s Cross to Edinburgh, 
was reduced by 15 min. Knd approximately the increase in the 
average speed. 

22. A 440-yd. race is timed by three timekeepers and the watches 
read 55f , 66, and 66 J sec. If the mean of these times is used to cal- 
culate the speed of the runner, give the speed with an estimate of its 
accuracy.' [Assume that the exact time for the race is between the 
greatest and least of the three given times.] 

23. The distance s ft. in which a certain train' reaches a speed 

V m.p.h. firom rest is given by the formula s = 41^2/32. Find approxi- 
mately the distance in which the speed increases from 40 to 46 m.p.h. 
(Give the answer in feet to 2 sig. fig.) 

24. Sketch the graphs of 

(i) y — a?', (ii) y = a4; (iii) 2y = 

Find the stationary values of (iii) and determine whether each is a 
maximum, minimum, or point of inflexion. 

25. Find the equation of the family of curves for which 

dhjfdx^ = 2(1 —4a;). 

One curve passes through (0, 2) and its tangent there is parallel 
to the a;-axis. Find its equation. 

26. The curve y — x^-\-ax-\-h has a stationary value of 1 at x = 2. 
Determine the constants a and h. Is the stationary value a maximum 
or minimum ? 

27. Find the equation of-the curve with gradient function o— x, 
if it has a stationary value of 7 at x = 2. (o is a constant to be 
determined.) Is the stationary value a maximum or TninimuTin ? 

28. The gradient function of a curve is h-\-ax—12x~-, there is a 
point of inflexion when x = — J and a stationary value when 
® = — I ; when X = 1, y = 0. Determine a and 6 and find the equation 
of the curve. Also find the stationary value and whether it is a 
maximum or minimum . 

29. Find the equation of the normal at = (j);, ^5) to y = 5x^. 
If this normal meets the curve again at B, show that the length of 
AJ3is2V2/6. 

30. The velocity, v yd. per min., of a body at t min. is given by 

V = Find the acceleration at « = 2 and the distance travelled 

from i = 0 to < = 2. Find the average velocity durmg this 2 min. 
Find the maximum velocity. 

31. A body starts at i = 0 with velocity 2 f.p.s. and moves with 
acceleration (2— 3{) f.p.s.^ At what distance from the start does it 
begin to return to the starting-point ? 
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32 An express travelling at 5000 f p min is approaching a junc* 
tion where there is a speed limit of 25 m p h We begin to consider 
the motion when the driver puta on hia brakes It is convenient to 
define this instant as t = — 1 mm because then the acceleration of 
the tram can be given in the form a = ISOOOt* from I = — 1 to 
t = +1 Verify that the tram retards from i = —1 to t = 0 and 
accelerates from t = 0 to t = 1 The junction is passed at t == 0 
What 13 the speed then ? Show that at 1 1 = 1 it is agam travellmg at 
6000 f p mm , and find the distance travelled from t — 1 What is 
the average speed durmg the check ? 

33 Fmd the equation of tKe chord joinmg A m (—1,4) and 
B s (3, 36)oni/ = 4z* and find the coordmatesofita middle point JIf 
A parallel to the y axis through Af meets the curve at P Show that 
the tangent at P is parallel to AB 

34 Pind the gradient functions of 

(i) y a (i*-o)«, (u) y * {it(a+bz))lx*, (m) « =* 

where a, 6, k denote constants Find the gradient of the gradient 
function when j/ (1 

35 Find the diS'erentia! equation of the family of curves 

y =» (Mr*+6a:+l 

36 Fmd the equation of the family of curves for which 

d*y/dx« « 1+3/** 

Und the equation of the curve of the family (a) which passes 
through the point (1, 1) and has gradient 1 there, (&) which passes 
through (—1, 2), (1, 0) , (c) which is eymmetneal wiA respect to the 
y axis and passes through (1, 1) 

Do any of these curves pass through the ongm ? 

37 The horse power, H, transmitted by a cotton dnvmg rope of 
diameter d m moving at speed v ft per min- is 

^ = 3Wo(''»-45Soo) 

At what speed, to 2 sjg fig , is the horse power transmitted by a 
given rope a maximum ’ Shonld dnvmg ropes of different diameter 
he dnsreo. ati thn samft apsad. to tcanamifc maxurnun. bnesa power t 

3S The total air and frictional resistance to the motion of a certam 
locomotive travellingatomph onaleveltrackamooutstoPlb wt, 
where B = 425+4 6w+0 2t»* Find, to the nearest lb wt , the 
change m the resistance when the velocity changes (c) from 60 to 
61 6 m p h , (6) from 30 to 28 m pji 

30 An engmeer, designing a rectongular channel to carry water, 
has to determme the shape of the channel which will carry most 
water for a given amount of excawtioa 
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(a) Given that the quantity of water carried is a maximum when 
the wetted perimeter of the 
cross-section (AB-^BO-i-OD) is a 
minimum, and that the engineer 
fixes the area of the cross-section 
at 72 sq. ft., find the values which 
he should assign to b and d. 

(b) More generally, show that if the area of cross-section is fixed, 
the wetted perimeter is a minimum when 6 = 2d. 

(c) Ifthe sides of the channel slope 
with gradient | and the area of the 
cross-section is fixed at 112 sq. ft., 
find what the depth and the breadth 
at the bottom must be in order 
that the wetted perimeter may be a minimum. 

40. The strength of a rectangular wooden beam of breadth b and 
depth d, as measured by the greatest load it can carry without break- 
ing, is given by s = hbd^, where & is a constant. ITind the dimensions 
of the strongest beam which can be cut from a circular tree trxmk of 
diameter 3 ft. 

Show that, whatever the diameter of the trunk, the ratio of the 
depth to the breadth of the strongest beam is V2 ; 1. 

Misoellakeous Exeeoise 3.Z 

1. Find the gradient functions of; (i) 2a:®— 7x®-l-5, (ii) aa^—bjai^, 

(iii) (iv) {ai—b)jt^, where a, b are constants. 

2. Give the equations of the families of curves which have the 
following gradient functions: (i) 6a:®— 6a:-j-4, (ii) {x^—a)jz“, 
(iii) (a;— a)®, where o is a constant, 

3. Find the equations of the tangent and normal at (1, — 1) to 
y ~ x?—2x. Find the equation of a parallel tangent and the equa- 
tion of the corresponding normal. Explain the result ivith a figure. 

4. Show that the curves of the family y = 27x(2x— 1)®+/!: all have 
their stationary values at the same value of x. Determine k for the 
curve which has a minimum value of —2 and determine the maximum 
value for this curve. 

5. Find the equations of the tangents at the points of inflexion of 

y == 

6. Find, the coordinates of the point on 8y = a:® at which the 
normal is parallel to the tangent at the point (2, !■). Find the 
equation of this normal and the coordinates of the point in which it 
meets the curve again. 
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7 ys= 2^3— SOr-fJOO Find (i) the maximum and mini 
mum values of y , (u) the nummum. value of dyjdx 

8 The horse power, P, tranamitted by a certain leather belt 
runiimg over two pulley with a speed of v ft per min is given 
by P = 8xlCt'*v(l — Find the velocity at which the 
horse power transmitted is greatest 

9 A cylmdncal boiler bos hemi 
sj^ncal ends and its surface area 
IS A, a constant Show that the 
Tolame is a maximum when a; =: 0 

10 A man builds a loggia agamst 
the wall of his house Ihe ends of 
the loggia are to be bnck and the 
roof and front are to be glass The 
gradient of the roof is J Show 
that if the width of the lo^ia and 
the area of the glass are pven, 
the volume is a maximnm when 

11 A body moves in a straight 
line so that the distance travelled, 
< ft , at time t sec after the start is 
given by e = OOl— 2{* 

(i) With what velocity does the 
body start t 

(u) Show that the acceleration vanes os t What is its sense’ 

(m) When is the velocity instantaneously zero ? Find the accelera 
tion and the distance of the body from the starting point at this 
instant 

12 y = x*-j-as^-{-b, where a, b are numbers Choose a and b so 

that y has a maximum value of 4 when i 0 and a value 

when x = 2 Find the mimmum value and show that y has another 
equal minimum 

13 y = Choose a, b, c so that y has a statjcmary 

value of — 1 J at ar s= 1 J and a pomt of inflexion at ar = J Is the 
stationary value ft maximum or mTmnmm t Show that there is 
another stationaty value and find the value of x at which it occurs 

14 The breaking load of solid rectangular mild steel beams is 
L as 14(Jd*/e), where Zr IS the load in tons, and h,c?,« are the breadth, 
depth, and span jn mches A beam is 2 in broad, 6 in deep and its 
span 18 66 in Find, to the nearest hundredweight, the change m the 
breakmg load if (i) d is increased by 0 1 m , (u) s is increased by 1 m 
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15-18 EXERCISE 3.Z 

15. Normally the density of the air decreases with height. If p is 
the density and ll is the height above ground its rate of change with 
height is given by 

P I q-03i\ 

dh " (!Z’+273)2i2l dh^ r 

where is in metres, p is the pressure, T is the temperature in degrees 
centigrade, and i2 is a constant. If the density happens to be con- 
stant for a range of height, the air will be on the point of rising and 
vertical air currents will be set up. 

When this happens 

(а) What is the value of dpfdh ? 

(б) What value does the equation then give for the rate of change 
of temperature with height ? 

(c) Does the temperature increase or decrease as height increases ? 

(c7) Express the rate of change of temperature in ° 0. per Ion. 

16. Newton’s law, for the rate of cooling of a body which is at a 
higher temperature than its surroundings, is dT{dt = ~h{T—T^, 
where T is the temperature of the body, ?(, is the temperature of its 
surroundings, and t is the time. 

(а) State the law in words. 

(б) The temperature of a cup of tea is 80° C. and is found to be 
falling at 2° C, per min. in a room at 16° C, Eind k. Find 
approximately how long it wiU take the temperature to fall 
(i) from GO to 59° C., (ii) from 28 to 27° C. 

17. The starting force in lb. wt. which can be exerted by a 
3-cylinder locomotive is given by the formula 

^ _ l-28dm 
D ’ 

where y Pj. = starting force, 

d in. = diameter of cylinder, 

Z in. — length of cylinder, 

P lb. per sq. in. == boUer pressure, 

D in. = diameter of the driving wheels. 

For a British Railways (Southern Region) ‘Schools’ class loco- 
motive, d = 16|, I = 26, P = 220, D = 79. Find, to two sig. fig., 
the effect upon the starting force of making each of the following 
changes in turn in the design of this type of locomotive, 

(а) an increase of ^ in. in the diameter of the cylinder, 

(б) an increase of 1 in. in the diameter of the driving wheels. 

18. A body starts with velocity u and moves so that after t sec. 
its acceleration is Show that its average velocity in the first 
T sec. is its actual velocity after ^25r/2 sec. 

4967.1 ' .r 
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19 If J? = 1/*, show th&t 

hy—dy =* &c*/{a:*(3r+&r)} 
aTi(^ shetch the curre and its tangent 

(o) near a? = 1, (b) near x = —1 



20 An engineer baa to design a railway bndge to cross a nrer of 
width X He must first decide bow many spans to use Unless there 
are other considerations (e g unamtable nver bottom or nunuoma 
width for Boie navigation) be will naturally choose the number of 
spans so that the cost of the bndge is least Ho estimates the cost 
of each pier to be £P ond the cost of each span to be G* xs £ar®, 
where a is a constant and z is the length of the span 

Assuming an unknown number of &|>ans> n, find a formula foe the 
total cost and enpress it in terms of n and the constants Show that 
the cost of the bndge is least when P ^ 0 Assummg P » £1000| 
L ss 300 ft , a Bs I find x and n 

21 Show that the differential equation of the family of curves 
SB c* may be written in the form yjx^^dyjdx 0 If P w any 

pomt on one of the curves, what does this equation show about the 
directions of OP (where O is the ongin) and the tangent at P I 

P, Q are points on different curves of the family such that the 
tangents at P and Q are parallel Show that PQ passes through the 
ongm 

the equations of the normals to xy which are parallel 
to y = 4x-)-l 

22 The family of curves for which d*y/dx* =s x — 1 clearly have 
their points of mfienon on the Ime x « 1 Find the equation of the 
family if the tangents at their pomta of inflexion are parallel to the 
X axis and show that the curves have no maxima and minim a Find 
the equation of the curve which passes through the ongm 

23 Fmd tke pomt of inflexion on the curve y =» x®— Sar^-f 9x— 9 
Sketch the curve 

24 A farmer has a certain number of hurdles available and he 
decides to make two sheep folds with them, one a square fold and 
the other circular Show that the total area enclosed by the hurdles 
13 a maximum when a side of the square equals the diameter of the 
circle 
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25-6 ■ EXERCISE 3.Z 

25. Find the stationary values of y = vi^{x^—5x-\-5) and distin- 
guish them. 



26. A picture frame is made from a moulding a in. "wide, the ends 
of the four lengths of the frame being cut at an angle of 45° to the 
length of the moulding. Show that the length of moulding required 
to frame a picture of given area is least when the picture is a square. 



IV 

AREAS 


4.1 . In elementary geometry we learn to calculate the area of a 
figure bounded bys^ighthnes Tbe proofs of the formu}ae for 
the areas of such figures (e g parallelogram, tnangle) are based 
on the fact that the area of a rectangle is found by multiplying 
together its length and breadth One figure bounded by a curved 
line — the circle — is considered m elementary work, but the 
formula for its area is not proved 
in the sense that the formula for 
the area of a tnangle is proved 
The problem wo take up in this 
chapter is the calculation of an area 
when, part, at least, of its boundary 
13 curved We aim at makmg this 
calculation depend upon the for 
mula for the area of a rectangle 
When this problem was first solved 

a ' t 5} in the middle of tho seventeenth 

! century it was shown by a group 

Fio 4 1 of mathematicians, of whom Sir 

Isaac Newton (1043-172?) was the 
chief, that the solution depends upon gradients 



4 2 The area under a ghett curve 
Consider a figure bounded by three straight lines and one 
curved Ime It is supposed that the 
{x, y) equation of the curved line is 
known The remaining boundaries 
are ® = e, k = 6, y = 0, and y 
18 positive between x~a and 
x = b An area of this type is 
desenbed as ihe area un^r th& 
eurve from x = a io z — b To 
evaluate this area we first consider 
an area under the curve between 
a: = a and a variable Ime parallel 
to the y axis at a variable dis 
t^ce, jc, from it We do this in 
order to find out how the area 
} moves 



Fro 4 2 

changes as one of its 
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Denoting the area under the curve from x = atox = xhy A 
we note that A depends upon the position of the variable 
boiuidary, i.e. upon x. If a; is increased by Ax, the increase in A 
(the shaded area in Fig. 4.2) is properly denoted by AA. 'The 
figure also shows two rectangles of areas i/Ax and (^+Ay)Aa; 
and makes it clear that the area Ad. is between these two areas 
in magnitude. With this figure, dravni for a rising curve, we 

yAx < Ad. < (y-j-Ay)Ax. 

For a falling curve we should have 

yAx > AA > (^-}-Ay)Ax. 

[Draw your own figure and verify this.] 

In either case Ad. is between yAx and (^-{-Ay)Ax. 

Therefore AA/Ax is between y and y-\-Ay. 

Let Ax 0. Since A depends upon x, AA /Ax h- dA jdx. 

Also y-\-Ay -> y provided the curve has no breaks in it (i.e. no 
point such as X = Oony = 1/x must lie on the curved boundary). 

dA 

= y- 


Therefore 


dx 


This is the result discovered by Newton. 

Example. Find the area under the ciurve y — x? from x 


Solution. Draw a sketch, 
from the fixed botmdarv x = 
dA 


1 to X = 4. 

Let A denote the area under the curve 
= 1 to the variable boundary x = x. 


Then 


dx 


= y = x^ 



Therefore A — Jx^+c, where c is a 
constant. 

To find c we must know a pair of 
values of d and x. If the variable 
boundary is made to coincide with 
the fixed one x = 1 , the area between 
them is 0. Hence when x = 1, d = 0. 

Therefore c is given by 0 = i+c, 
i.e. c = 

Hence d = ^x^— J. 

„ The required area from x = 1 to 

X = 4 is found by making the variable boimdary coincide with 
X = 4, i.e. by putting x = 4 in the formula for d. 

43 1 

Required area = - 5—5 = 21. 

o 3 

As in section 1,20 the answer is usually left as a number and 
the unit is not stated. 


Eig. 4.3 
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If, hoTrerer, Fig 4 3 is the plan of a field on a scale of 
1 chain = unit x and unity, the area may easily be found in any 
of the usual umts of area In the mequality 
yAx < < (y+At/)Aa: 

it IS implied that A4, and therefore A, is measured in the same 
unit as the rcotanglea yAar and ^-fAylAar But these areas are 
measured m terms of a unit rectangle whose dunensions parallel 
to the randy axes are each 1 (Wesayrectangle.andnotaquare, 
to cover the case when the scales employed for x and y are not 
the same ) Hence the area ofthe field is 21 unit rectangles = 21 
sq ch = 2 1 acres 


V| 
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ExERCisn4A 

1-9 Find the areas under the following 
carves 

1 y ** from a? =» 2 to ar « 6 

2 y as 4x* from ar as 1 to z = 3 

3 y as 6a:*-f2zfrom Z sa 1 tOZas 1} 

4 y as z* 4 -l from » =* 1 to z « 2 

6 ysaz*+4x+3froiazs» —Itozsal 

6 y sa 20—3** Irom * sa ~2 to * =s 1 

7 y as 1+6** Irom z SB 0 to* as 2 

8 y = 8— 2*—**from*sa— 2to*=s0 



9 y as 3:4-j-5 from * «ss —2 to z ss 2 

10 A field IS hounded by three straight 
hedges, z as 0, y » 0, z ss 10> and a 
carved road, y = 1 2-f 1 8z— 0 15**, the 
unit of z and y bemg 1 cham Fmd the 
area of the field m acres 

11 A church door is hounded by part 
of the curve y >= 11— z*/3 and the lines 
* *= 3, z s= —3, y 0, where z, y are 


j, measured m feet and the axes are placed aa 

m the sketch Find the area of the door 
12 A pelmet is mode to cover the cur 
^ ^ tarn nnga above a wmdow, its boundary 

I I being y « 5-f z*/16 (z, y in feet and the 

^*N| “ the sketch) Find the area of 

— n — ( P®^ window through which 

Ex 4 A 13 P®®* What 13 the area of 

the pelmet ? 

13 Fmd the area bounded by « = 12—3**. z = 2. v — 32—3**, 
z+2 = 0 
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4.3. Example. Eind the area between the curve y = 6(1— a:^) and 
the a:-axis. 

Solution. Sketch the curve. 

It is now clear that we have to find 
the area under the curve from x~—l 
to x = l. 

Let the area under the curve from 
X = —1 to a; = a; (< 1) be A. 

Then ^ = Q[l-x^), 

A = 6x — 2x^-\-c, 
where c is a constant. 

But ,4 = 0 when x ~ —1. 

Therefore 0 = — 64-2-}-c 

and c = 4. 

Therefore A = Gx— 23^+4=. 

The required area is the value of A when a; = 1. The area under 
the curve from a; = —1 to a; = 1 is 6—2+4 = 8. 
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Exercise 4.B 

1. Eind the area between the curve y = 4— a:® and the aj-axis. 

2. Eind the area between y = 20(1 — and the x*axis. 

3. Eind where the curve y == 4x — 3 — crosses the a:.axis and find 
the value of x where y is a maximum. Draw a sketch. 

Show that a line parallel to the t/-axis through the maximum point 
divides the area between the curve and the a;-axis into two equal 
parts. 

4. Eind the area in the first quadrant bounded by ^ = 9— a:^ and 
the axes. 

5. Eind the points of intersection of the curve y = 7+3a:— 3a;- 
and the straight line y == 1. Eind the area bounded by the curve 
and the straight line. 

6. Eind the area bounded by the curve y+^x^ = 48 and lying in 
the first quadrant. 


4.4, The result, dAjdx == y, proved in 4.2 is veiy important, 
in this section we look at it again from a practical point of view. 

in ^ straight road spraying with tar a 

iU-lt. width of the road as it goes. If the area sprayed, after the 
machine has travelled x ft., is a sq. ft. then 


a = 10a;, 
da 
dx 


and 


10. 
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Three boundaries of the area a are fixed and the fourth mores 
The rate of increase of a 'Wth z equals the width of the monng 
boundary 

Compare this rnith the result of 4 2 There, the area A also 
had three fixed boundaries If wo think of the variable boundary 
as moving in the direction in which z increases, we can state the 
equation dd/d® = j/m the form therateofmereaseofd with® 
IS given by the length of the moving boundary Since, m general, 
y changes as x increases, the rate of increase of A with s 13 
vanable 

A further pomt, requiring cate, is illustrated by the following 
attempt to find the area under the curve y ~ x(z~~l)(x~2} 
irom a: SS3 0 to a; = 2 

If A represents the area from z = Otox == x and we use the 
formula dAfdx = p, we have 

at 

4 * 

Since d s= 0 when a? *= 0, c * 0 

Therefore putting s » 2, the required area is 

~ 2’+2‘ = 4-8+4 = 0 
4 

To find the reason for this absurd result we sketch the curve 
From ®s=0 to®=l yis 
positive, while from a «= 1 to 
X sss 2 y 13 negative Thus the 
equation dAfdx = y gives a 
positive value to dAfdx when 
X 18 between 0 and 1 and a nega 
tive value u hen x is between 
1 and 2 This means that A 
increases as the vanable boundary sc = » moves from a; = 0 to 
a; = 1 but decreases as it moves from ® 5= 1 to « = 2 The zero 
result obtamed above shows that the decrease from ® = 1 to 
jc = 2 exactly cancels the increase from ® = 0 to ® = 1 

Fig 4 S shows that the example was incorrectly worded It is 
not clear what is meant by the area under the curve from ® = 0 
tox = 2 If the meaning is the area between the curve and the 
z axis, this area cannot be found by appljung the formula 
dAfdx = yvCL the direct manner which we tried at the begin n ing 
of this example The evaluation of the area m cases when y 



Tia 4 6 
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4.4, Ex. 4.C RATE OF CHANGE OF AREA 

takes negative values ■will be considered later. The pui^ose of 
the present example is to emphasize the importance of dra-wing 
a sketch -when an area is calculated. 


Exercise 4.C 


1. The area A is bounded by = 0, ® = 0, 7/ = 

variable line x — x. T^at is the rate at ■which A increases vith x 
■when X — 2? 

2. The area A is bounded by y = 0, a; = — 1, y = tc^+4, and the 
variable line x — u. Find the rates at which A increases -with x 
(i) when ii = 0, (ii) when u — 1, (iii) when u = 10. 

3. The area, A, is bounded by the axes, the 
curve y — 4+6.1:— .r", and a variable boimdary 
parallel to the y-axis and moving in the 
direction of increasing x. Find the value of x 
when the rate of increase of the area is a maxi- 
mum. 



4. The area, A, is bounded by 
y = 4x3—12x2+20, 2/ = 0, X = —1, 
and a variable boundary parallel to the 
y-axis. Find x when the rate of increase of 
A ■with X is (i) a maximum, (ii) a mmiTmnri . 




V 

SUMMATION 

5 1. The area under a curve as the limit of a sum of 
rectangular areas 

In section 4 1 we said that the area of a rectangle la the 
fundamental area on which we seek to base the calculation of 
the area of other geometncal 
figures In this section we con 
Aider, again, the meaning of the 
area under a curve in terms of 
the areas of rectangles adopting 
a different point of view which 
leads to more far reaching 
applications of tins kind of cal 
eolation 

Consider the area under a 
curve from sc *=* 1 to « » U 
and suppose, to begin with 
that the curve rises steadJy end y is positive m this range 
of* 

Divide the area mto 10 strips of equal width by drawir^ 
patallela to the y axis through a; =» 2 3 ,10 Draw parallels 
to the * axis through the top of the left hand upnght of each 
strip forming 10 rectangles under the curve Then if we add 
together the areas of these rectangles we have a rough apptoii 
mation to the area under the curve We call a sum of rectangular 
areas formed m this way a sum of toner rectangles or, bnefly, a 
lower sum Clearly the lower sum with 10 rectangles already 
formed is less than the ama under the curve by the sum of the 
10 ‘almost triangular’ areas shaded m Fig 5 1 We cannot 
calculate these areas because our fundamental difficulty re 
mams , each area has a curved boundary 

Now suppose that we form a now set of rectangles by drawu^ 
a parallel to the a axis through the top of the right hand 
upnght of each strip 

Adding the areas of these rectangles we obtam another rough 
approximation which is certamly greater than the area under 
the curve We call a set of rectangular areas of tins kind a sum 
of upper rectangles or an upper sum 



Fiq 6 1 Lower eum witb 10 
reoUngles 
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We can now say that the area under the curve lies between 
the upper and lower sums with 10 rectangles. The difference 
between these sums is the sum of the areas of the 10 shaded 
rectangles through which the curve passes in Kg. 6.3. 

As these shaded rectangles are all of the same width we can 
imagine them piled on top of the first to form one rectangle of 
width 1. The top of the pile will be level with the point on the 
curve at a; = 11. Hence, if y = A when a: = 1 and y = h when 
X — 11, the sum of the 10 small rectangles is (k—h) X 1 = Ic—h. 
Now the area under the curve is between the upper and lower 
sums which differ by h—h. Hence either the upper of the lower 



Fig. 5.2. Upper sum, with 10 
rectangles 



sum with 10 rectangles is an approximation to the area under 
the curve with an error which is certainly less than h—h. 

It has already been pointed out that we cannot calculate 
directly the difference between either of these approximations 
and the area. Therefore our only hope of calculating the area 
more precisely lies in finding two closer approximations. The 
method of doing this which seems most lihely to be successful 
consists in increasing the number of rectangles in each sum. We 
therefore divide the area tmder the curve from x = 1 to x ~ 11 
into 100 strips of equal width and form an upper and a lower 
sum each containing 100 rectangles. It i^ impracticable to repre- 
sent these rectangles on a figure but, if we refer to Fig. 5.3 and 
imagine the number of strips increased to 100, we can see that 
the difference between the new lower and upper sums is the sum 
of 100 small rectangles which, piled on top of the first, would 
still stretch from y — h to y — Jc. But the width of each rect- 
angle is now 10/100 = 1/10, so that the difference between the 
upper and lower sums is now {k — j^)/10. Therefore each sum 
differs from the area 'under the curve by less than (7c — h) /lO, 
which is only of the corresponding difference when the number 
of rectangles is 10. 



172 AREA tINDEB. A CURVE 6 1 

Let the number of rectangles be increased to 1000 so that the 
■width of each is decreased th 10/1000 — 1 /lOQ The difference 
bettreen the upper and lotFcr sums -with 1000 rectangles is 
(I— ft)/100 Thusasthonumberofstnpsmcreases, the difference 
between the upper and lower sums decreases, i e they more 
towards each other but m such a way that the area under the 
curve remains between them Also we can make their difference 
as small as we like by taking a sufficiently large number of 
rectangles Tor, if -we consider (fc — /i)/100 to be too large a 
difference, we have only to take 10 tunes as many rectangles to 
obtam a difference 10 tunes as small, i e (fe— h)/1000 If we 
still tlunk that this is t<Jo laige, we agam multiply the number 
of rectangles by 10 and the difference between the upper and 
lower sums becomes (b— fi)/10000 This argument may be 
repeated as many tunes as we like 

The situation may now be 
summed up in Fig 5 4, which is 
not drawn to scale 
In this figure each pair of 
points represents, on a vertical 
scale, the values of the upper 
and lo-wer sums, formed for a 
number of rectangles indicated 
by the number below the pair 
of points The horizontal line 
represents, on the same vertical 
scale, the urea -under the curve 
It is clear that the upper and lower sums close down on one 
another as the number of rectangles is increased, and by taking 
a sufficiently large number of rectangles we can find a pair of 
corresponding pomts which are separated by as small a vertical 
distance as we like But the area under the curve is between 
each pair of sums Hence, m Fig 5 4, one and only one hon 
zontal hne can he drawn which la between every pair of pomts 
Therefore the loner sums tncrease up to the area and ike upper 
sums decrease down io Tne area as ihe nurnber of rectangles is 
increased beyond any number^ hotiever large When we say that 
the number of rectangles is mcceased beyond any number, 
however large, we mean that it is increased so as to exceed any 
number tliat can be named, lo beyond 1 milli on, 10 million, 
1 million milli on, etc 

* For those who wish to cmisider the passage to the limit 
more carefully, we add the following, more formal, statement 




-Hr 
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gi area under a curve 

Pig. 5.4 is intended to convey, graphically, the meaning of 
the facts which have emerged in the preceding discussion. These 
are 

(1) There is a number, the area wider the curve, which is less 
than each uppef sum and greater than each lower sum. 

Thus each pair of points in Fig. 5.4 ‘straddles’ the horizontal 
line, and a point is above or below the line according as it 
represents an upper or lower sum. 

(2) The difference bekveen an upper sum and the corresponding 
loiver sum decreases as the mtmber of rectangles increases 
and can be made as small as tve like by taking a sufficiently 
large number of rectangles. 

Thus each pair of points (after the first) are nearer together 
than the preceding pair. (Actually, the distance between a pair 
of points is of the distance between the preceding pair, but 
this cannot conveniently be shown on the diagram.) 

Also if any small distance, e, is chosen on the vertical scale, 
aU the pairs after a certain one are nearer together than e. 

If we now fix our attention on the points representing the 
lower sums, it follows from (2) that we can find a point as near 
as we like to the point representing the corresponding upper 
sum and that this is then true of all subsequent pairs. Therefore 
from (1) these points are stiU nearer the horizontal line, and, 
since they represent lower sums, cannot cross it. 

Therefore the loiver sums tend to the area under the curve as a 
limit, when the number of rectangles is increased beyond any 
number, however large. A similar argument may be used to show 
that the limit of the upper sums is, also, the area under the 
curve. 

Notes 

1. It is important that it should be fully understood that the 
lower sums increase up to the area under the curve in their own 
right, so to speak, and similarly that the upper sums decrease 
down to the area as the number of rectangles is increased. It 
may be useful to show this for the lower sums by an argument in 
which the appeal to the upper sums is delayed as long as pqssible. 
A similar argument may easily be constructed for the upper 
sums. 

When we construct the lower sum with 100 rectangles, exactly 
10 of these rectangles fall in each of the 10 strips into which the 
area under the curve was previously divided to form the lower > 
sum with 10 rectangles. Kg. 5.5 shows, on a magnified scale, 



the strip from as = 3 to a; = 4 divided at a; «= 3 1, 3 2, , 3 9, 
mto 10 smaller stnps 
It IS clear that the sum of the 
^ ■'3 10 lower rectangles fallmg m 

^ greater than the 
Jfi area of the one lower rectangle 
/'I I belonging to the lower sum 

with 10 rectangles By applying 
I I this argument to each of the 10 

i a 5 * ~ strips, a =* 1 to x = 2, , x = 10 

FiQ S 5 ta X!=I1, we see that the 

lower sum v^th 100 rectangles is 
greater than the lower sum with 10 rectangles Similarly the 
lower sum with 1000 rectangles is greater than the lower sum 
with 100 rectangles This argument may be repeated as many 
tunes as we liLe 

Also it is clear that the lower sums with 10, 100, 1000 
rectangles are each less than the area under the curve 

Now suppose we represent the values of the lower sums end 
the area under the curve upon a straight line with a suitable 
scale Let 0 he taken as ongm and let A be a point such that 
represents the area underthe 
t q' i'o j i ^ curve lictsjotfeapomtsuchthat 

g Osjo represents the value of the 

lower sum with 10 rectangles 

Then the pomt amg representing the lower sum wi& 100 
rectangles, bes to the nght of Sj# (it represents a greater sum) 
and to the left of A SumJarly «j«>o to the nght of Sioo and 
to the left of A Suppose we go on to plot the pomts 
^ 10000 ’ *iooooo> Each of these points bes between those 
previously constructed and A It is clear that the points crowd 
together in the neighbourhood of a point which is either A or to 
the left of A 

This 13 where we hare to appeal to the upper sums For, when 
we have shown that upper and lower sums can be found with 
1 * mnaVi u daSetence us w© ^ike, ik So’fiows, since A is ^letween 
each pair of sums, that lower siuns can be found which differ 
from A by as small a number as we hire Hence the limit 
of the pomts in Fig 5 6 is A itself and not a point to the left 
of A 


2 As a further illustration of the meaning of a bmit we may 
consider the problem of drawing Fig 5 4 to scale Suppose the 
vertical scale is chosen so that the first pair of pomts are 1 m 
apart Then the second pair are ^ m apart , the third pair are 
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in. apart, etc. Now jJo in. is about the limit at which the 

human eye can separate two fine marks. Hence we can safely 
say that, on this scale, Kg, 5.4 would have 3 pairs of points 
which could be distinguished and that the remainder would be 
indistinguishable &om each other and, therefore, from the 
horizontal straight line passing between them. The effect of a 
change of scale is, merely, to alter the number of points which 
can be distinguished. To take an extreme example, suppose the 
first pair of points are 1 mile apart. Since 1 mile = 63360 in., 
the seventh pair of points woiffd then be 0*06 in. apart ; the 
eighth pair would be 0-006 in. (< 0-01) apart. We could then 
diRtingififlh 7 pairs of points and aU the rest (too numerous to 
count) would merge into the horizontal straight line. 

Exeeoise 6.A 

Knd the area under y — 4x“ from a; = 1 to cc = 3 by the method of 
Chapter IV. 

Calculate the upper and lower sums for this area when the munber 
of rectangles is (i) 2, (ii) 4, and verify that the area under the curve 
is between each pair of sums. Note that (a) the upper sum for 4 
rectangles is less than the upper sum for 2 rectangles ; (6) the lower 
sum for 4 rectangles is greater than the lower smn for 2 rectangles ; 
(c) as the number of rectangles increases from 2 to 4 the upper and 
lower sums approach one another. 

5.2. The work of section 5.1 was based on a rising curve. If the 
curve falls'throughout the range of x considered, the argument 
holds with slight modifications (e.g. right-hand upright for 
left-hand upright, etc.). If the curve contains maximum and 
minimum values within the range of x, it must be broken up so 
that on each stretch the curve rises or falls.f The argument is 
then applied to each stretch. 

5.3. The Integral 

We have seen that the area under a curve from x = a to 
X = bis the limit of a sum of rectangles stretching from x — a 
to a = 6 as the number of rectangles becomes increasingly large. 
It is not practicable to draw all the rectangles when they are 
numerous. We therefore draw one, to show the type of rectangle 

t T^b is possible except when the curve has on infinite number of maxima 

and.i^unainafiniterang6ofa;,-e.g.j/ = siaCSSteybotweena: = Oandic = 1. 

(See Section 2.13, Fig. 2.20.) 
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53 


that^e arc considering (upper or lower), and imagine the others 
This rectangle may be called the ti/ptcal reclangle 
InFig ST.P^AfiVisatypicallowerrectangle Pisanypomt 
on the curve between x = a and a: = 6 Let this be the point 
(a:, j/)6othatO^ = arfaodPA^ = y The width ofthe rectangle, 



number of rectangles* 

But a more convenient expression is 
found by regarding NM as an increment 
of ON = z and writing 

NM = 8x or dz. 

Then tho area of the rectangle 
PQ3IN ^ ydx 


Fio 5 7 


The area of the curve from x ssaio 
* = 6 18 tho limit of the sum of areas 


like y dx, the aammation extending from jc = « to ar *= 6 and the 
limit being taken aa the number of rectangles increases beyond 
any number, however largo, so that dx 0 
This limit IS called an tnte^rol and it is denoted by the symbol 

Jytte 


This IS read 'integral from a to 6 of ^ dx' The integral f, 
IS the old form of the letter s and was first used by the German 
mathematician Leibnitz, about 1075 He chose a as the initial 
letter of aumma (scientific works were generally written m 
Latm at that time) to remmd us that it represents the limit of a 
aum of rectangles, of which a typical one is descnbed by the rest 
of the expres«»ion The process of evaluating the mtegral is 
called integration The numbers at the top and bottom of the 
integral sign are called the Umtls oj integration and the mtegra 
tion 13 said to be performed from a to 6 

4 

EXAMK.B Evaluate the mtegral, j 7? dx 

4 

Solution Putting y sn jfl, the integral becomes j ydx It is, 

therefore, the limit of the sum of rectangular areas like y dx, the 
Bummation extending frma * =« 1 to * = 4 This la the area under 
the curve y~x^ from a; = 1 to * *= 4 
t Strictly, scaaoiiIyliavevajM8CoiaTawjsurate\ntb(b—o) This difficulty 
IS ultirnateiy overeonje by tbe nse of a more general argument in which the 
rectangles are not all of equal width 



177 
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Denote the area under the curve from x = ltox = a;byJ.. Then 

dx 


y = z\ 


Therefore 


^ = 3 


A = 0 when a: = 1. 

Therefore 0 = ^+c, c = — 

. 1 
~ 3 3‘ 

Putting a: = 4, we obtain the required area. 
r 4? 1 

Hence J x® da: = g = 21. 



Exeeoise 5.B 

0 

1. What area is represented by J x”dx1 Knd the value of this 

1 

integral. 

2-4. Evaluate the following integrals: 

5 8 11 

2. J x^dx. 3. J 4x^dx. 4. J (l+2x) dx. 


5.4. The value of J X“ dx 

a 

b h 

Putting ?/ = x ^5 J dx — j y dx and. is seen to be the limit 

a a 

of the sum of rectangular areas hlce y dx from x = a to x = 6. 
This limit is the af ea under the curve y == x^ from .x = a to 
X = 6. Let the area rmder the curve from .x = a to the variable 
boimdary .x = x be .4. Then 

dA 


dx 


■=y = x^, 


A ^ 

A - -+c. 


Since .4 = 0 when x = a. 






~ vT+c or c = . 

3 ^ 3 


Therefore, 


A = 


X® a® 


3 ’ 


and the required area is ^6®— ^a®. 


4967.1 


M 
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5 4 Ei 6 C 


Therefore J ac* db = |6*— |o* 

“ b 

We can now see that the evaluation of j dx consists of four 

a 

steps 

(1) Find the function winch has for its gradient function 

(2) Find the value of this function when x = (i 
(S) Find the value of this function when x = c 
(4) Subtract (3) from (2) 

The work may be set out, concisely, like this 




3" 


Note Jar* is not the only function which has gradient function 
x’ The most general function would be where 1 is a 

constant The use of this general function, however, leads to 
the same result 




. 6» c3 

“3 3 


The evaluation oi j x^dx explained in this section is an 

example of the general method for evaluating mtegrala This 
consists of the same four steps except that a different function 
13 substituted for x® 


Example Evaluate J 24*^ dz 

i 

Solviion j 24x® dx = [6a:*jj 

* = 6 2»-6 1 * 
= 96-6 
= 90 


Exebcise 6 C 

1-12 Evaluate the mtegrals 
1 J 3x* dx 2 J X dr 

Z 1 

h s 

4 jni^')dx 8 Jax^dx 


i 

3 J (I+2i')(fa 
1 

1 

6 J dx 
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Er. 6.C 
-2 

7. J 6a:" dx. 

—5 
10 


9. J (l-10/rf3)«fo. 

5 

3 

11. J (a:+2)(3— a;) dx. 
-2 

-i 

12. I (x^-^lfx-) dx. 


8. J (3a:-— x) rfx. 

1 

4 

10. J (4a;+l/x2) (?x. 


4 

13. Evaluate j" {2x-{-llx“) dx. 


Write doion the value of 
14. Evaluate 


4 

/ 


2x3+1 


X- 


dx. 


(«) / (^) J (c) J 
12 1 
Verify that 




9.x«+l 


X‘‘ 


dx 


a 

J 


9x^+1 


dx. 


15. Verify the following statements by working out the integrals : 

4 4 

(fl) J 2x rfx = 2 J X dx, 

2 2 
—1 -1 

(6) J (3x2-3) (?x = 3 I (x2-l) dx. . 

—2 2 

(c) J 

1 1 
2 2 

(5) j" 77X2 1 ?X = 77 J X2 dfx. 

1 1 

16. By finding the value of each integral, show that 

I (»+§)* = J(l2*'+i)& 
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5 5. The calculation of an area by means of an integral 
The use of an integral enables ua to shorten reiy considerably 
the calculation of the area under a curve 

Exajiple 1 Find the area under the cmre y = a:®-f 6r4-S from 
» = — 1 to * = 2 

SAulion Fig 5 9 IS a sketch of the 
curve y = a:*-j-6r4-8 showing the area 
which it IS required to find 

We uuagtno that a set of lower rect 
angles is constructed from x = —1 to 
a: = 2, showing on our figure the typical 
rectangle whose area u ydx Hence the 
lower sum is the sum of areas like y dx 
eitending from s *== — 1 to * *= 2 But 
the requmed area is the limit of this 
~x lower sum os the number of rectangles 
increases beyond any Dumber, howerer 
large, and dz'^O By the definition of the 
^0 6 D $ 

integral, this limit is j y dir 

Therefore the area under the curve from «=*— It03:=2i3 

2 3 

j yds ^ j (**+ 61 + 8 ) dx 

-1 -»i 

=[t+5^+h:. 

*4+12+16-(J+3-8) 

= 3G| 



rsAifFLE 2 Find the area m the first quadrant bounded by 
y = 9—3:5 and the coordmat© axes 



Fig 610 


Sotutton The curve cuts the r axis where 
z « 3 and the y b-tis where y = 9 We require 
the area under the curve from x = 0 to z = 3 
We know that the upper and lower sums 
both tend to the area under the curve as a limit 
and hence we choose the type of sum which 
can be expressed most simply In this ease, 
the area of the typical upper rectangle is y dr, 
and the area of the typical lower rectangle is 
(y+ 5y) dx We therefore choose the upper sum 
The area under the curve from z — 0 to 
z — 3 is the limit of the upper sum, formed 
from® » Otoz 3 , aa the number of rectangles 


meteases beyond any number, however large, and dz 0 
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3 

Hence the area is j y dx 

0 

3 Q 2 

■which is J (9 — x^) dx = j^9a: — = 27 — 9 = 18. 

0 

Exercise 6.D 

1. Eind the area under the curve y = 1+3^* from x = —1 to 
X = -j-1. Verify that it is twice the area from a: = 0 to a; = 1. Of 
what property of the curve is this a consequence ? 

2. Eind the area under the curve y — 2a:-f-3a:“ from a: = ^ to 
x = 1^. 

3. Find the area under the curve y = 2a;+16x® from a: = | to 
a: = 2, 

4. Eind the area rmder the curve y = 4— a:®— a^ from a: = 0 to 
a; = 1. 

5. Eind the areas under the curves y = 1/a:", y — Ijx^ from a; = 1 
to a: = 10. The curves do not intersect when a: > 1 ; which one keeps 
closer to the a:-axis. 

6. Eind the area under the curve y = a;— 2/a:® from a: = 2 to 
a: = 3. 

7. Eind the area between the curve y — 9-\-Qx—Sx- and the 
a:-axis. 

8. Eind the area between the curve y = (1— a:)(a:-{-2) and the 
a:-axis. 

9. Eind the area imder the curve y = l+l/a:®-f 1/a:® from a: = | 
to a: = 1. 

10. Eind the area under the curve y — 4— a:® from x = —1 to 
a: = 0. 

11. Eind the area under the curve y — 3*^+1 from a: = — 3 

to a: = 1. 

12. Show that the curve y — x“ divides the square bounded by 
x = {), x~l, y = 0, y — 1 into two parts whose areas are in the 
ratio 2:1. 

13. The curve y = 1—x^ cuts the 
a:-axi3 at A and B. The rectangle 
ABGD is completed, CD being the 
tangent to the curve at (0, 1). Eind 
the ratio of the areas of the two parts 
into which the rectangle is di-vided 
by the curve. 
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y 14 arch of a stone bndge 

IS a portion of the curve 

20y4-*2~ioo = 0 

It' with tfao axes in the position shown 

■ in tho sketch Assuming that the 

j portion of the bridge shown by 
fihadmg is solid 12 ft wide, and 

^ 3 mado rf stone weighing l&i Ih per 

cu ft , find its weight in tons 
16 Pind the maximum and nummum values of y *= 
and sketch the curve Find the area under the curve from a = —I 
toz— 2 


5 6 Stationary values ithm the range of integration 
may be ignored 

We noted m section 6 2 that the argument of section 6 I 
holds if the curve nses or falls steadily between the limits of 
integration If there are stationary values between these limits 
we ought to find the area under each rising or falling portion of 
the curve and add the results to find the required ares 

This point arises several tunes 
m£xdD You probably Ignored 
lb and yet obtained the correct 
answer The reason for this must 
now be considered 
Find the area under the curve 
y s Cz— I* from I as 1 to a s= 4 
It is easily seen that y has 
a maximum value at z = 3 
Denote the areas under the curve 
from z — 1 to z = 3 and from 
z = 3 toz = 4by ^land^j Then tho required area is Aj+A* 

3 

Alj = J (6z— z®) dz 

4 

A^ — j (6x—z^)dx 



rio 6 11 
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33 

When we add, the expression 3.32—— cancels, and we have 

O 

= 3.4«-£_(3-i). 

Hence, in practice, even if stationary values occur between the 
limits of integration, we may integrate in the ordinary w'ay and 
obtain the correct value. The setting out of the example above 
is intended to make it clear that the cancelling, wliich occurs 
there, will always occur whatever expression is being integrated. 



5.7. We now consider the evaluation of areas not situated so 
conveniently with respect to the axes. 

Example. Find the area between the curve 4y 5= and the straight 
line y = X. 


Solution. The curve and Hne meet 
where 4.^ = a:^, i.e. where a: = 0 and a; = 4. 
Hence the intersections are the origin 
and (4,4). Let these points be 0 and A 
and draw.d H perpendicular to the a:-axi8. 
The required area 

= area of triangle OAB—oxeo, under the 
curve Ay = a:® from a; = 0 to a; = 4 



= 8-51 = 2 |. 

How let OR represent any value of x 
between 0 and 4. Then the area under 
the curve is the limit of the, sum of rect- 
angles like LM8R stretching from a; = 0 
to a: = 4. Also the area under the straight 
line is the limit of the sum of rectangles 
like PQSB stretching from x = 0 to 
a: = 4. Therefore the required area is the 
limit of the sum of rectangles like PQML 
stretching from x = 0 to x = 4 as the 
number of rectangles increases beyond 
any number, however large. 

Therefore the required area is 
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Thus the method of obtaining the integral required to effect the 
summation, by first •nntmg doim the typical element of the sum, 
applies even when we approximate at both the top and bottom of the 
rectangle 

HXEBCISE 5 1) 

1 Fmd the area m the first quadrant between y = 4r and y « aS 

2 Fmd the area bounded by y =* ar(10— a) and y = Ax 

3 Fmd the area bounded by y = 2r*, « = 0, y = 8 

4 Find the area bounded by y =s lOai* and y = 10 

6 Find the area in tbe first quadrant between 2y = a? and 
y— 2z^ 

6 Find the area m the first quadrant between 3y => a:®andy = 3i 

7 Fmd the area between the curve y = a:*— 2i-l-2 and the chord 
y4-®'=4 

8 Fmd tbe area bounded by y » z*, y =» 1 fx*, and ar = 3 

0 Fmd the area between y « 4a:* a^ y =* S— x“ 

10 The stiffening matenal inside tbe peak of a schoolboy’s rap 
has the shape bounded by the curves 4y z\ 8y ss where 

unit X and y as 1 in Find its area 

5 8. The use of integrals 

Fxampie a contractor is required to dig o well of cross section 
I sq yd and depth 10 yd , and be knows that the cost of excavatmg 
soil from a depth of * yd is <!+»*) slutlings per cu yd What u tbe 
cost of digging the well t 

First eolutten Let the total cost of digging to a depth of a: yd be 
e sbiUiogs Then e depends on x bo that 
^ tbe cost of diggmg down (af+8x) yd may 
^ be represented by (c+ Sc) shillings and tbe 

» cost ofdiggmg out the layer of sod between 

» j«Sx the depths ®yd and{«+5*)yd is Sc shil 
lings Thevolumeof thisBoilis SxXl =* Sx 
, cu yd and the cost of excavatmg it vanes 
from (l+x') shilhngs per cu yd at depth 
X yd to [l+(x+Sx)*] shiUmgs per cu yd 
at depth (x+Sx) ^ The cheapest rate 
appbcable to the layer is (l+x*) shillings 
per cu yd , so that if we apply this rate 
to tbe whole layer we obtam an estimate 
FiQ 6 14 of the cost which is too low Similarly, 

by usmg the dearest rate, [l+(2;+8x)*] 
shilhngs per cu yd , we obtain an estimate which la too high 
Hence (l+x*) 8x < Sc < jl-|-(x+Sx)*] 8x 
Dividing by Si ^ 
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and, now, letting 0, we have 

= l+x\ 


Therefore, 

where & is a constant. 


dx 

C = iCd-g'+ife, 


But c = 0 when a; 0. Therefore h = 0, and c = x+ 


3’ 


The cost of digging the well is found by putting a: = 10 and is, 
therefore, 

10 +^ = 343^ shillings 
== £17. 3s. U. 


Second solution. Now, represent the cost per cu. yd. by y shillings, 
so that y = l+a:' and draw the graph of 
this equation. 

Then, when we find the approximations 
(1+a:®) Sx and [l+(a:+ 82 ;) 2 ] Sx to the cost 
of digging out a layer by holding the rate 
per cu. yd. constant at its cheapest and 
dearest values for the layer, we are merely 
calculating typical lower and upper rect- 
angles for the curve y — l+a:". If we form 
the upper and lower sums of rectangles from 
a; = 0 to a: = 10 we know 
' (a) that the total cost of digging the well 
is between these sums •, 

( 6 ) that the limits of these sums, as 
their number increases beyond any 
number, however large, and hx~^ 0 , have the same value, 
the area under the curve from a; = 0 to a; = 10 , and that this 
10 

value is represented by | (1-f da;. (It is, of course, assumed 
0 

that there is a definite area under the curve.) 

Therefore the cost of digging out the well 

K 0^*1 10 

■^J = 343J shillings. 

_ In the second solution the emphasis is upon summation. Con- 
sider the following simplified form of this solution. 

Intuitive solution. The cost of excavating the layer between 
the depths x yd. and (ai+Sa;) yd. is approximately ( 1 +a;^) 8 a: 
shillings. We require the limit of the sum of the costs of aU such 
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layers from x = 0 to a = 10 as the number of layers increases 
beyond any number, however large, and -4- 0 This limit is 

== 343| sluUiDgs 

Now this argument begins with an approximation so how 
can it give the total cost correctly f It succeeds because we 
have written down, by intuition rather than by reasoning an 
approximation which is actually a lower rectangle of the graph 
shown in Tig 5 16 Thus, when we form the sum and take the 
hnut, we obtam the cost exactly When the intuitive solution 
has been justified for a certain tj^e of calculation, it provides 
the simplest method of writing down the integrals by which 
examples of that type may be solved and thus avoids the 
necessity of learning formula© by heart 

The procedure is 

{!) Write down a suitable approximation, i © a typical term 
of the lower or upper sum 

(2) Betermme the limits between which the summation is to 
be carried out 

(3) Wnte the limit of the upper or low er sum as an integral 

{4) Evaluate the integral 

We see from this example that in solving the problem of 
finding an area with a boundary which is partly curved we have 
found a new tool with much wider applications This tool is the 
mtegral, and the principal object of the remamder of this 
chapter vs to show as many of its applications as we can In 
each case we shall begin by giving the intuitive solution of the 
problem and this will then be justified by one of the methods 
explamed in this section 

Example The acceleration of a body at t sec is (l-)-2i/5) fps* 
Find (a) the mcrease trf velocity from t 1 to t = 6 , (6) the velocity 
at t = 6 if the velocity att^lisSfps 

Consider the short mterval of tune from ^ to sec durmg which 

the acceleration changes from (I *f-2</5) fp a *to [l-f2(^+S/)/5]f p s * 
If the acceleration is held coiatant during this mterval at its value 
at the beginning, the increase m velocity ftom f to f + Sf sec is given 
approximately by (1 4- 2^/5) St f p s We require the bunt of the sum 
of such mcreases from ts=ltot = 6as the number o^ time mtervab 
increases beyond any number, however large, and St-*- 0 
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This is 


=(«+t)-('+b) = 


(o) The increase of velocity is 12 f.p.s. 

(b) The velocity at ^ = 6 is 8+12 = 20 f.p.s. 

Exeecise 6.E 

1. If a contractor estimates that the cost of excavating earth from 
a depth of a: yd. is ( 2 + 10 . 1 ;) shillings per cu. yd., what should be his 
estimate of the total cost of digging a well 12 yd. deep with a cross- 
section of 2 sq. yd. ? 

2. A straight road climbs a hill-side and at a horizontal distance 
of X ft. jfrom a point A at the bottom of the hill the gradient of the 
road is a:/1000 (graph gradient). Find the height of the road above A 
at a horizontal distance of 500 ft. from A. 

3. A body starts from rest and after t sec. its velocity is (100— -i®/6) 
f p.s. Find the distance travelled in 10 sec. 

4. An aeroplane climbs at the rate of (40i+3i®) ft. per min. at t min. 
Find the increase in its height from f = 0 to < = 10. 

5. A river bursts its banks at f = 0 and t hr. later the rate at which 
the water covers the surrounding land is lOQ/t^ sq. miles per hour 
{t > 1). Find the area covered during the 24 hours from ^ = 1 to 
t = 25. Knd the area covered from f = 13 to f = 26. 

6. A ship springs a leak and after t hr. the water rises in the hold 
at the rate of (30— 0'6i^) in. per hr. What is the depth of water in the 
hold after 6 hr. ? 

7. A bore-hole is sunk and it takes (1+a;) /lOO hr. to sink the boro 
1 ft. when its total depth is x ft. How long will it take to sink the 
bore to a depth of 200 ft. ? 

5.9. Volume of a solid of 
revolution 

' Let the portion of the curve 
y = a® between x'= 1 and « = 2 
rotate through 360° about the 
K-axis. The curve sweeps out 
the surface of a solid which has 
thex-axis as an axis of symmetry. 

Such a solid is called a solid 
of revolution. Its distinguisliing 





X 


Fig. 6.10 



property is that every section perpendicular to the axis of 
symmetry is a circle. The curve y = is said to generate 



188 VOLUME OP REVOLUTION 5 0 

the BoUd and is sometimes called the wendian curve (The 
rotation of a mendian about the axis of the earth generates 
the earth ) 

Solids of revolution are common m everyday life, e g cylmder, 
cone, sphere, and all the articles made on a potter’s wheel 
To find the volume generated by the revolution of ^ = jc® from, 
x = 1 to a: = 2 we proceed as follows 

Intuitiie solution 

Let P s (ar, j/) be any pomt on the generatmg curve such 
that X IS between 1 and 2 In Fig 5 17, Olf s= z Let 


Fio 6 17 



OJt sss x~l-Sx and complete the rectangle PBKN The rotation 
of this rectangle about the x axis generates a circular disk of 
radius y and thiclinesa 5x 

Hence the volume generated by the rotation of the rectangle 
13 Try® 

Intuition suggests that the required volume may be found 
by summing such volumes from x ~ 1 to x = 2 and takmg the 
limit as the number of disks increases beyond any number, 
however large, and Sx 0 This iimit is 
r 2 

J iry^ dx ss= I «rx® dx 



1277r 

7 
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Justification of the intuitive solution 

First method. Let V be the volume generated by the rotation 
of the portion of the curve between the fixed boundary x = 1 
and the variable boundary x — x. 

If a: is increased to Sx, the increase of V may be represented 
by 8 F and is the volume generated by the shaded strip in Fig. 
5.18 (a). This volume lies between the volumes of the two disks 
shown in Fig. 5.18 (6). The thicloiess of these disks is 8a:, the 



width of the strip, and their radii are ^ and ibe least and 

greatest heights of the strip. 

Therefore . Sa; < SF < 7 j-(y-}- 8 y)^ S.a:. ( 1 ) 

Dividing by Sx, 

< ^r(y+S7/)2. 

Let Sx 0. Try® is fixed and 7 r(y+Sy )2 -> Try^, w hil e . 

Sx ax 


Hence 


dx 


= Try® = 77 a:® (since y — x^). 


Hence F = ( 77 . 1 :'^) /7+c, where c is a constant. 

But F = 0 when a: = 1. 
Therefore 0 = 77 / 7 +c; so that c = — 77/7 

and F = 77 a;’/7— 77 / 7 . 

The required volume is found by putting a: = 2 and is 



190 VOtUME OF BEVOLtmON B9Ex6G 

Sw3vd twQiod Draw the graph of 2 = 7rt/® = ttx® Then 
irt/* Ss end •jT(i/+St/)® Sx are zSx and 
(z+Ss) 8x and are therefore typical lower 
and upper rectangles for this curve 
Therefore the lower and upper sums 
formed from a: = I to x = 2 tend to the 
same lumt as the number of rectangles 
increases beyond any number, however 
large, and Si 0 But by applying the 
inequality (1) to each stnp from x = 1 
to X =5 2 we see that the required volume 
13 between the lower and upper sums 
Therefore jt equals their common limit 
2 

which 13 j ny* dx 

i 

Bxebcise 5 G 

1 Bind the volume generated by revolving the curve y = 2*’ 
about the x axis from x « 1 to x s 2 

2 Find the volume generated by revolving the curve y « 62* 
about the z axis from x s 0 to x a 1 

3 Find the volume generated by revolving the line y =* x about 
the X axis from x s> l to x « 4 

4 Fmd the volume of tbe eohd of revolution generated by the 
rotation of the part of the curve y = 10/x between x =* 1 and x = 5 
about the x axis 

6 A cone is generated by rotating y =* from x =* 0 to x = 10 
about tbe x axis Find its volume 

6 A cone of height h and radius of base r, with its vertex at the 
origm 0 and its axis along Ox, is generated by rotating a straight Ime 
about Ox What must be the equation of the Lne ? Hence show that 
the volume of the cone is JjiT*h [This is the formula of elementary 
mensuration for the volume of a cone ] 

1 A veee is vfcta’med by itA-zAang the txrrve y = fttna 

X = 1 to X = 12 about the axis of x, unit x and y bemg 1 m Mate a 
half scale drawing of the vase If the base of the vase is at x = I 
and the top at x = 12, what 13 the diameter of (o) the base, (h) the 
top ? What 13 the height of tbe vase ? Find the volume of the vase 

8 A vase is formed by the rotation of the curve y* = 2x+9 about 
the axis of X from x = 0 to x = 8 the base of the vase being the 
section at X = 0 (unit x,y = 1 in ) Fmd the volume of the vase 
in cu in 
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9. The pedestal for a chessman is obtained by rotating 




y = 


l+2x? 

40 


about the a:-axis from a; = 1 to a; = 2 (unit x and y — 1 in.). Find 
the volume of the pedestal. 

10. Find the volume of the pointed solid of revolution obtained 
by rotating about the a;-axis the portion of the curve y ~ .r(l— . t) 
•which lies between a: = 0 and a: = 1. 


5,10. Volumes generated by rotation about the i/-axis 

Consider the solid generated by the rotation of y = a:^ about 
the y-axis and suppose -we -wish to calculate the volume bet'ween 
y = 0 and y = 4. 

Let P = [x, y) be a point of the 
generating curve such that y is 
between 0 and 4. As the rotation is 
now about Oy it is natural to let y 
increase by Sy, and consider the 
rectangle PifAP -which generates a 
disk of radius x and thiclcness 8y. 

The volume of this disk is ttx^ Sy and 
the required volume is the limit of the 
sum of such volumes from y = 0 to 
y = 4 as the number of disks increases 
beyond any number, however large, and Sx ->■ 0. This limit is 

i 

j 7rx“ dy. 

0 

But (a:, y) is a point of the curve y — x^. 

4 4 

Therefore J rix^ dy — ^ Tty dy 

0 0 



Exekoise 6.H 

1. Find the volume of the solid formed by rotating the part of the 
curve y = between y = 1 and y = 4 about the y-axis. 

2. The part of the curve 4y = x^ between a: ^ 2 and a: = 8 is 
rotated about the y-axis. Find the volume generated. 

3. A bowl has a circular base of diameter 6 in. and a curved side 
given by the rotation of y — (x^— 9)/4 about the axis of y, where x 
and y are in inches. The top of the bowl has a diameter of 10 in. 
Sketch the bowl. What is its height ? Find its volume. 


I 

I 
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4 A cup has » circular base of radius 1 m and a side given by the 
rotation of y = about the y axis bet^reen * = 1 and * *= 2 
(umt X and y = I in ) The saucer has a flat base of radius 1 m to 
fit the cup and a Bide formed by the rotation of y = (**— 1)/8 about 
the y ana from af *= 1 to « = 3 What is the height of (o) the cup, 
(i) the saucer ? Sketch the cup and saucer Find the volome of the 
cup and of the saucer 

A man cools hia last cup of tea before catching the tram by 
pounng it into the saucer How many saucersful are obtained 
from one cup ? 

y 5 The part of the circle z*+y* = a* in 

the first quadrant is rotated about the z axis 
I to form a hemisphere Find the volume of 

the hemi^here Deduce a formula for the 
volume of a sphere of radius a 
\ 6 The carved boundary of a vase IS given 

£ ^ by the rotation of lOi* = y+14/y* between 

y s 1 and y s: 5 about the y axis (umt x 
0 ~ ~x and omt y = 1 in ) Find its volume 

5.11. Volumes generated by rotation about a line parallel 
to one of the axes 

EsaasTLE Find the volume of tbe solid generated by the revolution 
of y =s 1— a* fi-om i to xsssl 

about the hue y = 2 
Solution Sketch the curve and line 
If P s (z, y) is any pomt on the part 
of the curve to be revolved, consider 
the rectangle PQRS where PQ ~ Sx, 
PS = 3— y The volume generated by 
the revolution of this rectangle about 
y — 2 13 ir<2— y)s Sz The required volume 
13 the limit of the sum of all such volnmes 
from X s= —1 to z = -j-l as their number 
increases beyond any number, however 
large, and Bz-> 0 It la therefore givenby 
11 1 
f w(2— y)* dz = w f (2— l-hz*)* dz s= w J (I+z®)* dx 
-1 1 

= Ml+I+I) 

SGtt 

~ ~15 
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Exercise 6.J 

1-6. The part of the curve defined, is rotated about the given 
line. Eind the volume generated, 

1. y = X“, from a: = — 1 to a; = +1, about y = 1. 

2. y = 3a;, from a; = 0 to a: = 2, about y — Q. 

3. 1 / = 2a;, from a; = 0 to a: = 1, about a; = 1. 

4. y^ = z, from y = — 3 toy = 4-3, about a:4-l = 0. 

5. y = 0 ?, from z = —1 to a; = 1, about 2/4-1 = 0. 

6. y^ — 2z, from y — —2 toy = 2, about a; = 2. 

7. Eind the equation of the tangent at a; = 0 to 2/ = 4— a;^. Eind 
the volume generated by the rotation of the part of the curve between 
z = —2 and a; = 2 about this tangent. 

8. Eind the ratio of the volume obtained by rotating y = from 
(0, 0) to (1, 1) about 2 / = 1 to the volume obtained by rotating it 
about 2/4-1 = 0. 

5.12. The volume of a pyramid 

If the vertices of a polygon with any number of sides are 
joined by straight lines to a point V, not in the plane of the 
polygon, the solid, so constructed, is called a pyramid. V is 
called the vertex of the pyramid and the polygon is called its 
base. A perpendicular drawn from the vertex to the base of the 
pyramid is called its height. 



Eig. 6.22 


Eig. 5.22 shows a p 3 rramid whose base is a pentagon of area A. 
The height of the pyramid is h. To find its volume, consider the 
section made by a plane parallel to the base at a perpendicular 
distance x from the vertex. The section and the base are similar 
polygons and the ratio of corresponding dimensions is z'.h. 
Hence the area of the section is A{x/h)^. On the section con- 
struct a thin solid of uniform thickness S.t measured at right 
angles to the section. The volume of this solid is {Ax^ Bx) jh^. 
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Let other tbm golida Ijo constructed, in the saine ivay, so that 
theur combined thickness reaches from 
the vertex to the base, and together 
they occupy the Tfhole volume of the 
pyramid except for the narroTV ‘steps’ 
near its slopmg sides (Fig 5 23) The 
sum of the volumes of these sohds is 
a httle less than the volume of the 
pyramid Assuming that it is a lower 
sum, so that it tends to the volume 
of the pyramid as a limit -when the 
number of sohds is increased beyond 
any number, however laige, and the thickness of each is 
decreased, we have for the volume of the pyramid 

0 0 


Ah> M 

““ 3A* * 3 * 

This result la mdependent of the shape of the base of the 
pyramid If the base is a smooth curve, the sohd is called a 
cone If the curve is a circle it is colled an cbhque circular cone, 
and if the straight line from the centre of the circle to the vertex 
of the cone is perpendicular to the base it is called a rtghl 
circular cone, or m elementary work, simply a cone The nght 
circular cone is a sohd of revolution and its volume has already 
been found m Ex 6 G, No 6 Here we have proved the more 
general result that the volume of a cone, right or obhque, 
is iA/t where A is the base area and A the perpendicular height 

Exerchsb 6*K 

Trace out the argument, independ^tly, for finding the volume 
of ft right circular cone of height A and base radius r 

5.13. The mass of a body of variable density 
In mechamcs it is important to distingmsh between mass and 
weight Aa the next apphcation of mtegration is to mechamcs, 
we first consider this distinction, very briefly 
The weight of a body is the pull of the earth upon it It is 
therefore a force 
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JIASS OF A BODY 


A man enters a grocer’s shop to buy 1 lb. of butter. The 
grocer measures the quantity of butter by the process known as 
weighing. He adds or subtracts butter imtil the pull of the earth 
upon it equals the puU on a brass weight in the other scale pan. 
That is to say, he utilizes weight to measure the quantity of 
butter which the customer wishes to buy. 

When we wish to indicate that 1 lb. is thought of as a measure 
of quantity, we caU it the mass of the body. 

A house\vdfe buys 12 lb. of potatoes. When she gives the 
order, she is thinking of the quantity she requires, i.e. she 
i^liinkR of 12 lb. as the mass of the potatoes. But as she carries 
them home, her arm aches, and she thinks, ‘"Why did I order so 
many 1 ’ What she really means is, ‘Why did I not thinlc of their 
weight as well as of their mass ? ’ 

The pull of the earth upon a mass of 1 lb. is a force which is 
called 1 lb. weight. This force provides a unit for the measure- 
ment of all forces mcluding weight. Thus the weight of a mass 
of a: lb. is a force of a; lb. wt. 

Let m be the mass of a volume u of a body. If the ratio m/u is 
found to be a constant whatever volume of the body is con- 
sidered, we say that the body is uniform or that it has constant 
density. In this case the density of the solid is'd, where d = mjv. 
If V = 1, d t= m. Hence, the density, if it is constant, is the 
mass of unit volvune. Thus the unit of measurement of constant 


density is mass per rmit volume, e.g. the density of pine wood 
is given as 60 lb. per cu. ft. The density of a given material is 
commonly used to estimate the mass of a given volume of the 
material. Bor example, wo estimate the mass of a pine beam 
whose volume is cu. ft. as 50 X = 125 lb. 

If the density of the body is not constant this will show itself 
in a variation of the value of mjv when different volumes are 
taken. In this case mjv is called the average density of the 
volume V of the body. Consider a definite point P of the body 
and let 8u be a small volume of the body which has P inside it. 
Let 8m be the mass of this volume. Now let the volume Sw tend 


to zero in such a way that P is always inside it. Then if BmjSv 
tends to a hmit, this limit is the density of the body at P. 

Suppose we want to consider a uniform solid made of iron in 
the form of a flat plate of constant thickness ^ in. If the density 
of the iron is 480 lb. per cu. ft. and the area of the plate is a sq. ft., 
the mass of the plate is 

480xax — - — = — lb. 

16x12 2 

Hence the mass is found by multiplying the area by 2|-. 
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Clearly, each square foot of the plate r^eighs 2i lb end as 
long as we consider iron, plates of thickness ^ in this mass per 
umt area is more convenient for the calcnlation of the mass of 
a given plate than the density of iron 

Hence when we are considering a eohd m the form of a flat 
plate we often give the mass per umt area instead of the 
density 

Sunflarly when we want to calculate the mass of a rod of given 
thickness it is more convenient to know the trtass per unit 
length than the density of the material of which the body is 
made 

For example, m an engmeenng note book it is stated that 
the mass per unit length of round steel bars of | m diameter 
IS 1^ Ib per ft Then the mass of such a bar 6 ft bug u 
5XU=: 7ilb 

When the density of a body is constant, the calculation of the 
mass of a given volume is a simple multiphcation But if the 
density is variable, the calculation requires the use of an 
integral, and it is the eunpler calculations of this type which 
interest us here 

ExAJtfFUl Themassperunitlengthofastraightrod^J.ift long, 
at a distance £ ft irom(7is(I+0 6x*)lh perft Find the mass of the 
rod 
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If OP =« X and OQ =; (ar+Sx) ft , we call the short length, PQ, 
an element of the rod 

Its mass per umt length vanes from (l+O Gx*) lb pet ft at P 
to [1+0 6(x+Si)*] lb per ft at Q 

Jntutitve eoluiton By holding the mass per umt length of the 
element constant at its value at P, we obtain (1+0 6z*) Bx Ib as an 
approzimation to its mass Assuming that this is a suitable approxi 
matvom the mass of tbs rod OA la ths of the sum of such 
approxunations for all the elements of the tod as the number of 
elements mcreases beyond any number, however large, and Bx-*- 0 
This limit IS 

= 4+0 2X4» 

« 16 8 

Therefore, the mass of the rod la 16 8 lb 
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Jiistification of the intuitive solution. The smallest mass per unit 
length of the element, PQ, is (l+0-6a;2) 
lb. per ft. and the largest mass per unit 
length is [l+0-6(a;+Sx)“] lb. per ft. 

Hence the mass of the element is greater 
than (l-|-0-6a:2) 8a: lb. and less than 
[l+0'6{a;+Sx)2] gj; ib. 

By writing y = l+OBa:® these ex- 
pressions simplfty to ^ Sa;and (?/-{- Sy) Sa; 
and are then recognized as lower and 
upper rectangles of the graph of 
y = l+0-6a:2. 

Therefore the lower and upper sums, 
from a; = 0 to a: = 4, have the same 
limit as the munber of rectangles is increased beyond any number, 

4 

however large, and Sa;-^ 0. This limit is J ydz. But the mass of 

0 

the rod is known to lie between the lower and upper sums and is, 
therefore, equal to their common limit. 

4 4 

Hence j ydz = j (l-l-OBa:^) dz, the integral used in the intuitive 
0 0 

solution, gives the mass of the rod exactly. 



Example 2. Owing to the greater compression near the base, the 
density of a conical mound of earth at a depth z ft. is (80-f-a:/6) lb. 
per cu. ft. If the radius of the base is 6 ft. and the height of the vertex 
is 4 ft., find the mass of the moimd. 



Intuitive solution. Eig. 6.26 shows the vertical cross-section of the 
mound. Consider the layer of earth 
at a depth between x ft. and 
(K-fSa;) ft., and let the radius of 
the horizontal cross-section of the 
mound at depth a; ft. be r ft. The 
volume of this layer is approxi- 
mately the volume of a disk of 
radius r, and its density varies from 
(80-|-a:/6) lb. per cu. ft. at the top to [80-f (a:-{-8a:)/6] lb. per cu. ft. 
at the bottom. Taking the density of the layer as constant at 
(80-l-a:/6) lb. per cu. ft., we find that the mass of the layer is approxi- 
mately 77 r® 8a;(80-f-a;/6) lb. If we assume, intuitively, that the mass of 
the mound is the limit of the sum of such approximations from a: = 0 
to a: = 4, as the number of layers is increased beyond any number, 
however large, and Sz-> 0, 

4 

the whole mass = J w?'“(80-f-a:/6) dz. 
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Also by sumlar triangles 

r_6_3 

5~4~2 

Zx 

'^■2 

Hence the raaas = J 

= |!)|(80x>+^)ir 



« 77(3840+24) 
» 38&4<r tb 
a 6 4 tens 


Juait/^cotion of ikt infwttve solution 

Let the mass of the mound down to 
ft depth £ ft be Af ]b Then the mass 
of toe layer whose depth is between 
X and x+Bx {I la B2I Ih Now the 
volume of this layer is greater than 
«T* 81 cn ft and its density ja greater 
than 8O+Z/0 lb per cu ft Therefor® 

Also, the volume of the layer is less than irfr+Br)* S* cu ft and its 
density is less than [80+(ar+&c)/6] lb per cu ft 

Tberefora SAf < ^(r+Srl’Iso+^i^ 5jc 
Huttmg these two inequalities together 

.rr^SO+D 8i< 8Jlf < ,(r+Sr)®(sO+^i^ 8* 

Dividing by 5x, 

^ < ^(r+8r)>(80+i:^ 

Let Sz-> 0, then SM{Sx-> dMfdx 
and, smee Sr-> 0, 
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Therefore 
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Therefore, by an argument whicb is now so familiar that it need 

4 

not he given in detail, the required mass = j* TTr^^SO+^j dx. 

b 

This is the integral used in the intuitive solution, 

Exebcise 6.L 

1. The mass per unit length of a straight rod at a distance of x ft. 
from one end is (3— a:/2) lb. per foot. If the rod is 4 ft. long, find its 
mass. 

2. The mass per unit length of a billiard cue, 4 ft. 6 in, long, is 
J(4+2a:) oz. per foot where x is the distance in ft. from one end. 
find its mass. 

3. A rectangular plate is 4 ft. long and 3 ft. wide. The mass per 
unit area is constant across the width of the plate, and at a distance 
X ft. from one 3 ft. edge it is 8(5— .r) lb. per sq. ft. Find the mass of 
the plate. 

4. A conical mound of earth has the radius of its base equal to its 
height which is 3 ft. At a: ft. below the vertex the density is 
(100+a:/10) lb. per cu. ft. Show that the mound weighs just over 
902jrlb. 

5. A mound of earth is a pyramid of height 5 ft. and the area of its 
base is 36 sq. ft. The density at depth x ft. below the vertex is 
(100+3a:*/4) lb. per cu. ft. Find the mass of the mound. 

6. Show that the area of a circular ring is approximately 27rr Sr, 
where r and r+Sr are its inner and outer radii. 

Find the mass of a circular plate of radius 2 ft., if its mass per unit 
area at distance r ft, from the centre is (10+0-3r) lb. per sq. ft. 

7. The density of the air x km. above the earth’s surface is given 
approximately, up to a height of 10 km., by the formula 
'd~ (4a:2— 124a:+1260) gm. per cu. metre. Show that the mass of 
the air between the heights of x km. and (x-}-dx) km. in a column of 
cross-sectional area 1 sq. metre is approximately 

^ (4a;2-124x+1260)dfekg. 

Find in kg. to 2 sig. fig. the mass of the column of air up to a height 
of 10 km. 

The mass of the atmosphere above each sq. metre of the earth’s 
finrface is known to be about 10,300 kg. What percentage by weight 
of the air in a column of cross-sectional area 1 sq. metre is at a height 
greater than 10 km. ? 
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5.14. Centre ol gravity 

If a hole 13 bored through tho middle point of a metre rule 
and It IS then mounted on a hon 
zontal axis passmg through the 
hole, the rule will be found to 
remam at rest at whatever angle 
to the vertical it may be placed 
The rule is said to balance about 
its middle pomt 
Now suppose the same expen 
meat is performed with a thm 
tapering rod, e g a billiard cue If 
a boie J3 bored midway between 
Fio 5 28 two ends, the rod will not 

balance about this pomt To make 
it balance, the hole must be made somewhere between, the thick 
end and the middle point This pomt of balance is called the 
centre of gravity (abbreviation c g ) of the rod 
Since the attraction of the earth, which is really spread over 
the whole body, is balanced by a single upward force at the o g , 
we may say that the attraction of the earth on the whole rod 
can, for the problems of mechanics, be regarded as eqmvalent 
to a single downward force actmg at the c g 
The c g of a rod of constant mass per unit length is the middle 
pomt of the axis of the rod Such a rod is called a uniform rod 
Now consider a uniform metal rod AC, 3 ft long, weighing 




3 lb Suppose the rod is bent at 
right angles at a pomt B, 1 ft 
from C If the angle B is placed 
over a support, the rod will hang 
at rest with the arms m a vertical 
plane Is B the point of balance ? 
No, because if the rod is displaced 


Fro 6 29 it will always be fovmd to swing 

back into one position of rest 
Or, if the rod is supported at B with its arms la a honrontal 
plane, the rod will be found to fall 


The pomt B is not the c g because the rod will not remam at 


rest when it is supported there, tofuUeier the position in ichtch it ts 
placed 


The part AB may be regarded as a uniform straight rod Its 
weight, 2 lb , may be taken to act at its c g which is the middle 
pomtJlfofjd5(Fig 5 30) Similarly the weight of 5(7, lib , may 
be regarded as actmg at N, the middle pomt of SC Hence the 
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c.g. of ABG is a point about which weights of 2 lb. at M and 
1 lb. at N balance. This point must be somewhere on~the 
straight line MN between M and N. Tliis means that the c.g. 
is not a point of the rod at aU, so that it is not possible to balance 
it on a support. Nevertheless it is still useful to know that 
there is a point through wliich the whole weight of the body 
may be considered to act. We therefore define the centre of 
gravity of a body as the point of balance regardless of whether 
the balancing is physically possible or not.f The centre of 
gravity of a body may or may not be a point inside the 
material of the body. 



W 2k 

ll iz 
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I 
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\ 



Fig. 5.31 


However, if aU the material of a body lies between tAVO parallel 
planes, I and m (Fig. 6.31), it follows that the point of balance 
also lies between Z and m, and therefore the c.g. of the body lies 
between Z and m. This is an important fact of which frequent use 
will be made. 

Another simple result which we frequently need is that if a 
body has an axis of symmetry, the c.g. must be a point of tlois 
axis. For example, the c.g. of a solid of revolution must be on 
the axis of rotation. 

Hff is the c.g. of ABG and GM — m, ON = n, by the principle 
of moments J we have Ixti = 2xm (Fig. 5.32). 

Therefore mjn = ^, ov O divides MN in the ratio of 1 : 2 (i.e. 
in the inverse ratio of the weights at M and N). 

It is useful to find the position of (? by a different argument. 

, ^ experment of balancing the rod ABG at 0 could actually bo performed 
y fet attaching it to a uniform circrdar disk in such a way that the centre 
of the disk is at (?. 

t The reader who is not acquainted with this principle is referred to any 
6 ementary text-book on mechanics. 
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Place tlie rod in a horizontal plane, take B as the ongm, BA as 
X axis, and BG as y axis 
I^et the coordinates of 0 be 
{k, L) Imagine that the rod 
ABC IS supported on an axis 
coinciding with By Then, if 
the whole weight of the body 
may be considered to act at 
0, its tiimmg effect about By 
equals the combmed taming 
effect of the weight of BA at 
M and the weight of BO at N Hence takmg moments about By 
3h= 2xl+lx0 
3h= 2 
i=f 

To find I, take moments about Bx 

3i = 2x0+lxi 

Thus 0 5 (I or the c g is 8 in &om BC and 2 m from BA 
Now consider an example m which the determination of the 
0 g requires the use of integrals 

Example The mass per umt length of a straight rod OA, i ft long, 
at a distance of® ft from 0i3 (1+0 6z*) lb perft Rnd the position 
of the 0 g of the rod 
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In section 6 13 Example 1 we have already found that the mass 
of the rod is 16 8 lb Denote the pcwition of the c g by 0 and let 
00 = Aft Then the weight ofthe rod IS 16 Sib andmayberegarded 
as acting at 0 Por convenience m taking moments, suppose the rod 
IS honzontal and take momenta about a horizontal RTia through 0 at 
nght angles to the rod The moment of the weight, concentrated 
at 0, equals the sum of the momenta of the weights of all the particles 
of the rod Before we can write down the equation of moments we 
must calculate this sum hf momenta 
Intuiltve solution ConsidertheetementPQ, where 0P = sft and 
0Q = (a;+8a:) ft The wmght of the element la approximately 
(1+0 63:*) Sr lb and its line of action passes through the c g of the 


1/ 
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element. Since PQ is not uniform -vre do not know the position of 
the c.g. and we approximate still further by taking it to be P. The 
approximate moment of the weight of the element about O is then 
(l+0-6x“) Szxz. We now form the sum of such approximations to 
the moments of aU the elements of the rod from cc = 0 to a; = 4, and 
take the limit as the number of elements increases beyond any 

i 

number, however large, and Sz-^0. This limit is J (l-j-0-6z^)z dz 

and, if the approximations can be justified, it is the required sum of 
moments. 

The equation of moments is, therefore, 

4 

16‘8h = J (a:-{-0-6a;®) dz 
0 

= 8+0*6x64 
= 46*4. 

Therefore h = == 2*8 ft. 

J usiification of the intuitive solution. The weight of the element, PQ, 
is greater than (l+O-Oa:*) Sz lb. and less than [l+0*6(a;+Sa;)-] Sz lb. 
Also its c.g. is between P and Q, by its definition as a point of balance, 
i.e. its distance firom 0 is greater than z ft. and less than (a;+8x) ft. 
Hence the moment of the element about 0 is greater than the 
product of the smaller weight and distance and is less than the 
product of the larger weight and distance. Therefore it is between 
(l+0*6a:2)x Sz and [l+0*6(a:+8a;)^](a;+Sx)Sa;. 

K we write y = (l+0*6x2)a;, 
so that y+8y = [l+0*6(a;+8a;)2](a;+8x), 

the moment of the element lies between y Sz and (y+8y) Sz. These 
are now recognized as typical lower and upper rectangles of the 
curve y = x+O-Gx^ and, therefore, the lower and upper sums formed 

4 

from them, from x = 0 to x = 4, tend to the hmit J (x+0*6x®) dz 

as the number of rectangles increases beyond any number, however 
large, and 8x-> 0. 

Therefore the sum of moments, which Lies between the lower and 
upper sums, equals their common limit, 

4 

J (x+0*6x®) dz. 

0 
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Exercise 6 JI 


1 A rod IS 1 ft long and its mass per unit length at x ft from one 
end IS 6x lb per ft Find the mass of tho rod and the distance of the 
c g ftom the light end 

2 He mass per unit length of a rod OA, B ft long, at a distance 
X ft from 0 IS (1+0 3a:) lb pet ft Fmd, to the nearest inch, the 
distance of its c g from the light end 

3 The -weight per umt lengUi of the shaft of a golf club is 



•in 


(^+x/200) oz per m at a: m 
from £ Fmd the weight of the 
shaft, AB, and the distance of its 
c g from £ Fmd the distance 


from £ of the c g of the club as a whole 


5 15 The centre o! gravity of a uniform solid of revolution 
0 Consider the luuform sohd formed by rotatmg the part of the 
curve y SB between (1, 1) and (2 8) about the * axis Smee 
the* axis 13 the axis of symmetiy of the body, the eg is on this 
axis and may be taken as the point (h, 0) 
Smee the position of the is inde 
pendent of the position of the body in 
relation to tbe earth, let the body be placed 
80 that the axis of symmetry is horizontal 
and suppose that the y axis is also horizon 
ts\ Then.Fig 6 SBrepresentsahonzontal 
section of the body and all -weights act m 
a direction perpendicular to this plane 
This is convenient for taking moments 
We have already found, in section 6 9, 
that the volume of the sohd is Ulirp 
Let its density be m lb per umt volume 
Smee the solid is uniform, m is a constant 
and the weight of the sohd is (127w»r>/7lb 

Intuitive solution In order to write do-wn the equation of 
moments, we require the sum of the moments of tho weights of 
the particles of the body about Oy Consider the slice generated 
by the rotation of the shaded area PQRS, where OS = * and 
Ofi = a:+S* Thm slice is approximately a disk of radius 
PS = y and thickness 8x Its weight is approximately 
Trnry^ 8x lb and its c g is a pomt of Ox between S and £ We 
approximate again by takmg the c g at S Then the moment 
of the shoe 13 approximately iwiy* SajX* We now form the sum 
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of such approximations to the moments of all the slices of the 
body from » = 1 to a: = 2, The limit of this sum, as the number 
of slices increases beyond any number, however large, and 
2 

8a; -> 0, is J mirxp" dx. Assuming that the approximations are 

justified, the required sum of moments is 

2 

J mvxy^ dx 
1 

2 

= J mTTx’’ dx 
1 



255?n7r 


“ 8 • 

Hence the equation of moments is 

127m7r , 2B5m7r 

— >^'* = - 8 - 

, 255X7 

h — 

127x8 

= 1-76. 

Justification of the intuitive solution 
Let the moment about the y-axis of the weight of the part of 
the body between a; = 1 and x = x 
he denoted by My. Then the moment 
of the slice generated by the rotation 
of PQBS is SMy. The volume of the 
slice is greater than the volume 
generated by the rotation of the 
rectangle PMRS and less than the 
volume generated by the rotation of 
the rectangle NQB8. 

Therefore its weight is greater than 
m-ny^ Bx and less than m7r(y+ Sy)^ Sa;. 

Now the moment of the slice may 
be ^ found by regarding its whole 
weight as acting at its c.g. which is a point on Ox between 
S and B, by its definition as a point of balance. Hence 8My is 
^ater than rmry'^ SxXx and less than m7T(y-l-Sy)’^Sxx(x~i-Sx). 
Therefore m-rry^x 8x < 8My < m7T[y-\-8yY (»:-{- 8a:) Sa;. 
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Dividing by 5a; 

mityH < < m7r(y+5f/)®(a:+Sa;) 


Let Sar ->• 0 
and 

Therefore 


Then »njr^+5y)*(a;+Sx) 
SAfy ^ dify 
Sz dz 


dx 


imry^x, 


Tfnry'^x 


from Tvhieh Tve deduce, in the usual way, that the required sum 

of momenta la exactly j mvy'hc dx 
1 

DxEBCisn 5^ 

1-4 Find the position of the eg of the mufonn eohds of 
revolution generated by the revolotion of the curves given 

1 The part of the curve y — x^ from (0, 0) to (2, 4) rotated about 
the z axis 

2 The part of the curve y » I/** from {1, 1) to {2, i) rotated 
about the z axis 

3 The part of the hoe y » 2x from (0, 0) to (4, 8) rotated shout 
the z axis 

4 The part of the curve 3y *= ®* from (0, 0) to (3, 3) rotated about 
the y axis 

5 A uniform sobd cone is obtained by rotating y from 2 = 0 

to * » 4 about the x axis Find the position of its c g 

6 Any uniform solid conef may be obtamed by rotatmg y — mx 
about the x axis, if m is given a suitable value If the height of the cone 
IS h, we need only consider values of z between 0 and A By rotating 
theportionofy = ffw between* = 0 aiid 2 « haboutthe* axis, prove 
that the distance from the vertex of the c g of a cone of height A is JA 

7 A uniform sohd is generated by the revolution of the part of 
the curve y* = 16* betnecn * =» 0 and z=^h about the x ans 
'Find Vne coordinates >die c g oS the sokd 

8 By revolving a quarter of the circle a'+y* = o* about the 
s axis show that the c g of a uniform sohd hemisphere of radius a is 
3o/8 from the centre of the base on the perpendicular to the base 
through the centre 

9 Find the c g of the umfoim solid lying between y = 0 and y — A 
and generated by rotating part of the curve ay = 2 * about the y axis 
Show that its position d^iends on h and not on a 

f t e any right circular cose 
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10. Knd the c.g. of the uniform solid generated by the rotation of 
the part of the curve y — a:{2— ») from (0, 0) to (1, 1) about the 
a:-axis. 


5,16. The centre of gravity of a uniform lamina 

A lamina is a soKd in the form of a plane sheet of small and 
constant thickness. If the density is also constant it is called a 
uniform lamina and in this section we show how to find the 
c.g. of such a lamina when part of the boundary, at least, is 
curved. In certain simple cases no cal- 
culation is necessary, e.g. the c.g. of a 
uniform rectangular lamina is at the inter- 
section of its diagonals; the c.g. of a 
uniform circular lamina is at its centre. 

Consider the lamina hounded by 
a; == 0, 1 / = 0, y = 4— 
and let its mass per unit area he m, where 
m is constant. Denote the c.g. by the 
point Q = (h, h). 

Since the position of the c.g. is inde- 
pendent of the position of the body 
relative to the earth, we assume that the 
plane of the lamina is horizontal, so that aU weights act at 
right angles to the plane of Fig. 5.37. 

Intuitive solution. The weight of the whole body, being 

m times its area, ism j y dx. 

0 

To find h we take moments about the y-axis, equating the 
moment of the whole weight acting at 0 to the sum of the 
moments of the weights of all the particles in the body. Since 
this principle applies to any part of the body, the contribution 
to the sum of moments made by the particles of the strip 
PQRS, where OS = x and OB — x-\-8x, is the moment of the 
^7eight of the strip acting at its c.g. But PQBS coincides 
approxmately with the rectangle PNBS, so that its weight is 
approximately my 8x and its c.g. is near the point (.r-f^Sx, ^y), 
the intersection of the diagonals of the rectangle. If we approxi- 
mate again by taking the c.g, to be the point (x, |y), the middle 
pomt of PS, we have the approximation my 8x X x for the 
moment of the strip. The required sum of moments for the whole 
body is the limit of the sum of such approximations for all 
strips of the body from x = 0 to x = 2 as the number of strips 
IS increased beyond any number, however large, and Sx -> 0, 
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provided the approximations con be jostified This hmit is 
s 

jmxydz 

0 

Therefore the equation of moments is 

9 9 

AXtnj ydx ^ j mxydx 
0 0 

— mj^xydx, 

since m is constant 

Also P s (z, y) 18 on the curve y = 4— z* 


Therefore 


h j (4—**) dz J (4z— z®) dx 


m 16 

3 ** 4 

To find I we take momenta about the x axis, making the same 
approximations as before The moment of the weight of the 
strip about Ox is approximately mySxxiy, and this leads to 

9 

J dx as the exact value of the sum of momenta, provided 
0 

that the approximations can be justified 
The equation of moments about Ox is 


hm 


j ydz = j dx = ^ j y^dx 
0 0 0 
j" y dz = -^ 03 before, 

I y® dz = J (16— &c®+z*) dx 

= 32_“+?5 = ?“ 


( 1 ) 
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Therefore from equation (1), = 


128 

15 



The c.g. of the lamina is the point (|, 1^). 


Justification of the intuitive solution. Let the area of the p^rt 
of the lamina between the ^/-axis and SP be denoted by A. 
Then the area of the strip PQR8 may be represented by 8.4. 
The moment of this strip about the 
?/-axis is its weight nn S4[ multiplied by ■ 
the distance of its c.g. from Oy. Now 
this c.g., the point G in Fig. 6.38, lies 
somewhere between PS and QB by its 
definition as a point of balance and so 
the moment of the strip is greater 
than mhA.x. Since 84L is greater than 
( 2 /+ Si/) 8a:, the moment of the strip is 
greater tWn m{y-\-^y)hx.x. Similarly 
the moment of the strip is less than q 
»i84(a:+8a:) and 84, is less than y 8a:, so 
that the moment is less than T/iy Sa:(a:+ 8x) . 

Then, if My is the moment about the y-asds of that part of the 
lamina between Oy and PS and j)ij,-i-8ifj/ the moment of that 
part of the lamina between Oy and QB, SMy is the moment of 
the strip and 

7nx{y-\-By) Bx < 8Jfj, < my{x-\-Sx) Bx, 
or 7na:(y+Sy) < < myix+Bx). 

Let Bx -=«■ 0. Then 7nx{y-\- Sy) -> mxy and my{xA- 8x) -> mxy. 

Therefore = mxy 

dx ^ 

8 

and the sum of moments about the y-axis = J mxy dx exactly. 

This is the integral used in the intuitive solution. 

Now let be the moment about the a:-axis of the part of the 
lamina between Oy and PS and 44+ 844 moment of the 

part between Oy and QB, so that 844 moment of the strip. 

% the definition of the c.g. as a point of balance, G, the c.g. of 
the strip PQBS, is nearer the a:-axis than (a:+|Sa:, ^y), the c.g. 
of the rectangle PNBS. Therefore the moment of the strip 

« 67.1 
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about tbe z axia la less than ^bich. w less than. 

mij Sx X \y, since BA is less tlian y 8x Hence Siif^ 

Similarly, C is farther from the ar axis than (a:+|Sz, |(y+8y)), 
the c g of the rectangle MQRS 

Therefore SJ4> »nS^Xi(y+Sy)> m(y+Sy)8zxi(y+8y) 
Putting the two mequabties together and dividing by Sx, we 
have c If 

im fy+ 5y)* < 

When Sz->0, 

Therefore = imy*, 

dx 

t 

and the sum of moments about the z ans = | dz exactly 

0 

This IS the integral used m the intuitive solution. 

ExEBCisn 5 P 

1-S Pmd the position of the c g of the uniform lamina bounded 
by the loo given 

ly*®*. J/=»0, x = 2 2y = 4x*, * =» 1, y = 0 

3 y « 4—**, y as 0 

4 a as 0, y =» 0 and the part of y ®= 1— x* for which x and y ate 
both positive 

6 y sss 10x(l— i), y sa 0 

6 (i) y = 2x, y s= 0, X — 6 (u) y = mx, y == 0, x = A 

7 y =s 3x*, x = l, z = 2, y=0 

8 y &= 14-3x*, xs=0, y = 0, x=s2 

9 Fmd the y coordinate of the c g of the uniform lamina bounded 
by y s= I/x*, y = 0, x=sj, x=l 

10 Pmd the coordinates of the eg of the uniform lamina bounded 
by y = l/x», x = J, s = l,y*=0 

11 Show that the X coordinate of the c g of the uniform lamina 
bounded by the x asis and y » ox*li — x) is 0-b for all positive values 
of a If a = 7 show that the y coordinate of the c g is 0 4 

5.17. Average velocity from the velocity-time formula 
The velocity of a tram { mm after leaving a station is w ft 
per mtn , where v = 30t*(lO— t) After 10 mm the tram stops 
at the next station The average velocity between the stations 
IS the constant velocity at which the tram would travel the 
distance between the stations m the same time 
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10 

This distance = J 30fi{10 — t) dt 
0 
10 

= J (300«2— 30^3) dt 
0 

= [100i3— 

= 105— -|io5 = 26000 ft. 

Hence the average velocity is — — — ft. per mm. 

= 2600 ft. per min. 

= 28*4 m.p.h. 

Exehoise 6.Q 

1. A hody- moves on the x-ams so that at t sec. its velocity, 

V cm. per sec., is given by v = ITind the average velocity from 

t = Stot — 6. 

2. The speed of a train for the first 3 min. after leaving a station is 
120{J-f 1)2 yd. per min., where i is the time in min. from the start. 
Find the average velocity during these 3 min. 

3. A train is checked by signals so 
thatits velocity V yd. per min. at t min. 
is given by v = 600+60042 — 764*. 

The check begins at 4 = — 2 when 
the brakes are apphed. Before the 
train is brought to rest, the line is 
cleared and the train regains full 
speed at t ='+2. Bind the average 
speed of the train from f = —2 to 4 = +2. 

4. The tide flows past a lightship for 6 hr. in each direction. The 
velocity, v m.p.h., in one direction, is given at 4 hr. after it begins to 
flow in that direction by the formula v — ^ft^(6—t)^. Find the average 
velocity for the 6 hours. Find also the maximum velocity during 
this time. 

5. If a body moves with constant acceleration 60 that its velocity 

is given by v = a+bt, 

where o, b are constants, show that the average velocity from 4 = 0 
to 4 == a: is the velocity of the body at 4 = a:/2. 

6. If the body moves so that v = a+bt^, where a, b are constants, 
show that the average velocity from 4 = Oto4 = a:is the velocity of 
the body when 4 = a:/ V3 . 
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5 18 Mean values 

In general if the velocity tune formula for the motion of a 
body IS known, its average velocity from t = atot — 613 
b 


1 

b~a 


! 


vdt 


T his defimtion may now be earned over to any function of a: 
If jr 13 a function of at, then the mcon. roZue of y for values of * 
from a: = atoa; = hi3 



Muni 

V4lu«, 
Cry I 




Jc 



b 

Smee jydx\a the area under the graph of the function from 

a; = a to ® = 6, the mean value of y is the height of a rectangle 
whose base is (6— a) and whose area equals the area under the 
curve from = a to a; = b 

It IS mterestmg to compare this defimtion with that for 
findmg the mean of a set of numbers 

To ^d a batsman’s average for the season (1 e his mean score 
for the season) we add ail the scores together and divide fay their 
number With a contmuously varying quantity Uk© y we cannot 
do this, but the defimtion given above is a generalization of the 
anthmetical one 

rig 6 40 represents the part of a graph between x = a and 
z = b Take n eqmdistant values of y and represent them by 
y\>yi y% Vn anthmetic mean of these values is 
yi+y2+y3+ -hy» _ yi+y2-hy3+ 

n 6— a n 

Now (6— a)/n is the change of x between two successive values 
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of y. We therefore write {b—a)ln — Src. Then the mean is 
(yi+y 2 +y 34 --+yJS-'C _ yyhx-{-y^hx+y^hx...+y^hx 
" b—a h—a 

Now let n increase beyond any number, however large, so that 
lx -> 0, Then, by the definition of the integral, 

b 

the mean tends to I y dx. 

b—aj 

a 


Bxeeoise 5.R 


1-5. Find the mean value of y for the given range of values of x. 
d. y — X = 2 to X = 4. 2. y — 9— a;^, x = — 3 to a: = 3. 

y = 3^, X = 0 to X — 4. 4. 7/=l /x", x = 1 to x = 10. 

5. y = 4+4x— x“ — X?, x •= — 1 to x = 2. 

6. Show that, whatever the value of a, the mean value of 
y =z a®— x" firom x = —a to x = o is § of the maximum value 
ofy. 


7. During the passage of an anticyclone, the height of the baro- 
meter 2 / in. is given in terms of the time, x days, by the formula 


y = 29+^- 


4* 


Find the mean height during the four days x = 0 to x = 4. 

If X = 0 is 10 a.m. on the first day, find the average of the five 
10 a.m. readings at x = 0, 1, 2, 3, 4. 

8. The height, y ft. above the y\ 

river, of the arch of a bridge is 
given in terms of distance, x ft., 
from the centre line by 

y = 8-(x2/24). 

The span of the bridge is from 
a: = -12 to X = +12. Find the 
mean height of the arch. What is the greatest height of the arch ? 

9. Find the mean value of the function y = J(x®— 1) from x = — 1 
to X = 1. 



If this curve is the cross -sec- 
tion of the bottom of a canal on 
the scale unit x and 2 / = 10 yd., 
give, in feet, (1) the maximum 
depth, (2) the mean depth of the 
canal. 
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10 Abarrel is obtained by thorotution of tho cnrvey = I+lx— Jr* 
about the X axis from « = 0 to a: = 4 (mut x and y = 1 ft ) Fmd the 
mean diameter of the barrel 

Iron hoops are put round the barrel at a: = 0, 1, 3, 4 Fmd the 
average of the diameters of these hoops 

11 On a summer afternoon at t hr after noon the temperature, 
T'^F ,13 given by 

5'~70+2i-^j 

Fmd the mean temperature from noon to 5 pjQ 

5.19. Approximate integration 


■■■■■■■■KaiBaBHMBnunw 
.BBBBBBBflKBBBBBBBBBBBBBBB 
BBBBBBBBBB t^BBBBBBBBBBBBBB 


nBBBBB&SBBflBBBBBBBB 
HBBaflBiiaSWaflBBBBB 
■■■■■■BBBBBBBBBBfiiSSBBflBaB 
BBBBBBBflaBBBBBBBBnBfiSBflB 
BaaBflBBBBflflflBBBBBflBflBBBaa 


■BBBBBEiaBBI 


I 


Since J y da: IS the orea under the graph of y from a: = o to 

X = b, we can find an approximate value of the mtegral by 
drawing the graph on squared paper and counting squares 
This method is useful m two cases 

1 9 . 1 . We may be unable to integrate m the usual way because 
y IS a function of z which we have not met as a gradient For 
example, l/a:has nob appeared as the gradient of any of the 

* 

functions considered so far Ifwewiahto calculate J IjxdXfWe 

are unable to do bo exactly, at present, but we can find its value 
approximately by drawing the graph of y = 1/s from a: = 1 to 
X = 2 and estimatmg the area under thm portion of the graph 
by coimting squares Fig 6 41 shows the graph from a: = 1 to 
x = 2 and the method of organizmg the count of squares The 
number of complete squares m each column is written m the 
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column and the part squares at the tops of the columns are 
counted separately. It would take too long to estimate each 
part square as a fraction of a square, but it can quickly be 
estimated which part squares are less than a half square and 
these are ignored in the count. The remaining part squares, 
which are greater than, or equal to, a half square, are coimted 
as 1 square. In Fig. 5.37 these squares are marked 1. This 
estimation of the area of the part squares constitutes the 
approximation of this method of evaluating an integral. 
Clearly, the result is likely to be more accmrate (and the 
work more tedious) when the squares are small or the scale is 
large. 

In the present case the number of complete squares is 
9-j-8-(“2 X 7-1-2 X 6-j“4 X 6 = 63, 

The part squares are estimated as equivalent to 6 squares. 

Hence the area under the graph is estimated as 69 squares. 

Now the side of a square parallel to the x-axis represents 
Od on the x scale and the side parallel to the y-axis represents 
Od on the y scale. 

Hence each square represents O-Ol, and the value of the 
area under the graph is 69 X O-Ol = 0-69. 

2 

Hence f ^ 0*69. 


Exercise 5,S 


1-3. Evaluate, approximately, the integrals below. The answers 
to the questions are given to the accuracy obtainable on J-in. 
squared paper with the scales suggested. 

3 


1. j|;unita;: 


: z* m,, umc y 


2 


4 

2. I Vj; da: ; unit x = i in., unit ?/ = 1 J in. 
0 


8 

3. J 2* da:; unit x = ^ in., unit v = I in. 

0 

It is as well to have some idea of the accuracy of the method. 

8 

Evaluate | dz (a) approximately, taking unit x — ^ in., 
2/ = i in., (6) exactly. 
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19 2. The second case m which this approtimate method of 
evaluating integrals is useful is when y is not defined in terms 
of jc by a formula but by a table of values For example, in the 
following table wo are given correspondmg dimensions of a 
flask of which we wish to find the volume 



Fio 6 42 

By drawing a curve through the points plotted from this table 
we ^aw a half section of the flask (Fig 6 42) If we take the 
axis of symmetry os the x axis and a radius of the base as the 
y axis, this curve generates the surface of tho flask as it rotates 
about the x axis 

Consider a rectangle y Sx The volume generated by the rota 
tion of this rectangle is rry^Sx and so the volume of the flask is 
18 18 

J try^ dx If 3 ** Try’, this integral becomes J z dx, and is 
0 0 

recognized as the area from a: = 0 to x =* 18 under the graph 
of 2 plotted agamst x We now draw this graph from a table of 
values of 2 = rry’ when x has the values 0, 2, 4, , 18 


2 (aq m ) j 28 

43 

53 

65 

60 , 

34 1 

13 1 

3 , 

s 

2 

ar {m ) 1 0 

2 

4 



10 1 



10 

18 


We draw a curve through the plotted pomts and estimate the 
area under the graph by counting squares (Fig 5 43) There are 
90 complete squares and 18 part squares! to be mcluded m the 
count, and so the estimatedorea under the curve is 108 squares 

f The rule for meludigg part aejuarea ahould be used with discretion For 
example from a: » 14 to x = 18 ths graph is approximatel} parallel to the 
X axisand there ja no chance of compensation As there are 4 squares of which 
about } should be included in the coont we mark one square although it is less 
than half a square 
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The side of a square parallel to the i/-axis represents a cross- 
sectional area of 5 sq. in., and the side parallel to the a:-axis 
represents 1 in. Hence each square represents a volume of 
5 cu. in. The volume of the flask = 108 X 6 = 640 cu. in. 



Fio . 5.43 


Exercise 6.T 

1. A vase, 10 in. high, is a volume of revolution and the radius of 
its section at various distances from the base is given in the table : 


Radius (inches) .... 

2 

2-9 

3-2 

3 

2-5 

T -8 

Distance from base (inches) 

0 

2 

4 

6 

8 

10 


Sketch the vase and find its volume. 

2. The figure shows the cross-section of a 1-in. 
nozzle which is fitted to the end of a fire-hose. 
From the dimensions on the sketch wo obtain 
the following table; 


Distance from orifice 
(inches) 

0 

1-1 

1-6 

2-1 

2-6 

31 

3-6 

Area of cross-section 
(sq. inches) 

O 

oo 

0-78 

0-82 

1-02 

1-31 

1-79 

2-54 


Draw the curve of areas and find the volume 
of this portion of the nozzle, approximately. 

3. A mound of earth 3 ft. high in the centre is in the form of a solid 
of revolution with a vertical axis. The radius of the moimd at various 
heights is given in the table. Estimate the volume of the mound. 


Height (ft.) . 

0 

0-5 

1-0 

1-6 

2-0 

2-5 

3-0 

Radius (ft.) 

6-0 

4-5 

2-9 

1-9 

SI 

0-6 

0 
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4 Oaa map, contours are diawn to sho\T’ heights of 300, 250,200, 
150,100ft The top of a bill J3 300 ft high and the flat ground round 
its base is 100 ft high i^d the volume of the hill in cu yd to 
2 Big fig ifthe areas enclosed by the contours are estimated from the 
map to be 


Area enclosed (ag yd } 

0 1 

950 

1700 

3000 ' 

6500 

Contour 

300 1 

250 1 

200 1 

150 

100 


6 The density of the air at various heights is detenmned on a 
certain day and found to be 


Height (It } 

0 

1000 

2000 ' 

3000 

4000 ' 

6000 

Density (oz per cu ft > 

127 

1 19 

120 

1 u 

1 10 

107 


Find the weight, to the nearest 10 lb , of a column of air 6,000 ft 
high from the surface and 1 sq ft cross section 

6 By considering the area of tbe cade * o* m the positive 


quadrant, show that the exact value of J ^[a*—X’) dx is Jm’ 
0 

What 13 the value of j V(<**-“**) dj; ? 


7 The speed of a tram leavu^a terminos is given at various tunes 
after the start m the following table 


Speed (m p h ) 

0 

El 


ca 

BMEll 

Bl 

a 



lime hum start (mxa } 

0 

ii 

ti 

H 

UBI 

H 

fa 

B 

Q 


Find the distance travelled during the 8 mm and the average 
speed danng that tune 

8 The speeds of an electnc tram at various tunes after leaving 
one station until it stops at tbe next station are 


Speed (m p h ) 

0 

13 

33 i 

39i i 

40 1 

40 

30 1 15 

0 

Tune (ouo.) 

0 

i 

1 1 


2 j 

2i 

S j 3i 



Find the distance between the stations and the average speed of 
the tram 


5.20, Approximating to the area under a curve 
The method of counting squares is often labonous, and if 
great accuracy is not expected from the result the labour m- 
volved may not be justified For example, in Ex. 5 T, No 5, 
the air density is only given at intervals of 1000 ft , so that the 
curve under which the area is calculated is not itself very 
accurate For such cases, a quicker method consists in approxi 
mating to the curved boundary by a senes of straight imes 
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Consider the area bounded by the x- and y-axes and a eurve 
passing through the points 


X 

0 

2 

4 

y 

3 

3-9 

2-6 


We plot the four points 
and draw a curve through 
them. To estimate the area 
under tins curve we replace 
the curved boundary by the 
straight lines joining (0, 3), 
(2,3-9); (2,3-9), (4,2-6); 



(4, 2-6), (6, 0), and calculate 

the areas of the three polygons so formed, the first two being 
trapeziums and the third a triangle. 


Area of first trapezium = |(34-3’9) = G-9. 

Area of second trapezium = |(3-9-f-2-6) = 6.5. 

The area of the triangle is |x 2-6 = 2-6. 

Hence the estimated total area is 16. We can now see another 
advantage of this method ; it can be performed without drawing 
the graph at aU. The disadvantage is that, especially in a case 
where the boundary bends the same way for the whole length, 
the approximation is apt to be ratlier rough. In the present 
example .each polygon has a smaller area than that under the 
corresponding portion of the curve and so the errors add to- 
gether. By counting squares, I estimate the area under the curve 
to be 19. 


Exekoise 5.U 

1. Bind approximately the area bounded by a smooth curve 
V through the points (0, 0), (1, 1), (2, 1-4), (3, 1-7), and the lines 

x = 3, y = 0. 

2. Find approximately the area bounded by a smooth ciuwe 
through (4, 2), (6, 1-7), (8, 1-2), (10, 1), and the lines a: = 4, a; = 10, 
and y = 0; 

3. The speed of a train at various times from the start is given in 
the following table : 


Speed (m.p.h.) . 

0 

12 

28 

38 

45 

Time (min.) 

0 

2 

4 

6 

8 


Ihid the distance run in the 8 min. (This question is based on the 
test run shown in the frontispiece.) You can check your answer by 
noting the distance nm when the speed of 46 m.p.h. is attained. 



Estunate, m fcg to the nearest umt, the increased weight m winter 
of a column of 2 km high and I sq metre in cross section 

6 The sketch shows a section 


of an aeroplane wing, the under 
surface being flat A is the leading 


edge and the section may be drawn from the following table* 


Diat&nce &OTB le«(h&g 
edge, X (ft ) 

0 1 

025 

06 

1 

1 

a 

4 

0 S 

|10 

Height above 
y(ft) 

oil 

0 44 

loot 

081 

0 09 

102 

0 90 050 

1 

1 0 08 


Eatuaate the area of the section 


AIiscECLastcons Exxbciss 5 X 

1. Eraluate J (3a:— 2)<ic 

1 

s 

2 Evaluate J (2a:*— 2*+3)<fr. 


3 Find the area under the curve y =» 4**-j-2 from * = 0 to * = 3 
Show that the curve tf « a:*+i bisects this area 

4 Fmd the Volume obtamed by rotating the part of the curve 

between (i, i) and (2, 8) about the x axis 
6 Fmd the v^jlume of the bowl formed by revolving 4i/ = a* about ’ 
the y axis from y == 9 to y «= 16 (onits mches) 


6 Evaluate J(6j*+4/x*)<ic 


7 Emd the area hounded by y «= 24-3r— 2x* and the x axis 


8 Draw a sketch of the areas represented by j dxjx, j dxjx 



Show approximately, by countmg squares, that 
these areas are equal ' 

9 Fmd the equation of the straight line AB 
shown m (he sketch Find the volume of the 
bucket generated by the rotation of AB about 
the z axis (umt x and y = 1 ^t ) 
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10-26 

10. Find the c.g. of the uniform solid formed by the rotation of 
the part of the curve y = irom (0, 0) to (1, 1) about the a;-axis. 

f (x—2)^ 

11. Evaluate — -^~dx. 

1 

12. Find the area bounded hy y = 6a:^— 12a:, .t = —2, 

X = —l,'y = 0 . 

13. Find the volume obtained b}’' rotating the part of the curve 

= 2a:+4 between (0, 2) and (6, 4) about the a:-axis. 

14. The areas from x — 0 to x — h under (1) y — x~, {2) y = 3? 
are equal. Find h. 

16. Thedififerentialequationofafamilyofcurvesisdy/da; = l-j-Sa;-. 
Find the equation of the curve such that the area under it from 
a: = 0toa:=lis 2f . 

16. Find the c.g. of the area bounded by y = 1 +x^, y = 0,x = 0, 
x = l. 

17. Find the area bounded by y = Sx—Sx"^ and y = 2a:. 

18. y2 = 4a; is rotated about the a:-axis from a: = 0 to x = 4. 
Find h if the volume generated firom 0 to A equals the volume 
generated from h to 4. 

19. Evaluate J {l-f4(2-f x)“} dx. 

0 

20. A canal is to be excavated and the cross-section is to be a 
rectangle of depth 10 ft. and width 30 ft. The cost, c shillings, of 

, excavating a cubic yard at depth x ft. is given by c = ^+xj20. Find 
the cost of excavation per yard length. 


21. Evaluate J 

1 

22. The sketch shows part of the ovnve 
y = x^x~2)^. Find the shaded area. 

23. A bobbin is formed by the revolution of about 

y+1 = 0 between x = —2 and x = -f2 (umts: inches). Find its 
volume. 

24. Show that the mean height of y = x^-4-8 from x = — 2 to 
x = 2 equals the intercept made by the curve on the y-axis and 
explain the result geometrically, in terms of areas. 

25. Find the area bounded by y = 5, 5y = 4x^. 

26. The velocity-time formula for the run of a train during two 
hours is ?; = 60(1— from t = —1 to f = -}-l (unitsrmiles, hours). 
®hid (a) the maximum speed, (6) the average speed. 
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27 Fmd the volume obtained by rotating 16y = i* from (0, 0) 
to (4, 1) (d) about tbe y asis, (i) about tbe x axis 

28 ]^d the eg of the imiform solid formed by the rotation of 
1/2 t= 3 a; fronj ^ 0 ^ Qj to (3, 3) about the x axis 

29 A field 13 boimd^ by a straight railway line (y = 0) and two 
roads whose equations ate y «= 124 -*— **» y = 12— 4z— a? (unit 

a; and y = 1 chain) The comers of 
the field are ^ s (-3, 0), B s (0, 12), 
C s (2, 0) Fmd which equation applies 
to AB and which to SO, and detename 
the area of the field m square chains 
30 Draw the graph of y == 1/(1 -f 2a:) 
from * sss 0 to * =5 1, tak^ umt z and 
y to be 2i in (i m paper) Fmd an 

^ approumate value for j 



31 Find the smaller volume rut oiF a apbere of radios 2 it by a 
plane whose perpendicular distance from the centre is 1 ft 

32 Find the c g of the area bounded by y ** 6(1— a^) and y » 0 

33 Find the area bounded by y =* 3i* and y+3« «= 6 

34 The velocity of a body moving in a straight line zs St*/10 cm 
per sec after t sec In what distance does its velocity increase from 
30 cm per sec to 120 cm per sec ? 

35 Find the value of c if the straight line 3y =as x^-c bisects the 
area bounded by y =» 1 -f *»/3 x®»3 f/ = 0, x==0 

36 Fmd the volume of the shell bounded by 
the surfaces generated by the rotation about 
the xaxis of y*=l0x and y* = llx from 
xs= 0 to X 1 

37 Fmd the volume generated by the rota 
tion of y = 2x* about y = 2 

38 (o) Fmd the mean value of the squares 
of all the Qumbeis ihma 10 to 20 inclusive, 

_ (J) Find the mean value of the squares of the 

mtegers from 10 to 20 mclusive 

39 The mass per unit area of a rectangular plate 2 ft wide and 
3 ft long 13 constant across its width, but at a distance x ft fi'om one 
2ft edge it IS (16+2x) lb persq ft Find the mass of the plate and 
the distance of its o g from the 2 ft edge 

40 Show that the area under y = ax^+6 from x = —i to x = A 
^ I^(yi+2y2) where y^ is the height of the area at either Bide and 
yj IS its height at the middle 




Ex. 6.Y 


( 223 ) 

SIiscELiiANEOtrs Exeeoise 5.Y 

1. Eind the area between the curve y = 3a;(2— a:) and the a:-axis.’ 

2. Knd the area between y = a? and = 4a; in the first quadrant, 

3. Knd the area bounded hjy — x- and y = 16. Show that the 
line y = 4 divides this area into two parts whose areas are in the 
ratio 1:7, the smaller part being nearer the origin. 

1 2 

4. Show that if 2 / = 12x— 18a:-+12a:®— 3a;^, 2^ y dz—\ y dx. 

0 0 

2 ^ 

5. Show that J (a:-4-J) dx = j 2jx"dx. Show what the result 

1 i 

means on a sketch of the ciuwes y — ap-^-J, y — 2(3?. 

6. Find the volume generated by the revolution, 
aboutthea:-axis,of?/“ = 4a:4-a:^/2firoma; = Otox = 2, 

7. Show that the ratio of the volume obtained by 

rotating the part of the curve y — between 

X = 0 and a; = 1 about the a:-asis to the volmne 
obtained by rotating the part of the curve y = 1+a:- 
fi'om X = 0 to a: = 1 about the same axis is 17 /2L 

8. A cap of a sphere of radius 10 in. is cut off by a 
plane 8 in. firom the centre. Find the volume cut off. 

9. A wooden post 8 ft. long tapers so that at dis- 
tance * ft. from its thick end its weight per unit 
length is (16— 3x/4) oz, per ft. Find (i) weight of Ex. 6.Y 6 
post; (ii) distance of its c.g. from the thick end, 

10. The shape of a church steeple is given by the rotation of 
y = 4/x about the y-axis from y = 4 to y = 16, imit x and y being 
10 ft. Find the volume of the steeple. 

11. The pressure of water at depth 7i ft. below the surface is 60h lb. 
Tvt. per sq. ft. Find the pressure on a vertical lock-gate whose im- 
mersed area is a rectangle 10 ft. v’ide and 16 ft. deep. 

12. Find the volume obtained by revolving y = 2x^ from (0, 0) to 
(1, 2) about the line y = 3. 

13. Find the volume generated by the revolution of y = 4x^ from 
(0, 0) to (1, 4) {a) about the y-axis, (6) about the lino y+3 = 0. 

1 ' 1 

14. Show that J 3x^(1— a;)^ dx = J 2x^(1 — x) dx. 

0 0 

2 s 

15. Show that J dx = J (l+x^) dx. 

16. Find the area bounded by the part of the curve y — x^+x® 

om (— ij 0) to (2, 12) and the straight lines y = 12, x-f-1 = 0- 
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17 A ‘tiddly wmks* eupismade from a cylmdncal block of wood 
of radius a aad height 2o by eicarating the 
mtenor until the inner boundary of the cup 
13 given by rotating^ = 2a;*/a about they a-na 
which coincides with the aiis of the cylinder 
Show that the completed cup weighs half the 
onginat cylinder [Ignore the fact that the cup 
hasnothickne^atO Itwouldnot be possible 
to make auch a cup, but the result would be 

approximately true for an actual cup with a thm base ] 

18 A synunetncal pyramid has a square base of side a and height 
h Prove that its volume 13 ja*A If it is uniform, find the distance 
of its c g from the vertex 

19 A body moves in a straight Ima so that its velocity c f p a at 
I sec after the start is given by v 12{— 35* Find the distance 
travelled from the start when the acceleration is lastantaneonsly 
zero Is the velocity a maximum or minimum then ? Find also the 
accelerations at the two instants when the velocity is zero 

20 To find an approximait value for V Take the quadrant of the 
circle x*+y* =* 144 for which x and y are both positive Calculate y 
when « as 0, 2, 4, 6, 8. 10, 12, and, replacing the circular boundary 
between each pair of consecutive points by its chord, find approxi 
mately the area of the quadrant Equate this to iirxl2* and find 

an approximate value of w (to 2 8ig fig } 
A better approximation may be found 
as follows Find the area under the circle 
from X = 0 to x = 6, calculating y for 
X = 0, 1, 2, 3, 4, 5, 6 and workmg to 4 sig 
fig Take away the area of the triangle 
OPN and obtam the area of the sector 
BOP What 13 the cosine of angle PON ? 
What IS angle BOP ’ What fraction of the 
complete circle is the area of the sector 1 Hence, find an approxima 
tion to jT to 3 Big fig 

s 

21 Find, approximately, the value of J lognjX dr [If the graph, 

y — logx, 18 drawn with nmt x = 2^ in and unit y = 5 in , the 
result should be correct to two decim^ places ] 

22 A block of stone is made m the shape of a solid of revolution, 
the base being a circle of radius 1 ft The height of the stone is 1 ft 
and its diameter at various heists above the base is given m the 
following table 
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Diameter (ft.) 

2 

1-94 

1-74 

1-42 

1 

Height (ft.) 

0 

i 

4 

J 

1 


Rnd, approjdmately, the volume of the 
stone. 



23, Eind, to two decimal places, the value of J dx by 

0 

drawing the graph of y = Xyj{l—x-), taking rmit x and y = 6 in. and 
counting squares. To save your time, a table of values is given, but 
some of the entries should bo verified. 


X 

0 

0-1 

0-2 

0-3 

0-4 

0-5 

0-6 

0-7 

0'8 

0-9 


1-0 


0 

0-10 

0-20 

0-29 

0-37 

0-43 

0-48 

0-50 

0'48 

0-39 

H 

0 


K (0,^) is the c.g. of the semicircle 
with radius 1 shown in the sketch, prove 
that 

1 

!j^ = j2yV(l-r)tZy 
0 

and deduce that h == AjZn. 

Actually this formula is exact, but this can only be proved when 
the integral can he evaluated exactly. 

24. A solid is formed by rotating y® = 4x from (0, 0) to (4, 4) 
about the tc-axis. Eind the distance of its c.g. from the origin, 

25. Eind the area between y = 6(1 — a:“/4) and the a;-axis. Find 
the coordinates of its c.g. 

26. Eind the coordinates of the c.g. of the area in the first quadrant 
hounded by y = 9— a;^, a: = 0, y = 0. 

27. An inn sign 3 ft. by 4 ft. hangs vertically at right angles to the 
^™d. When the velocity of the wind is v m.p.h. the pressure exerted 
on the sign is O-OOSu^ lb. wt. per sq. ft. The wind is blowing at 
10 m.p.h. when a squall begins and during the next 2 min. its velocity 
is given hy v = 10(l-i-i/2), where t is the time in min. Eind the mean 
pressure of the wind on the sign during the 2 min. 

28. Verify that {h, h^) is a point on the curve y = x^. 

(i) Eind the ratio of the volume generated by rotating the part of 
the curve y = a;® between (0, 0) and (h, W) about the a:-axis to that 
obtained by rotating it about the y-axis. 

(ii) Eind Ti if these volumes are equal. 

29. The acceleration of a body is {5-f-4t) f.p.s.® and its velocity at 
^ = 0 is 10 f.p.s. Eind the distance travelled in the fourth second 
[from t = 3 to t = 4). 

« 67.1 
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EXERCISE 6 Y Ex 5 Y, E* 6 Z 

30 Tho sketch shows the plan of 
a village green OFO and the roads 
rcmmng by it 
The equation of OF la 8y = 

Tihere the unit of z and y is 100 yd , 
OF touches OF at the fork, F QOz 
13 a nght angle Verify that the tan 
gent at F passes through the ongm 
as shown m tho sketch Find the area 
of the green to the nearest acre 

31 A vase ja formed by the rotation of the curve y = 6/i-i-r/8 
about the X axu from jc = 2 to a: s= 18, the units of x and y being 
inches Show that the diameter of the base {x s= 2} egnala the 
diameter of the top (* = 18) and give their value What is the least 
diameter of the vase ? Find its volume 

32 Fmd the area enclosed byy as ll+7ar— 3ar* andy «» e-fS 

33 Find the area enclosed by the curves y *= 4— ar* and y *= St* 
Find the volume swept out by this area if it is rotated obout the 
y axis through two nght angles 

34 Fmd the area botmded by y « l+ 2 ^i yssQ, x>^0, xss2 
Find tho coordinates of the c g of this area Find the volume of the 
solid obtained by revolving the area about y a 0 (Use one of the 
integrals already evaluated ) 

35 Fmd the volume generated by the rotation of y = l/i* from 
(1, 1) to (2, J) about y I 

SIiscELiiADEons Fxukcisb 5 Z 

1 Find the area between y =* 3(1 — x)(z—5) and the z ans 

2 S 6 

2 Show that (i) j (3x9+2) dr+ / (3z*+2)dx = J {3z*+2)dx, 

0 2 0 

(u) J(3x9+2)dz 2 J(3x*+2)dx, and illustrate the results by 

considering areas under tho curve y = 3z*+2 

3 Show that J “ J 

4 Fmd the area enclosed by y = iz^ and y ^ ax If a » 3 and 
Ic IS increased from 2 to 2 1, find the approximate change m the area 

6 A spherical loaf of radius S m is cut into 10 slices each 1 m 
thick I^d the ratio of the volumes of the first shoe (the crust) and 
the third slice 
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6. (a) A lens is formed by rotating the curves = 8a:+9 and 
y- = 9(1— a:) from y = 0 to y = 3 about the aj-axis. Knd its volume, 
(b) More generally, show that the curves 
' b?/" = 7;-(a:+6) and = h^{a—x) 

meet the cc-axis at 5 s (— 6, 0) and A = (a, 0) respectively, and 
that both curves meet the y-axis at C = (0, h), D = (0, —Ti). 

Show further that the volume generated by the rotation of BCA 
about the .r-axis is 


7r7i“ 


(ct+6). 


7. lind the equation of the normal to 4?/ = a:- at (2, 1). Find the 
volume generated by revolving the area bounded by the curve, the 
normal and the a:-axis about this axis. 

8. The portion of the curve y = a-— a:’ for which y is positive is 
rotated (a) about the a;-axis, (b) about the line y — 2a". Show that 
the ratio of the volumes generated does not depend upon a and find 
its value. 

9. The area hounded by y = 2-\-2x~, x = 0, y = 0 and the 

ar 

variable boimdary a; = a: is A = J {2-\-2x^) dx. What is the value 

0 

ofdi/daiwhena: = 4? Ifa: increases from 4 to 4*2, find approximately 
the increase in the area. 

10. A bowl is obtained by revolving Zy = x^—\ about the y-axis 
from y = 0 to y = 1 (the units are feet), and water is poured into 
the bowl. Find the volume of water when the surface is h ft. above 
the bottom of the bowl. When the depth is 8 in., find approxi- 
mately the change of depth if an extra Od cu. ft. of water is added. 

11. A bowl has the shape of a solid of revolution whose axis is the 
y-axis. The bottom and top of the bowl are at y = 0 and y — 2. 
When the depth of water in the bowl is li, its volume is 

End the radius of the bowl at height 1i above the base. What is the 
equation of the boundary cuiwe ? 



12. The centre-board of a yacht, when lowered, is a right-angled 
Wangle with a horizontal side of 10 ft. and a vertical side of 3 ft. 

e horizontal side is 3 ft. below the surface of the water. If the 
pressure of the water at depth h is 607i lb. wt. per sq. ft., find the 
pressure of the water on one side of the centre-board. 
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, 13 Placing the centre board of 

''i No 12 in relation to the axes as 

■ ahotm in the sketch, find the posi 

tiou of its c g 

14 Calculalion^tnyachtdesijntng 
14 1 A designer draws the lines 
of a yacht on a scale of i in «= 1 ft 
He finds that, on the drawing, the area of the under water cross 
section of the design at various distances from the bow is as follows 


Distance from bow (m ) 


it ! 

3 ' 


5 1 

6 1 

es 

Area of oro83>Bect)oii (sq in ) 

0 1 

03S 1 

0S2 ' 

0-99 ! 

0 70 1 

013 1 

0 


Hepresent these figures on a graph and estunate, as accurately as 
you can by counting squares, the volume of the yacht This js 
called the displacement and when divided by 35 it gives the tonnage 
14^ Here ace some figures from an actual design t Th® yacht la 
1C ft long and the under water cross sectional area is given at 
10 equally spaced sections, which are, therefore, 1 D ft apart 


Number of 
the sectioo 
(from bow 
to stern) 
Area of 

0 

1 


3 

4 

fi 

6 

7 

3 

9 

10 

eectioa 
(•q ft) 

0 00 

0 60 


4 34 

600 

7 20 

7 36 

6 05 

3 56 

166 

0-76 


Draw a graph of these areas This graph is called the curve of areas 
The designer makes the volume of the under water body of the 
yacht 64 32 cu ft Check this result 

14 3 Frequently the yacht designer finds the area under the curve 
of areas by the method of section 6 20 If the areas of the sections 
0, 1,2, ,9, 10 are yi.y*, ^9 ft and the sections are 

h ft apart, show that the calculation of the area of the curve of 
sections by the method of section 5 20 leads to the following 
approxunation to the volume of the yacht 

f’ = (|+y.+y.+ 

This IS called the trapezoidal rule 
Calculate the under water volume of Paxda m this way 
14 4 Show that if fiA 2 = (& — o) and j/o> Vu Vv ^ values 
of y at a; = a, a+h, o+2A, ,6, 

t Paxda from Cruwnff YadOa Detign and Performance by T Harnsoa 
Butler (Robert Roes & Co Bid.) 
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b 

j y^ = (f +yi+y2+...+«/n-i+^)A. 

. 0 

This is the trapezoidal rule, for the approximate calculation of 
integrals. 

14.5. Calculate, to two decimal places, approximations to 

2 ■* 

(a) I dxjx (take 6 intervals), (b) J dxjx (take 6 intervals), and show 

1 1 

4 2 

that J dxjx is approximately twice J dxjx. 

1 1 

14.6. ph order that the boat, when it is launched, may not float 
as shown in the figure, the 
designer has to calculate the posi- 
tion of the centre of buoyancy. 

This is the point through which 
the supporting pressure of the 
water may he regarded as acting, 
and it is shown in hydrostatics that this point is the c.g. of the 
water displaced by the hull. Therefore to find the centre of buoyancy 
we must find the c.g. of a uniform solid coinciding with the under- 
water body of the yacht.] 

Show that if the area of the cross-section at distance x ft. from the 
bow is y sq. ft., the distance, 7i ft., of the centre of buoyancy from the 
bow is given by - j 

/bjydx = j xydx, 

0 0 

where I is the length of the yacht. 

One of these' integrals has already been evaluated approximately 
in 14.3 for the yacht Paida. Find the approximate value of the other 
by the trapezoidal rule and determine the distance of the centre of 
buoyancy from the bow. 

15. (a) A bucket is 8 in. high and the radii of the base and top are 
3 and 5 in. If the bucket is placed as in the ^ 
figure, find the equation of AP with respect 
to the axes marked. Find the volume of the 
bucket. 

(5) If the height of the bucket is h, radii 
of base and top a, b, show that the volume is 0 

hh{a^-i-ab-{-b^}. 

(c) Use the result of (6) to find approxi- 
ruately the volume of a barrel if it is 6 ft. 
high and if the radii at the base, at 2 ft. 6 in. above the base and at 
tbe top, are 2, 3, 2 ft; 
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16 Th® diagram showa the cros’s acction of a 
girder The ciirred houndaty on the positive 
aids of tho X axis i&y — -^+72:* from a; = — J 
to a? s= +1 and the girder la ayimaetrical about 
the X axis The units of x and ^ are feet and 
the plane boundaries of the girder are given by 
X =5 1 and X « — f If the density of the 
Ex. 5 Z 18 metal la 160 lb per cu ft find the weight of 
the girder per ft run 

17 (o) Show that the curve y = x* divides the square formed by 
drawing parallels to the axes through (0 0)and(l 1) mtotwoparts 
whose areas are in the ratio 1 3 

(b) Show that if the curve is y =* x* the ratio of the areas is 1 n 
18 Find the volume obtained by rotating 
the area between the curves y* « 16x and 
t/3 SB lQ(x— 1) from x=»0 to x = 4 about 
the X axis 

10 Show that the tangent to y = 81*+! 
at X s meets the curve agam at (1 9) 
Find the ar^ enclosed between the tangent 
and the curve 

20 When soap bubbles are blown it some 
tunes happens that a double bubble is formed 
consisting of two equal spherical portions 
separated by a plane circular film When this 
happens it is found that the three films make 
aisles of 120*’ where they meet on the circle 
with AB as diameter If the radu of the 
spheres are a find the distance of the centre 

I of each from AB and show that the volume 
of the double babble is (9n«®)/4 

21 Find the volume generated by the rota- 
tion of Off = X* from (0 0) to {a a) about 
(a)thexaxis (b)theyaxi3 (c) tbeliney = a 

22 Show that the curve 3y 5= ac*— 3x-|'4 has a maximum at 
(—1 2) and passes through the pomfc (2 2) Sketch the curve and 
find the area bounded by the curve and the straight Ime y ~ 2 

23 Find the volume gaimated by the rotation of the part of the 
carve y = x*— x® between x == 0 and x = 1 about (a) the x axis 
(b) the Ime y = 1 Fmd the c g of the i olume (a) 

24 Any elementary text book on mechamcs contains the following 
formulae for motion with coimtant acceleration a 

(1) c = w+at {2) a =» «t+Jat® 
a and v denote the distance from the startmg point and the velocity 



£x SZ 18 
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at time t, and u is the velocity at the start. Prove the formulae 
as simply as you can, starting from the fact that the acceleration 


h a. 

Pind the corresponding formulae for motion vith acceleration 


where i is a constant. 

25. On a summer day the temperature T° F. is given at t hr. by the 
formula 




t. 

16 


'256 


+70. 


If { = 0 is noon, find the mean temperature from 8 a.m. to 8 p.m. 
Pind also the temperature at 8 a.m. and 8 p.m., and the maximum 
temperatme "with the time at which it occurs. 

What reason is there for supposing that clouds obscured the sun 
temporarily at noon ? 

26. Pind the coordinates of the c.g. of the area bounded by the 
axes and the part of the curve ay = a~—x~ for which x and y are 
positive. Illustrate your result ■with sketches dra'wn mth the same 
axes for a = 1, 2, 3. Verify that the c.g.s of these areas are in line 
with the origin. Show that whatever the value of c, the c.g. is on the 
line 15)/ = 16a:. 

27. The gradient function of a curve is 4(c— »), it meets the a:-axis 
where a: = 3, and the area in the first quadrant bounded by the 
carve and the axes is 18. Find o and the equation of the curve. Find 
also the maximum Avidth of the area parallel to the y-axis. 

28. A curve of the form y — o+ix+c.'r^ (where a, h, c are constants 
to he found) is to cut the a:-axis at a: = 2 and have a maximum value 
of 1 at a; = 1. Find a, b, c. Find where the curve cuts the a;-axis 
again and find the volume obtained by rotating the part of the eurve 
for which y is positive about the x-axis. 

29. Owing to the viscosity of water and the friction of the sides, 
the velocity of the water in a pipe is greatest at the centre. When the 
water is not floAving too fast, its velocity, v f.p.s. at x ft. from the 
centre of the pipe, is given by u = k{r“ — x^), where I: is a constant, 
and r ft. is the radius of the pipe. 

(1) Find the value of h for a pipe of 6-in. radius if the velocity of 
the Avater at the centre is 2 f.p.s. 

(2) Pind the quantity of water, Q cu. ft., floAving through this pipe 
per sec. 

(3) ^d a general formula for Q in terms of k and r. 

(4) If is the velocity at the centre and is the mean velocity 
(the constant velocity over the whole section which would produce 
the same flow), show that 




The pewtef vase Bhown m the sketch has «r 
cular cross section and the area of its sectioa at 
various distances from the base is given in the table 
above 

Find the volume of the vase spprommately 
31 Find the mean value of the area of all the 
circles which can he drawn with radius not greater 
than a given length, a 


ANSWERS 

Note: The answer is not given to a question in which a check is asked for. 

CHAPTER I 

EXERCISE 1.A (p. 11) 

1. i. ' 2, 1. 3. -h 4. 2. 5. 6. -2. 

7. 2. 8. (i) f ; (ii) — (iii) (iv) (v) — (vi) -6. 9. 1. 

10, If. 11. U. 12. 1. 13. -i. 14. -f. 15. f. 

16.0. 17. 600 ft. 18. Yes. 

EXERCISE l.B (p. 14) 

1.78“ 41'. 2. 168° 41'. 3. 108° 26'. 4. 26° 34'. 5.135°. 

6. 0“. 7. 90°. 8. 49° 46'. 9. 82° 53'. 10. 11'. 

11. 173 ft. 12. ±1-2. 13. 0-96, 14. (a) -0-8; (b) 141° 20'. 

15. 1 and 45°. 16. (a) 61° 20'; (b) 38° 40'; (c) 77° 20'. 

EXERCISE l.C (p. 16) 

1. 2!/ = a;— 4, y = 3x—2, y = ~4a:— 2, y — —x—2. (a) y = — 4x— 2; 
(J) 2y = X— 4. 2. The gradient of all the lines is 3. They are all 

paraUel. 1/-3X+I: = 0. 4. A, 5.-3. 6.2, 7. -J. 

8-i 9. -i. 10. 0. 11. -1. 12. U. 13. -4. 

15. 0°, 90°. 16. (a) Lines parallel to the bisector of 

one of the angles between the axes ; (6) lines parallel to the x-axis ; 
(c) lines parallel to the y-axis. 17. (o) y = — x— 2 ; (6) y — —2. 

18. (o) y = 4x-{-/s; (6) y = —2x-\-k; {c)y = k; {d)y = ix+k. 

EXERCISE 1.D (p. 17) 

— f. f. Equally inclined. 2, (a) ParaUol; (b) equally inclined 

to axes; (c) equally inclined to axes. 3. (o) —3; (6) +2. 4. J. 

t> — I, 6. (i) and (iii). 7. (i) and (ii). 


EXERCISE l.E (p, 20) 

(h 0), (0, 2), (0, 0) ; 3, 2, 1, 2. 2. Tliey are positive. 

3. Third and fourth. 4. First and third. 

5' (a) Second ; (6) first ; (c) third ; (d) fourth. 

■ The speed is lowest at the top of the loop. 

• (o) (12, 2) ; (6) (6, 4) ; (c) they are the same ; (d) they are the same ; 
(®) (12, 4); (/) (6, —4); (g) x-coordinato+4, w-coordinate 0; (h) (4, 6); 
(t) (16, 8). 


X-Slcp 

y-step 

x-step 

y-step 

+ 5 

+ 3 

(6) +6 

-4 

+9 

-3 

(d) +9 

+8 

-9 

■ +1 

(/) -3 

—9 

,+12 

0 

(h) 0 

-11 
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9. E step 18/V2 = 12 7 miles, N stop 2/V2 = 14 zzules 10, (o) 0 7, 
nsmg, (&) 1 3, rising, (c) — J, falling, (d) —2, fallmg, (e) 0, parallel to 
if axis, (/) 0 1, nsing 11. (a) (3, —4), (6) (—3, 4) 12 (o) —1, 

(6) 2, (c) — 4, (d) 2 c IS the steepest line 13. (j)2J,(u) 2} They 
lie on a straight hno 15. 2 17. (a) 2 2, 65® 33', 

(6) -0 3. 163® 18' 18. 90", 63® 08'. 36® 52'. I9.(a}6,3, 

(6) -4J, -2J , (c) 1, -i , (d) 2, 0. (e) i . (/) 16 20. (2, 0) and (0, 3) 

21. (4,0) and (0,3) 22. ar=2.y=3 (2,3) 23. (1,1) 

24 (-2. 2). (2J. 2). (1. -1) 25. (2, 2), (-3, -1). (3, -2) 

26 (-1,2) find (4, 6) 

EXERCISE I P (p 24) 

I. (a) y = Sx+l:, (b)y = Jx+ifc, (c)y = — jar+i, (i) y = — llr/7+I 
2 (i)y— 4*+3 = 0, (ii)2yd-2* = 6,(iu)6y— 3x =16, (iv) 2y+Sx = 1, 
(v) y—x = I , (vi) 3y— lOr = 1 , (vu) y »= 2 

3. 2y-3x+6 = 0 4. 3x+4y+7 = 0 

5. (i, a) y axis (i, b) x =* 0, (ii, a) x axis (u, 6) y = 0, (in, a) a bisector 
of the angle between tho axes, (ui,6) y = x 6. Platform 4, 

y = «+2, y 2. * — 3 7. 90®, x = 1 8. x«7, y+8— 0 

9. y+x «= 3, y— X *■ 1 10 lOy— 8x « 0, yes 

II. (a) 2x+y = 4. (6) 2x+y+4 = 0 

12. 2y+x «• 6, 2y— x+6 = 0 13. y— x+2 » 0, y+x+6 — 0 

14. AC ay-2x = 3, OC a 3y-x = 4. C s (-1, 1) 

15 Railway 3y+x = 7 Road bridge m (1, 2) Cistoneo frain 
tunnel = VlO miles Pond, nearerside, haystack, fartherside Beanngs 
(a) N 63® E , (6) N 22® W 

16 Red sector is bounded by 2y+x = 0 and y+3x -» 0 Its angle u 
45® Track of the trawler is 2y— x = 6 Steamer and trawler enter red 
sector at (— 1|, 4^) ond (— |, 2J) respectively The gun should be fired 
for the trawler 

EXERCISE 1 a (p 27} 

1. (2,0), (0,4) 2. (4,0). (0,-6) 3 (-1, 0), (0, -1) 

4. (-2, 0), (0. 1) 6. (2, 0), (0, 3) 

EXERCISE I H fp 28) 

2. ix+iy =1 3. — i*+Jy = 1 ory— 2x = 6 

4. 2x+y+4=0 5. 2x43y=l 6. 3y-4x= 2 8. 20 ft 

9. 6ift 10. (o)ix+Jy=l.(6)ix+iy+l«0 

11. ^x+iy = l: 12. 6= 30ft, 60ft 13 -b/a 

EXERCISE 1 J (p 30) 

1. 63® 26', 163® 26'. 2. (i) and (m) 

3. (a) y = 2x, (6) 3y+x = 0, (c) 6y = 3x 

5. {a)y-x— 2 = 0, (6) 3x+2y+2 = 0, (c) 5y-2x+22 = 0, {(i)x = 3, 

(«) y+ 3 = 0 6. 2y = 3x 9. The circle passes through 0 and C 

10. y—x = d ll. y = 1, X = 3 

13. y = 3x, 3y+« = 0, y~3x = 10, 3y4» = 10 (—3, 4 ) 
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14. 3y-2x-10 = 0, 2y-\-3x = 11. 

15. y-2x — 5, 2y-\-x = 0. (— O-S, — 1-G), (-2-8, — 0-6), ( — 2, 1), and 

(0, 0). 16* (i) Aa:+i/ = 1 ; (iii) G (1, 3), D == (3, 2) ; 

(iv) 3y = a:+3, j/+3a: = C. 17. 4y—3x = 3, 4y+x = 3. 

EXERCISE l.K (p. 32) 

1.8,6,10,1. 2. 6, -6, CV2 ==8-6, -1. 3.AB,AG. 

EXERCISE l.L (p. 34) 

1. (0,3). 2. (1,0). 3. (4,4). 4. (-21, -3). 

5. (-11, 1). 7. *+2/ = S. 8. 61/-4.T+D = 0. 

EXERCISE l.M (p. 34) 

2. 22ft. 3. 3i/+2a;-2 = 0, 3jf+2:r+2 0. A ^ (4, -2), 

B = (8,-6), G = (C, -4). 4. fond-f. 5. 2/+3x- = lO, 

3y-x = 20, y+3x = 0. (3, 1) and (-2, 6). 6. (9, 7). 7. 17. 

8. (-1. i), ih -2). 9. Jll =: (1, 3), N ^ (}, -21), P ^ (4, 1), 

Q = (-3. -i), X ^ (3. 0), Y = (-1. i). 10. X ^ (3, 1), 

r = (22,2). Xyis2(/+3x= 12. 11.5. 12. V6, (3, 3) 

and (3,-1). 

EXERCISE 1.N (p. 30) 

I. a:=l. 2. X— 2»/+6 = 0. 3. y = x. 4. X+22/+1 = 0. 

5. y = 2. 6. x+3 = 0. 7. y = 2x. 8. 3x+5y = 18. 

9. y-x = 0, y+x = 0. 10. y'- = 4x. 11. x"-+y"- = 1. 

12. xs+y’- = 2. , 13. xHy’ == 26. 14. (x-l)=+(y-2)2 4 

■wHcli simplifies to x- 4 -y-— 2x— 4y+l = 0. 15. (o) circle; 

( 6 ) circle. 

EXERCISE 1.P (p. 37) 

(0. 1), 2. 2. (1, 1), 3. 3. (-1, 3), 1. 4. (0, 0), 6. 

8 ' (~1> —6), 2. 6. Circle. 7. Not a circle. 8. Not a circle. 

9. Not a circle. 10. Circle. 

II. z--^{y—2)- = 4, simplifying to x“+y-— 4y = 0. 

12. (x— _ g simplifying to x-+y° — 2x+2y— 7 = 0. 

3. (x+l)2-|-(y^2)2 = -P- simplifying to 4x-+4y®+8x+16y+ll = 0. 
14. 1, 2) and (1, -2). 15. (4, 3) and (-3, 4). 

16. s^+y^+Sx = 0. The locus may bo drawn by noting that the centre 
of the circle is (—4, 0) and its radius is 4. 

EXERCISE l.Q (p. 38) 

1- y®-4x+4 = 0. 2. x^—4y+4 = 0. 3. y" = 4x. 4. y = x®. 

5. 3x2-j,!4.8x- 10 = 0. 6. 3x-+4y2-64x+266 = 0. 

• ®y = O". 8, 77X^-(-8xy = 288, 

j EXERCISE l.R (p. 41) 

~ 2. (i) Parallel to the x-axis ; (ii) parallel to the y-axis ; 

passes through the origin ; (iv) is the y-axis. 

• y ~ k; {b) X = J:; {c) y — mx and x = 0 or ax+by — 0. 
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4. (j) y = 6a!,(ii)3^4-2jf = 0 5. (o) 28 6. (6) 67 3. (c) 673 

6. xla-\-ylb =1 7. * = 2 8. il=»0 9. m = 2, k = 4 

10. »n « Z. *= 6 11. y = 0821+18 12 P = 08Tr 

13. P = 06Tr+I0 No 14. ir*3 4ft-80 3 4,-80 

EXERCISE 1 S (p 44) 

1. x»+tj*~x~y « 0, (J. J). 1/V2 2. ar*+y»+Cx-8y = 0 

3. 0 4. (a) Its centre kes on tlie y axis , (6) it passes through the 

ongin 5. **+y*— 10a: =* 0, (6, 0), 5 

6. a5»+j/*— 4j)— 4x+3 a= 0, (1,0) 7. x*+y*— 2i— 23/— 6 = 0 

9. ««+y*+Sy = 9.x»+3*-8y = 9 

10 x»+y*-8z-7y+12 « 0, (0,4) II. x*+y* = 4, (1 2. 1 6) 

12. a*+j/*+2x+4y« 0.z*+y*-4r-2y= 0 13. (2,1),| 

14. a = J 15. x*+y*+4i = 0 

16. (a) No, (6) yes a <= 0give3i*+y*+2j+4y = 0 

17. Centro the origin, radius 0, 1 e the origin 

EXERCISE 1 T (p 4D) 

1. a+2y«6 2. a:-2y= 10 3 3y - 4r+2 

4. 3y— ®— 6 a* 0 5. *+y«sO 6 af-y— 4 = 0 

7. y+l-s0,x-2 10 4*+3y * 60, 4x-3y - 50,P »(12i,0), 

PA ■» 7J 11. 4* = 3y. 3z+4y « 0. (0, 0) 12. o»/®i,a*/yi 

EXERCISE 1 XT (p 48) 

1 . 11 2 . 101 

EXERCISE I V (p 48) 

1. 6 2. 0 3. 2. 4. 13 S. 67,600 89 yd 

6. 5 7 seres nearly (6H 232 sq ft 

MISCELLANEOUS EXERCISE 1 X (p 49) 

1. y~2j+8«0 2.®= 6 3. 123* 4. y+r = i,I35* 

5 (o)and(c) 6. (c) 7. (5, -2) 8. Pb(6. -1), 

Q s (4, -2i) 9. 2y = z 11. y+3z = 9 

12. y— 2i+6 = 0 13. 3y+6z =» 7 14 (6) is perpendicolsr 

to (a), (c) IS parallel to (a) 15. y = z and y+z = 2 

16 8z+6y = 60 and 6y == 6z (6,6) 17. — 36and4 

18. 12J® 19. *+^r= 3and5*-y+ll = 0 20. 17ift 

21. 2y-z+6 = 0 22. y = 1 23. 4y = 3z, (4. 3) 

24. (b) 13 parallel to (a), (c) is perpendicular to (o) 25. 6y = 3z, 

6y+3z = 30 26. 4y+6r = 4 27. (a) 2, (b) U 

28. (1, 2), (— 4, — 1) 29. (0, — 2),y+2 = 0 30 Thepoint 

oni+2y = 0 31. 4y+3®+22 = 0 32. y+2z = 4 

33. 2y-3z+4 = 0 34. y = 8 35. (-1,3), 4 

36. y=2— 2z 37.0 = 0 38. z=»y+l 40. 2y+z = 9 
41. 3y+2z+2 = 0, 2y-3z = 16 42 z-2y+9 =* 0 

43. x'+y’ = 60 44. sey = 100 45 (o) x = 7, y = 5, 

[b) i+6y = 32. y = 6x-30 46 (a) 37°, (b) 90°, (c) 0* 
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47. (0,0), (1,2), (-1,4), (-2,2). 48. o = 2, (- 1, -1), 3. 

49. 64. , (2, i). 

51. Tho equation of the circle is ir-+ 2 /= = Ax+Qy. 

52. (i) 7; = 0; (ii) k= —14. 53. = 36; y— 2 = 0, 

,j,+ 10 = 0. 55. a == 0; (-1, 0), 1. 56. 2x+32/ = 21. 

57. -3, J, -3, J. • 58. a:-+2/‘4-22/ = 3; (0, — 1), 2. 

60. 2/+2a:+5 = 0. 61. J/+4 = 0. 62. *==+2/- = *+22/; 

(i, 1), V6/2. 63. 2a: = 3. 64. x--\-y--\-2x—&y—& = 0. 

65. 4t/-6a: = 3; 82 /- 3 a; = 27. 66. 2/+2 = 0, a: = 4. 67.7. 

68. (6,8), (-11, -4). > 69. x--\-y^-2x-\-Ay-2Q = 0. 5. 

70. 2!/- 3a; = 1. 

MISCELLANEOUS EXERCISE l.Y (p. 63.) 

1. 2 / = 3x. (-1J, -4). 2. 6a:+32/ = 0, &y-^x = 21. 

3. Ina;-axis x — 2y = 1, in y-axis 2y — x — 1. 4. DE — 2y — x — 2, 

EF^x+y = l,FDzsy-2x^2 = 0. 5. 26i“, 634°, 90°. 

6. (-9,4), (3, -4), (0, -0) aro on 32/+2a:+6 = 0. 7 . y = 2x, 

= a;, 2y+x = 5. A ^ (1, 2), B ^ (3, 1). 8. (-5, 0), (-6, 10), 

9. 1 ft. 10. 13 yd. 1 ft. 11. (s, -1). h 32/+4a: = 3. 

12. 2!/-4a;= 6, 42/+2x+C = 0; (-14, -4). OA = OB = OC ^ 4V10. 

13. 3x— 2i/— 4 — 0. <3 ftud E. 14. 8x = 17. 15. 2. 

16. (I, 3); 2J; x‘-^y--5x-Qy-\-9 = 0. 17. 6. 

18. (-2, 4), (-6, 11). 19. Parallel, i/-x+2 = 0, x = 1, y+x = 4. 

4s(l,'3),B^(3,l), C = (l, -1). 

21. 20 J. 22. dii- ft. == G ft. 11 in. 23. 26 ft., 28 ft. 

24. Yes. 25. 27 m., 105 m., 858 sq. m. 

26. ai; s5+2/2-2x-6i/+ 1 = 0. 27. *+2y = 10; (2, 4) and (6, 2). 

28. (1, 3), (-2, -2), (3, -5). 29. (o) 74 ft.; (6) 7 ft. 

30. j/+l = 0, 2!/+12 x= 7;ii: (i, -1); 

KA^ = KB- = KG- = KD^ = Yes. 

32. m = 2’1 ; the ball should be aimed at (3^, 6). 

33. y-Zx = 4, 2 / == 2; (-§, 2). 34. y = 6x, 13y-5x = 20; 

(J,|); ll2/+5x =20. ZB. y — 23+0-87x. 

36. 42; lx-\-l2y = 84. 38. E — 0-226+0-05r. 

MISCELLANEOUS EXERCISE l.Z (p. 67) 

2. 2.1. Beacon Hill, 2.2. Aldboro Point. 2.3. Marsh Farm. 2.4.051142. 

2.6. 082157. 2.6. 078161, 2.7. NW. end 051174; SE. end 058169. 
2.9. 076162, approximately north. 2.10.090020. 2 . 11 . About N. 10 W. 
4. Sides §, — _a. diagonals 5, — (~1> li)> 
(~l -2), (3, -IJ). 14y-2x = 23, 22/+14x+ll = 0, 14y-2x+27 = 0, 
22/+14X = 39. 7. (a) (i) 6 in. ; (ii) 12 in. 8. y+2x = 6, 

3y+x= 5, y~3x = 6, 7y-x+5 = 0. 9. (3, 7). 

10. xHi/— 7x— 2i/— 8 = 0. 

11 . x“+?/=— 2ax— 2 a 2 /+a“ = 0; x®+ 2 /®— 2 ax+ 2 o 2 /+a” = 0. 12 . ( 2 , 1). 

14. (1,4), (- 3 , 1 ), ( 2 , 0); 4y-x = 7, j/-6x+l = 0. (H. fS)- 
• hx~cy = ab, ax—cy = ab. 
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16. = 0 When 1. « 1, the 
equation reduces to tho equation of tho perpendicular bisector of 
(-1, 0), (1.0) 

17. (i) (1, 3), (u) (6-®,, 8-y,). {ui) y+2a: = 16 

18. 16r+4y= I40,25|ft above tho ground 

19. (i) x/2r:,+y/2yi = 1 , {n) 2*y *= a*, (ui) 4r*+4i/» = 6* 

20. AD ss Sy-a*-! = 0,CF^x^l = 0,£7 = (1, l),Xs (-2, 1), 

3y-2x==7,*+2 = 0 21. (^, ^) , y « x. 22.17, 

y-3x = 2 23. (o) 192, (b) 1 24. (6, 7 8) 28. {6, -1), 

(—2, —2) 29. If £P IS tho pnce of a yacht of T tons, the law is 

approx P = G6(r— 1), no, the pnce is too high 30. If £P = pnee, 
H = horse power, the laws ore P s= 4 5H+38 and P = 3 OH+43 
approx 8HP 31.1f5cwt = breaking strain and IV lb =* weight 
of 100 fathoms, S = 2+0 3217 approx 
32 CAfie2y+3*-6*»0, Af,PsB2y-3i+5«0, 

CJf, BB4y-3x-l e 0. s4y+3i-l * 0, 

il/,B 4y— 3r+l — 0, y — x 

33.21, Order fi. i. i, h J, f, i . order 7, f , i, i. 1. i. 

f l.I.fi 33.23 4,4>A.4>« 3331. At a 

point m cusbuoo 3, 2 ft from D 33.32. At a point m cushion 2. 

1 6 ft from 0 33.33. At a point in cushion 2, 3 ft from 0. in or 

on the boundary of the trtangle ACD 

CHAPTER n 

EXI^CISE 2 A {p 70) 

(a) 5 (6) 4 1 (c) 3 (d) 3 9 

EXERCISE 2 B (p 72) 

2. (a) 4 01 , (6) 3 90 Between 3 90 and 4 Ol 
3 (a) 4 001 , (6) 3 099 4 00 

EXERCISE 2C(p 73) 

1. (o) 8+h, (6) 8-h, tc) 9 2. 6+3h, 8 

EXERCISE 2 D (p 74) 

1. (a) 5, (6)4 01, (c) 3 9, (d) 3 999 4 2.2 3 3 4.10 

5.2 4,2 7.4 5.2,%. 4 t5. 

EXERCISE 2 E (p 76) 

1. y = 2i 2. y+2x+l = 0. y— 8x+9 = 0 

3. y— 2x+4 « 0, 4y+2i+l = 0 4. y— 2x = 0, i/+2x = 4 

EXERCISE 2 F (p 78) 

1.8,— 2,2,-J 2. 46,-21,16,-7 3 -66,-6 

4. -3 6 5. 8,xs= — — 2 6. x<6 7. 6},x>3 

8. 4, (o) II, (6) 27. 9. -I. (a) 16i, (6) 22 



10. 2-67 lb. per ft., 1-78 lb. 
12. 75 gal. per hr., 800 gal. 
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11. 0-006 in. per ® F., 0-425 in. 
13 . 0-003 H.P. per gal. 

EXERCISE 2.G (p. 80) 

1. (i) E-, (ii) 2,500, 3,000, -4,000, -2,000, <7; (iii) (7, D; (iv) 60 yd. E., 
100 yd. W., 200 yd. E., 20 yd. E.; (v) A, D, B, O; (vi) 28 yd. W. 

2. GOm.p.h., 1 lir. 27 min. 3. 50 m.p.h. 

4. 46 m.p.h. (22 yd. per sec.). 5. — 8 f.p.s. 

6. 84 f.p.s. 7. 4J f.p.s. 8. 602 ft. per min. 

EXERCISE 2.H (p. 82) 

1. (i) lOO+lO/j ; (ii, a) 101 ; (ii, b) 100-1 ; (ii, c) 100-01 ; (iii) 100. 

2. 12+37i, 12. 3. 4-f4;i, 4. 4. -6-7^ -6. 5, 12-6 lb. 

per f.p.s.; 10-8 lb. per f.p.s. 6. (i) 4; (ii) 4; (v) tangent to the 

curve at (4, 8). 7. 1, 2/ = x—2-5. 8. —4, decreasing. 

9. (a) Cod, about 16 cm. per yr. ; mullet, about 7 cm. per yx. (6) Cod, 
about 10-6 cm. per yr. ; mullet, 2 cm. per yr. (c) 4 yr. (d) Cod, 14-2 cm. 
per yr. ; mullet, 6-8 cm. per yr. 10. (a) 1-2 in. per 1,000 ft., 

(6) 0-8 in. per 1,000 ft. Between 0-9 and 1-0 in. per 1,000 ft. 

EXERCISE 2.J (p. 84) 

1. 10,20. 2. 1,000 yd. per min. 

4. (o) 6-5 yd. per sec. ; (6) 9-5 yd. per sec. ; (c) no ; (d) 11-4 sec. 

5. (i) 4f.p.s.; (ii) 2 f.p.s.; (iii) 2-5 sec.; (iv) —10 f.p.s. 

6. (a) 8-6 yd. per sec. ; (6) 1-6 yd. per sec. ; (c) 3-6 yd. per sec. 

EXERCISE 2.K (p. 80) 

1. 2xl5,y-2x+5 = 0. 3. y-4x+i = 0, i/-8x+16 = 0. 

4. 6, (-0-1, 0-01), 100!/4-20a;+l = 0. 5. a; = -1. 

6. 0-12a:, 2-4 lb. wt. per m.p.h., 60 m.p.h. 

7. 32a;; (i) 96 f.p.s. ; (ii) v — 327; (iii) 12^ sec. ; (iv) 4 sec. ; (v) 128 f.p.s. 

8. 8x. 


EXERCISE 2.L (p. 88) 
1- 4a;5. 2. 6a:*. 3. 1. 4. 0. 


5. Pimotion 

a;5 


a:® 

X- 

X 

1 

Gradient function 

6a:* 

4a:3 

3a;’’ 

2x 

1 

0 


EXERCISE 2.M (p. 89) 

!• — 1/a;-. 2. —3/a;*. 3. 6a:^, 7a:’’. 4. Yes, e.g. gradient function 

~ — l.ar'-= — l/a;®. 5. 30a;-. 6. 2a:+3x® ; by adding them. 

• l-t-l/a:^; by subtracting the gradient function of 1/a; from the 

gradient function of a:. 8. 2— 6a:. 
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ANSWERS 


nximcisE 2 N <p 00) 

1. €z 2 }x» 3. 0 4. 561* 5. xK 6. -4/z» 

7. -l/r» a. 4/** 9. l/x* 10 2-2i: 11. g 

12. 12i* 13. l+Jx 14. ~Dx* 15. 2-9x* 

16. z+x* 17. x-2x* 18. (4x-l}/6 19. 2x»-4 

20. 2/x* 21. -9/** 22 -I/i< 23. 1 + 1/x* 

24. &x~~2lx^ 25. ez'+e/x» 26 6r-6/x« 27. 3+&r 

28. 2x+2 29. 1-1/x* 30 l + 2x+3x* 31. 

32. 4-1/x* 33. 3a:*-4 34. 62 ‘-Cj:* 35. lOx+O/x* 

36. 9x*+8z+6 37. x*-2 38. 9x*+Px-« 39. &r~18/x> 

40. w(2x~4r*) = 27r*(l— 2a:*) 41. 3w(i*+l/x») 

42. V =» 20i— 4 43. t* « Jl— 4 44. v »= 1-1 

45. u = 12(1*— 1) 46. (a) —11 25 tons per ft , (5) —0 46 tons per ft 

47. (o) —3, 24 Opposite directions , (c) t = 2 (—4, 0), (d) ( » 3 9 

48. (i) V »= 27— 11*, (u) 24 ft per nun, —48 ft per mm , (lu) 27 ft 

per mm , (iv) 6 ram. , (v) 27,6, 108, -64 49. (ti) t; « 80-32t, 

(m) 48 fpa, raoNTtig upwards, —16 fps, inovrag downwards, 
(iv) SOfpa , (V) 2i8ec , (n) lOOfl 50. v =• -36-321. 

— 164fp8,te KHfps downwards 51. (3. 9}, j/— 6x4-9 0 

52. 8p-2*+2 -» 0 53. (o) y+2x-f4 » 0, (b) jl - 1 

54. (-ii) 55. 3y+x+l«0 

EXERCISE 2 P (p 05) 

'• 1 ±. 

5._^ ‘'A ’-A 

a. (b) 9. (a) 10 (c) 11. ( 0 ). (6), (c) 12 (a) 

13. (c) 14 (6) 15. (c) 16. (6) 

EXERCKE 2 Q (p 98) 

3. (a) </ = X, (6) y — — 1/x 

EXERCISE 2Jl (p 08) 

For each curve, p =* 2x and the tangents at x 2 are parallel with 
gradient 4 c =* —3 

EXERCISE 2 S fp 00} 

I. j/!s=x*+c 2. y=sx*4-c 3 y=ss*4-c 4. y =s x+c. 

5 y = 2x*4-c 6. y = — 7. y = x+x*+e 

8 y — 3x— x*4-c 9 y = JaiS+c 10, y = x+ir*4-<5 

II. y = 2x— ix*4-c 12. y = ix*4-c 13 'y = c— Jx* 

14. y = ^*+c 15. y = «— 2x*/34-c 16 y = 0 2x— 0 3x*+c 

17. y = |x*+c 18. y=iz*4-c 19. y *= x+®*4-'5 

20. y = x4-Jx*4-c 21. y = Jx*4-c 22. y = c— 

23. y = ix*4-c 24. y » |x*4-x*4-c 25. y = 
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26. y = x—ix^+ix^+c. 27. y = ix*-i-c. 28. y — ix^+x^+c. 
29. y — (a:*+2a;®)/20+c. 30. y = !B*-r2.r^+c. 

31. 2/ = ix^—2x^-j-2x-i-c. 32. y = c — 1/x. 33. y = c+2/x. 

34. y = c—ll2x. 35. y — ^x“+ljx+c. 36. y = l/a;-+c. 

37. y = J-x’— l/a:+c. 38. y = Jx‘+l/2x“+c. 

39. y = fx“+x— 2/x+c. 40. y = 2x“-j-4/x+c. 

41. y = c— l/8x-. 42. y = fx^+lO/x+c. 43. y = ^x-+l/x“+c. 

44. y= 1/x— l/2x-+c. 

EXERCISE 2.T (p. 100) 

I. 'y = x2+l. 2. 2y = x2+6. 3. y = 2x2+6x+3. 

4. y = 2x®. 5. y = 1+x— x®. 6. y = x^— 1. 7. s = f— 

8. s = 2«“-2«/3. 9. 5 = 20/. 10. s = 

II. s = 3/3-36/. 12. s = 40/+16/3. 13. s = 2/*+^. 

14. e = /+i/3. 15. s = 3/2+/3. 16. s = /-2/3+i/3. 

17. 11, 3. 18. 10. 19. 100, 20, 0. 20. 2y = 3x-6. 

21. 3y.= x3+3. ■ 22. 4y = x3. 23. xy=10x-l. 

24.'2y = 8+2x— x=. 25.6 ft. 26.8 yd. 27. 3 J yd. 

28.13 ft. 29.9 ft. 30. 48 cm. 31.4. 

32. y = 2+3x— 2x3; aj.gxis (2, 0), (— J, 0); y-axis (0, 2); 36. 

33. y = X— Jx3+c. 34. y = 2x^+0. 35. y = — 0/x+c. 

36. y = fx^+c. 37. y = 2/x=+c. 38. y = — l/16x3+c. 

39. y = ^x+c. 40. y = 6x3/4+c. 41. y = 3x/2— Jx^+c. 

42. y = 9x— 10x3/9+c. 43. y = x3+l/2x-f c. 

44. y = x3/9 + 3/x+c. 45. y — 2x3— 2x3+6x+c. 

46. y = Jx3— 2x— l/x+c. 47. y = ^x3— |x3+2x+c. 

48. y = ^3_j.a;2^a.^c_ 49_ y _ g— 

50. y = X— 1/x+c. 51. y = c— 8/x— 4x. 

52. y = |x^+x34-|a:3^P_ 53^ _ 2x3— 3x3+2. 54_ gg 

55. 16-8 ft. 

MISCELLAlSrEOUS EXERCISE 2.X (p. 102) 


1. 3x3-3, 9, 1. 


2 . 



3. y+8x+ 16 0. 


4. 3y = x3-3x3+3. ■ 

7. 3,303, 103 ft. per min. 

11 . 2x-2. 12. I 


5. 1- 

9. 2x— S/x®. 


6. f 

. ^(|7,3-7.V4+f^). 


13. The y-axis. 14. (1,4), (—1, —4). 


17. 4x. 

19. y == 4x3+l/2x3+c. 
21. (l,4f), (-2, -8§). 


15. y = x3— 2 x3+.x— 4. 16. 6x*— B/x®. 17. 4x. 

18. y+x = 0, y— 2x+2 = 0, y— 2x = 2. 19. y == 4x3+l/2x3+c 

20. V = 20//3, rising; 996 ft., 0-8 f.p.s. 21. (1, 4f), (-2, -85) 

22. n— 8x3. 23. l+2x. 24. 48| ft. 

25. (o) 1, (6) 8, (c) 0. X— — 3Jor4. 26. 4andl. 28. 4+8x+3x3 
29. (i, 2) ; y = 2x3+f. 30. 14°. 

31. 4 sec., 24 ft. 32. h=i,y = 2x2+7. 

33. y = ^x3+l/x+c, y = 2. 34. (o) 126 ft., (6) 600 ft. 

49G7.1 
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35. (a) 2jr+3 . (6) 3 j:*+6x+ 2 36. SOjr = 94 S sq m per in 

37. (i, 3), i-2, 3). 3y-31*« 2,»-J'7a:4-n = 0 

38. t/ = 1 — l/3a;» 39 i f p.8, (a) 1 see , (fc) 9 sec 

40. y-4»+2 « 0. Oy-36* = 14 4J. 3y = 6+3x-2a:*. 

42. l+8x-ei*. 43. 29i 45. y « 2z»-5a;-7 

46. 2y-f-2x = 1, 8y--25x+126*= 0 47. ~9 2 

48. -32, 36 49. —1. —4 SO. i or f 

jnSCELLANEOUS EXERCISE 2 Y (p 105) 

1. 18i* 2. 1+* 3. 2*+2/i» 4. 1-2/r*. 

5. J~2/x* 6. iae»-10;x» 7. 10jrt{4-3x) 

8. 8nxll+2x*) 9. 2(x+jt) 10. 3x*+iar+4 II. jx^+c. 

12. x'/SS+c 13. c+x+x*+i* 14. lirx»4-c 

15. c+x+3x»+3x* 16 x+l/x+e 17. x*+12/x+c 

18. x*+x-2/x*+c 19. ix»+iU»+i*x4-c 20. c+3/x-15/2i*. 

21. V =. 20f»+2« 22. V « Jt— 2 23. » = l‘-20J*+180« 

24. « « 25. 3y+9x « i» 

26. y » 2 ory sa — 2 27. (a) y—x 3, (6) y+x ■* 3 

28. y-6x+8s-0.y-6x«0 29. (o) 3+;*, (6) 3 01, (c) 3 001, 3f p 8 

30. (i) At < » 4 soc . (u) 4 » V48 » 4V3 « C 9 sec , (m) 88. 115 , 

(iv) 88, 141 ft ,{v) U ft .(vi)32fpB . (vu) 21 fps 

31. (a) 129 f p a upwards, (5) 400 ft , (e) at 1 es 0 sec with velocity 

— leOf pe , (4) 144 ft 32. t a 0 when 1 a- 5 sec and 

e«-26ft lOfpa 33. (o) (t-i’/O) ft , {&) 3 see , -2 fpA 

34. 2} and 4 ft 35. 10 ft , 6 ft 36. (>) (a) Sunnss —3 xzun. 
per wk , sunset 9 nun per wL , (6) aunnse —7 ram per wk , sunset 
11mm perwk (u) 12 nun perwk and 18 nun perwk (ui) —5 nun 
per wk and 10 mm porwk 37. (o) lOJ' per mm , 

(6) 0 6' per mm , — 1' per mm , (c) about 56' 69J' at 12 07{ 

38 About 21 mph ,35inph 39. (a)15fp3 downwards, 

11 fpB upwards, (6) 30 f pe , 20f ps 40. — 

41. £ 5= Jz*— 2x*+4 42. 0 368 rum per mm , 0 59 mm per mm , 

or about 1 0 tunes tho rate for the stag beetle 43, — }|2), 

B s (1, 2), tangent at A, 2^+6x 1. tangent at B, y— 3x+l = 0, 

4z =t 1 44. y+3x »= 4, y+6.t *= 6 

45. y-2x = 2, y-Cx+lO = 0 46. 6y = 6x+3, 2y-7z+15 = 0 

47. (4. 0). (I. 3). (-1. 5), y+16x = 64, y-5x+2 =* 0, y+llx+6 = 0. 

{-1, (14, -160) 48. 0, -2a, 18a,a = i.y = 0. 

Sy^-a: = 1, y— 3z+9 = 0 0 6 sq units 

49. 2y+3x = 4, 2y+3x+4s= 0 50. S' 43 51. 26*34'. 


62. I 

-2 -1 

0 1 

2 The graph la not straight 

y 

S 4 

0 -4 

-8 

a 

20 -10 

0 -10 

20 
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CHAPTER III 

EXERCISE 3.A (p. Ill) 

1. (a) 105; (b) 84. 2. 0-0008. 3. 0-0001. 

4. la) —0-0372; (b) -0-0080. 5. 6-762, 6. 0-1923. 

7. 9-899. 9. 2-5. 10. 1-26. 11. Sy = 8a;-f 2a: Sa;-^ (S.r)=. 

12. 8y = -Ca:8a:-3(8a:)=. 13. Ar = - -0-099. 

EXERCISE 3.B (p. 113) 

1. 8a;, dy = 8xdx. 2. dy = 3a;“d.a;. 3. dy = —Ijx-dx. 

4. dj/ = (2— 16a:) da:. 5. dy = 2a: da;+ia;’^ da:. 6. dy = 2x®da;. 

7. 8y = 8 8a:+2(8a:)=, dy = 8 d-c; 10, 8. 

8. Sy = — S*/(1+Sa;), dy = —da:; — Jj, — ^. 

9. Sy = 20 Sa;+10(Sa:)2, dy = 20 da:, 8y-dy = 10(Sa:)=. (i) 0-1 ; 

(ii) 0-001. 


8:c 

0-2 

0-1 

0-01 

Sy 

1-64 

0-81 

0-0801 

dy 

1-6 

0-8 

0-08 

Sy—dy 

0-04 

0-01 

0-0001 


Sa; 

0-5 

0-3 

0-1 

0-01 

dy 

6 

3 

1 

0-1 

Sy—dy 

1-26 

0-45 

0-05 

0-0005 


8a; 

0-1 

0-6 

1 

2 

dy 

-0-2 

-1-0 

-2 

-4 

Sy—dy 

0-01 

0-25 

1 

4 


15. —{8a:)®. 16, dy = 2(a:—l) da;, 26. 

18. dy = 3a:® da: + 4a: da: + da:. 19. dy = (1—4/a:®) dx. 

20. dy = 3x® da:— 8a; da:+10 da;. 21. dy = (2.a:+4/a;®) da;. 

EXERCISE 3.C (p. 117) 

1. (i) 3-64; (ii) 3; (iii) 1-6, 0-128. 


8a: 

1 

0-1 

0-01 

8y 

7 

0-331 

0-030301 

dy 

3 

0-3 

0-03 

Sy—dy 

4 

0-031 

0-000301 


1-1® == i-S, error 0-031 
1-01® == 1-03, error 0-000301. 



2U A1J5WERS 

3. 16 lb, 171b 4. 01b -wt 5. A decrease of 1} toM 

6. 10,400 7. 69,000 8. 888 9. A decrease of 0 1 ft candles. 

10. 4 3 

EXERCaSE 3J> (p 120) 

2. (a) Within about 0 23, J e to thenearcst unit, {&) wthmabout 0 016, 
xe to the first decimal figure 3. {t) e = 900/f , (u) ±2 mpb 

4. 257 1 m p h [The error is cMily seen to be numcncally smaller tiian 

^mph] 5. Between 294 and 30 6 fp s 6.^266. 

8. 400,000 sq miles. 2 0X10* «q miles 

EXERCISE 3E {p 122) 

1. 16X-6, 43 2. 8, -i 3. I2t*.75 4. 94 

5. y *= X 6. Qy~4x = 61 7. (o> y+3x = 3, 3y-*-}-l = 0, 

(6) y « 1, * = 0 (1. 0), (I, I). (0. 1). (0, ~i), (V6)/3 

8. y-ir-f 4 = 0, 4y+a: « 18 9. H 


Sx 1 

05 j 

1 01 1 

0 01 

8y 1 

125 * 

0 2\ ' 

00201 

dy 

1 

02 

0 02 

8y/Sx 

26 

21 1 

2 01 

dyldz 

2 1 

2 1 

2 


(a) 2, (i) 2 01 

H, ws-3»*-6l+-2,d«/dt, -I 

12. (a) 36 f p 8 , rising, (i) ~28 fp.8 , falling 

13 (a) 7jr/4 eq in per m . (b) eq m per in 

14 y-« » 2, y-x-f-2 0 15 12y>-gx » 35, 12y~8x+35 0 

16. y-2x « 0, 6y+3x -= 5, 6y+3x+5 -» 0 

EXERCISE 3F <p 124) 

I. y increases, (o) x > 0, (6) x < 0 4. — 1 < x < 1 

S. Negative values of r 9. — I, 1 , positive 10 y= l.“ 

EXERCISE 3 C (p 128} 

I. 4, jes 2. —1. minimum 3. 2, maximum 

4 10, minimum 5 0, aunimum. 6. 2, maximum. 

7. minimum 8. a,c,e (i)a,(u)e 

9. 2, mmunum , ~ 2, manmum 10 1(, minimum 

II. 0, maximum, ~ 4, minimum 12 5, maximum, —1, minimum 

13 7, maximum, 3, muummn 14. 8, maximum, —8, minimum 
15. 18, minimum 16 f, maximum , 24 roinimum 

17, 2 minimum values, each 2, at x =< 1 and — 1 

EXERCISE 3 H(p 120) 

1. 3x*-3, 6x 5.2 6. -S/a* 7. -12ffX» 

8. y = 40a*-16x, dy/dx= 120lx»— 16 

9 y = 12X+4/X*, tfy/dx « I2-8/x* 

10 y = 2, dgjdx = 0 11. g =» 4i*— 2 dgfdx = 12x’ 
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12. g — 3a;" — Ca;-|-2, dgjdx = G.v — 6. 

13. g — dgjdx = 

14. g — —2/a:®— 2/a:®, dgjdx = 6/a:*+4/a;®. 

EXERCISE 3.J (p. 130) 

I. 24(6a;®+l). 2. 2(a;‘— 1). 3, 9a;8 + 2x®. 

4. 6/a;*-l-20/a:». 5. 8+l/a:=. 6. 6a;+2/a;®, 7. 12a:=+8. 

8. 20aa:®. 9. |(a:«+l/a:®). 10. 2a. 

II. (a) dy/cZa;, (i®y/c?a:®; (6) dW jdl, d-WjdP. 12. 2. 

13. 42 lb. per mile. 14. (o) — 2}clP; (b) Gkjl^. 

15. ‘9a.m. Sounded the "well. Level of water rmnp. Started the pumps. 

10 a.m. Level of -water falling at a constant rate. 11 a.m. Level of water 
rising at an increasing rate. . . .’ 16. dyjdx ~ (a;®-t-l)/2. 

17. dyjdx = 2(a;®+a:— 1). 18. y — 4(a:*— 2x+3). 

19. y = l/2a:+6a:/2+3. 

EXERCISE 3.K (p. 134) 

1. Minimirm, y = —88. 2. Maxrmvun, y — 3. Neither. 

4. Maximum, j/ = 0. 5. Minim\am, y = 2. 

6. 24, maximum; — 3, minimxim. 7. 2, maximum. 

8 . 45, maximum ; — 9, minimum. 9 . 0, maximum ; — 1 Og , minimum. 

10. 6, maximtun; — 12§^, minimum. 11. 3, minimum. 

12. -I, maximvun; 0, minimum. 

13. 0-16, maximum ; -O- 1 6, minimum. 

14. Two irdmmum values, each 2, at a; = 2 and a: = — 2. 

15. f, maximum; —3, minimum. 

16. 0, maximum; —16, minimum. 17. 27, minimmn. 

18. — 9® X 10“®®, maximum. 

EXERCISE 3.L (p. 136) 

1. 1. 2. (a) 40, 40; (6) 40, 40; (c) 794. 3. 2H cu. in. 

4. IOOOtt cu. in. 5. 4V3 = 6-9 ft. 7. u = a:(l — 2a:)®; 2 in. 

8. a; = 1, 2/ = 2. 9. 8 in., 16 in., 24 in. 11. (i) 6,000 sq. yd. 

12. y = 4a:/3. 13. (14/i:+?:/66) pence; 28 m.p.h. 

15. Base 8 in. X 24 in., height 6 in. 

EXERCISE 3.M (p. 141) 

1. Point of inflexion (—1, 11). Turning-points (—3, 27) (maximum); 
(1, —5) (minimum). 

2. (1) Yes ; (2) no. 3. (2, 16). 

4. Point of inflexion (0, 1); turning points ( — 1, 3) (maximum) (1, — 1) 
(minimum). 

6. (3, 18) (maximum), (—3, —18) (minimrun) ; point of inflexion (0, 0). 

7. (1, -2), (-1,2). 

8. Point of inflexion (3, — f ) ; turning point (minimum) (2, — J). 



ANSWERS 


i4C 

EXERCISE 3N(p 143) 

1 v=16, 0=^22 2 (l)i» « -4,« = (2)a « 8,e = 0 

3 ( 1 ) 23fps*, t2) 12fps 4. (1) After 6 aun , (2) at the start, 
—76 yd. per mm , (3) —74 yd, —72 yd per mm , 6 jd per mm* 
5. (1) After 4 eec , (2) after IJ sec , 0^ f ps , (3) SJ ft , 6 f p s , 1 f p s * 

6 20 7. ft 9 ±22, —17^ 10. (i) After 6 sec , a; « 108, 

(ii) after 3 sec , 27f p s , (ui) —81 f ps , (iv)ar =» — 100, v = — 120fps 
1 1 . The body starts with velocity —3 and moves in the direction of t 
decreasing until < « 1, when the velocity is zero and the direction of 
motion 13 reversed IVhen t = it is back at the starting point with 
velocity 6 After that it moves in the direction of a increasing 

12 (a) 6 9 jd per sec *, (ft) 3 2 yd per sec * Maximum acceleration 
occurs at the start and is about 20 yd per sec * (i e about twice the 
acceleration of a fallmg atono) 7 0 yd per eec * 

EXERCISE 3 P(p U5) 

I 70ft 2. 12fpfl,9ft 3 -43fpj 4.4ft 

5 (a) nOft , (ft) 60ft, 6i sec, -90fpj 6 30 ft 

7 I4ft.3fps,0 6 lOsec, 628ft 9. 4 sec , -3} fps 

10 1,200yd per min {ae4Irapb nearly), 1,200 yd 

11. 800 yd per nun. 12. 148 fps, 336 ft 

13 After 12 sec , 4 as —432 ft 

14 It passes the startup point first after sec with velocity — 7| 
and acceletatina — 4 and again after 4 eeo with velocity 20aadaccelen 
tion 2C It changes direction first after | see at s » 3|{ and again after 
3 sec ats CB — 9 

15 (o) t> = n+nt, a » td-hjal*, (6) t» = u+IJct*, a s= 

EXERCISE 3 Q (p 147) 

y = y " Ax*±a:+1 2. y = a:*+iw+6 

3 y= I/23;-I/ex»+aa:+6 4 6y =» *»+3x>+8a:+12 

5. 3y = X— x* 6 2y =3 2+*±2x*— x* 

7. Gy =r x*+0x. 6y-9x+2 = 0 8, y « 2x*+3i*+3x+2 

9. 2y =* 4x— z* 10 y S3 Jx*— 24a;+28, minimum 

EXERCISE 3R (p 149) 

1. y s= 2x*— 8x*±4x±c 2, y =» c+Ji'+Jx* 

3 y = Jt*— Ji*+r+c 4. y 3s J**+l/3x*+c 

5. y = |x’+ax+6 6 ft = ^t*+}t*+o<+6 7. v = /+l/r+c 

8. fl = l/t-4/t*+at+ft 9. .<4 = 6x»-lClx*+4 

10. V = ift*-l/ft+2 11. 3 = *r«_iJ*+4r 

12. y = |x»-fx*+3x-| 13. $ =» 

14 y = ix* 16. 3y = |x*+c, 0y = 4x*-6 17. I2y+x* « 30 

18. xy = 2x»+x+6 19, y = -4f 

21 L = Y^oVt ^ ^ above sea level 
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EXERCISE 3.S (p, 151) 

1. xdyjdx =2?/. 2. d-yjdx^ = 0. 3. xdyjdx+l — y. 

4. xd-yjdx" = dy/dx. 5. xdyjdx+y — 0. 

6. x^d-y/dx-—2xdyldx+2y =0. 7. xdyjdx — 2y = a:®. 

8. X- dhj jdx^+xdy jdx—y — 0. 9. xdyjdx = y. 

10. dyjdx — 2. 11. dyjdx-\-l = 0. 12. dyjdx = (y— 2)/(a:+l). 


MISCELLANEOUS EXERCISE 3.X (p. 151) 


2. dy-^x = 20. 3. — minimum. 4. v ~ 6i-— 4, a = 12L 

6. 14(1 — Ox®), 5, maximum. 7. a = 4, s = 2i-4-8J. 

8. (-2, 16). 9.2/= 3+.'bS— 2xs. 10. 5", 10". 

11. dy = 3x-dx, 9-2. 12. 48. 13. (-2, 2). 

15. V = 6—32/, a = —32. 16. v = m+10/, s = ut+5tK 

17. The gradient of the tangent is 4 and the gradient of the curve is 

decreasing, 

18. 6y ~ l/x*-|-3x+2. • 19. x-dyjdx—xy-\-2 = 0. 

20. 3y = 4+3.r=-a:3. 21. 1,600 lb. wt. 

22. y-\-x — I, y—x = 1. 23. 2, maximum, —2, minimum. 

24. 292, 288. 25. 4y-\-2x^-4x--&x+5 = 0. 

27. Diameter 6 in., lieight 4 in. 28. xdyjdx = 2)/. 

29. 42/+a; = 3, 2/— 2x = 3. 

30. y = xd^yjdx^—dyjdx+1 = 0. 

31. a; = i, 2 / = 2. 32. y = 33. 103. 

34. — l/a-; x+a-i/ = 2a. 


35. The gradient is —1 and is increasing. 


36. V = 6/=+4, s = 2/’+4/. 37. 6 f.p.s.“, 128 ft. 38. -6. 

39. 3 hr. 40. 3,300. 41. ZTrx+Girjx^. 

42. The sides parallel to Ox, Oy are 4, 2. 43. y = a:— 

44. (o) 1, (6) (c) 2x*. 45. 2 / = 2-x+lx--\j2x. 

46. (f, — f); —4, maximum; —6, minimum. 48. —0-06, 0-94. 

sing. ^ 


49. 1'2 f.p.s,^, 19-2 ft. 50. Gradient 1 and increasing. 


raSCELLANEOUS EXERCISE 3.Y (p. 164) 

1. (a) 2x-a:’-fa:»; (6) 27r(l + 4/»2); (c) 2(x--2a")jxK 

2. (o) 2 / = 9x-|-10x®+5x®+c; (6) y = a;®— 2x— l/x+c; 

' (c) 2 /= -l/3x»+l/6x®+c. 

3. 2/+3x = 4, Zy-x = 7, (3, 3J). 

4. 42/+4a:+9 = 0, a; = f , 42/+4a:+6 = 0. 5. o''2/+2x = 3a. 

6. 0, maximum; —8, minimum; (2, —4). 

7. 1, maximxun; 0, minimum. Symmetry about the 2 /-axis. 

(2, 8) (maximum), (—2, —8) (minimum), (0, 0) point of inflexion. 

9. 12 cm. per sec., 32 cm., 9 cm. per sec. 

10. (i) 22J metres, (ii) 3J metros per min., (iii) 6 metres per min.^ 
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11 (i) 40 ft , (u) 161*60 , (m)l. = Trfw» 170° 62 12 2 

13 So that they are equal 20 14. So that they are equal Jo* 

15 r »= (x*-J'0*)/2x o The circulat ore la a semicircle 

16 (a) X = 4 1 / « 4, (6] 126 cu in 

18 1201b persq in (o) 1 344. (6) 0 384 ft per lb persq in 

19 355metrea 20 (a> 641,000, (6> 102 21 iTmpi 

22 IClmph 'vnthm about 0 06 23 SlOft 

24 0, point of mflcTion , — minimum 

25 y = 6+az+s*— ^r:*, y s= 2+**— 

26 a = —4 6 = 6, minimum 27 y s= 5+2»— Jx*» maximum 

28 y = I + Cjr—3x*—4x*, —4, minimum 29 1 /+* = ^ 

30 4 jd per nun *, OJ yd , 3i yd per mm , ^ yd per mm. 

31 4 ft 32 2,000 ft per nun , 6 200 ft , 2 600 ft per mm , 

(nearly 30 m ph ) 33 y— 8x = 12, (1, 20) 

34 <i)4x»-4a«.(u) -4m/z»-3iTb/x*,(ut)H4l^-2~2/i’},20/x*-12/x* 

35 x^d‘j/(Le*—2xdj/dx+2(y—l) = 0 

36 y =» ^*+l/2«*+«:-f6 (a) y = J*'+iy2x*+*— 1, 

(6) y «B J**+I/2 j;*— * (c) y » 4x*+l/2i* No 

37 4 800 ft per nun Yea 

38 (o) Increase of 37 lb wt , (b) decrease of 33 lb Trt 

39 (a) 6 = 12 ft d=0ft (e) 6 - 8 ft , d = 8 ft 

40 6 = V3 = 1 7 ft . d = V6 = 2 4 ft 

jriSCELLANEOUS EXERCISE 3.Z (p 169) 

1 ( 1 ) 0x’-14i, ( 11 ) 3tirH46/*», (ui) (iv) (56-4o<)/<» 

2 (i) y *5= 2r*— Jx*+4*+c (u) y = Ji*+o/*+c, 

(m) y = J**— ar*+|aV— o^+c 

3 y~x+2 = 0 y+* = 0 y— ® *» 2 jf+x =0 4 fc = —2, 0 

5 y+x = 0, y-3x = 4 6 (-8, 8). 2y-» = 24, (12, 18) 

7 (0 116 maximum —100, minimum (u) — 54 

8 5 8 X 10* ft per mm 

11. (i) 96 fp s , (ii) s decreasing, (ui) after 4 sec , —48 f p.s *, 266 ft 

12 a = -8. 6 = 4 -12 

13 o = — 1 b = — V’* ® =* 3, Tnmimum, * = — f 

14 (i) Increase of 10 cwt , (u) decrease of 4 cwt 

15 (a) 0, (6) —0 034, (c) temperature decreases, (d) —34* C perkm 

16 {p,\ The temperature of the bod'^ falla. afc axaiA ^hich is proportional 
totheexccssofitstemperatureovertbatofitssujToandmgs (6)ii = A* 
(i) 43 sec (ii) 2J mm 

17 (a) An. increase of 1,600 lb wt , (6) a decrease of 320 lb wt 

20 X = £60 n = 6 

21 . The tangent and OP are equally mclmed to the axes y = 4x (this 
13 a normal at both its uiteraeotiona with the curve) 

22 y = Jx*— ii°+ Jx-j-c, y = Jx*— 23 (1. —2) 
25 y = Owhenx = 0 pomt of inflexion y = Iwhenx == 1 , maximum, 
y = —27 when x = 3, minimum 
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CHAPTER IV 

EXERCISE 4.A (p. 160) 

1. 39. 2. SO. 3. 6. 4. 7^. 5. 6§. 6. 61. 7. 18. 

8. 17J. 9. 32-8. 10. 5-2 acres. 11. 60 sq.ft. 

12. 42§ sq. ft., Si sq. ft. 13. 80. 

EXERCISE 4.B (p. 167) 

1. 10|. 2.32. 3. a: = 1, a; = 3; a; = 2. 4.18. 

5. (-1, 1), (2, 1); 13i. 6.128. 

EXERCISE 4.C (p. 169) 

1. 2. 2. (i) 4; (ii) 6; (iii) 1.004. 3. a; = 3. 

4. (i) a; = 0; (ii) a; = 2. 

CHAPTER V 

EXERCISE 6.A (p. 175) 

345. (i) upper sum, 62; lower sum, 20. (ii) upper sum, 43; lower 
sum, 27. 

EXERCISE 6.B (p. 177) 

1. The area imder y = x- from a: = 1 to a: = 2. 2J. 2. 39. 


3. 80. 

4. 130. 


1. 56. 

7. 234. 
13. 174. 

EXERCISE 5.C (p. 178) 

2. 24. 3. 45. 4. -J. 5. 19-8. 

8. 5-6. 9. 4-86. 10. SOJ. 11. 20|. 

14. (a) 2U; (6) 57i; (c) 78$. 

6. i. 
12. 4i. 

EXERCISE 5.D (p. 181) 

!• 2-4, its symmetry about the y-axis. 2. 6^. 

4. 3^. 5. 0-9, 0-333; y = 1/a;* keeps closer. 6. 2^-^. 

8- 44. 9. 3. 10. 35. 11. 12. 13. 4:1. 14. 

15- IJ, maximum; 1, minimum ; 27. 

3. 674. 

7. 32. 
82 tons. 

1. 4. 

7. ih 

EXERCISE 5.E (p. 184) 

2. 36. 3. lOJ. 4. 16. 5. lOJ. 

8. 8. 9. 6J. 10. 10? sq. in. 

6. 6f. 


EXERCISE 6.F (p. 187) 

£74. 8s. 2. 126 ft. 3. 933J ft. 4. 3,000 ft. 

5. 96 sq. miles, 3-7 sq. miles. 6. 11 ft. 4-8 in. 7. 202 hr. 

EXERCISE 6.G (p. 190) 

124jr/6. 2. 67r. 3. 2l7r. 4. SOtt. 5. 2607r/3. 

0- 2/ = rxjh. 7. (o) 8J in.; (6) in., 11 in.; 72fiX7T = 228 cu. in. 

ISGtt == 427 ou. in. 9. 177r/80 cu. in. 10. 7r/30. 
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ANSWERS 


EXERCISE sn^p 101) 

1. lBr/8 2. 120»r 3. 4 in , 68n- cu m 4. (o)3m, 

(6) 1 in . cu in , 5>r cq m , 1} 5. jirfl*. Jiro* 6. 2 32 t cu in 

EXERCISE 5 J(p 103) 

1. IGjt/IB 2.2471 3. Iff 4. 139 27r. 5. 16ff/7. 

6. 128ff/16 7. C4ff/5 8. 2 7. 

EXERCISE 6 L (p 109) 

1. gib 2. 12}oz 3. 288 lb. 5 6,676 lb 

6. 41 6ff lb «« 131 lb, 7. 7,700 kg , 25 per cent 

EXERCISE 6 M (p 204) 

1. 3 lb , 8 ui 2. 3 ft 6 m. 3. 8 oz , 23| m , 11| m. 
EXERCISE 6N (p 206) 

1. (lf,0) 2. (lf,0) 3. (3,0) 4. (0,2) 5. (3.0) 

7. (ifc.O) 9.(0,!!.) 10. (H.O) 

EXERCISE 6P (p 210) 

1. (16.12) 2 (l.f) 3. (0,10) 4. (j.f) 

5. (1, 1) 6. (t) (4, 4) , (II) (2A/3, mft/3) 7. (IH. 3H) 

8 . ( 14 , 3 78 ) 9 . 2 | 10 . ({. 2 ,^) 

EXERCISE 6 0 (p 211) 

1. 30cm per see 2. d40yd perirun 3. l.O&Ojd pernan 
4. 16mph,3mph 

EXERCISE 6R (p 213) 

1. 9} 2. 6 3. 10 4. 0 1 5. 3|. 

7. 30J« 306in,30 8 m 8. Oft, 8ft 9. (1) 10ft , 

(2)8fft 10. 2ft 8in,2ft 4}in II. 73 76’F. 

EXERCISE 6 S (p 216) 

1. 040(6) 2. 53 3.10 4. (a}9,(6}8| 

EXERCISE 6T {p 217) 

1. About 240 cu m 2. About 4 1 cu m 3, About 80 cu ft 

4. About 140,000 cu yd 5. 3601b O- 

7. 3 2 miles, 24 m p h 8. 1 7 miles, 29 in p b 

EXERCISE 6TJ (p 219) 

1. 3 3 2.8 8 3. 3 35 miles 4. 92 or 93 kg 

5. 7 6 sq ft 


insCELLANEOUS EXERCISE 6 X (p 220) 

1.8 2.78 3. 42 4. 1277r/7 5 350ff = 1,100 cu 

6. Ilf 7. 5/j 9 4y = 3r+2,7ff/6(=3 7)cu 


10. (5,0) 11.5 12.95 13. OOff 14. T 

15. y«x»+s+2 16. 17.4 18. 2V2 


S 
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19. 169. 20. £1. 6s. 21. 66i-. 22. If^. 23. 1127r/16. 

25. 165. 26. (n) OOm.p.h. ; (6) 40m.p.li. 27. (a) Stt; ( 6) 47r/5. 

28. (2, 0). 29. AB^y=^ 12+.-C — BG = 12-4a:-a:^ 

36f sq. chains. 30. 0-65. 31. 677/8. 32. (0,2*4). 

33. 13J. 34. 700 cm. 35. c = 36. Jtt. 37. 647r/16. 

38. (a)”233J; (6) 236. 39. 108 lb.; 1 ft. 7 in. 

MISCELLANEOUS EXERCISE 6.Y (p. 223) 

I. 4. 2. 4. 3. 85^. 6. 11-277 = 35-2. 

8. 11277/3 = 117 cu. in. 9. (i) 6 lb. ; (ii) 85 ft. 

10. 3OOO77 (= 9420) cu. ft. 11. 76,800 lb. wt. (4= 34-3 tons wt.). 

12. 29n-/6. 13. (0)277; (6) IOI77/5. 16. 29^. 18. $h. 

19. 16 ft. ; maximum; ±12f.p.s.' 21. 0-17. 22. 2J- cu. ft. 

23. 0-33. 24. 2§. 25. 13J ; (0, 2). 26. (H, 3f). 

27. 8-4 lb. -ivt.. 28. (i) 2h:5; (ii) h = 24. 29. 62^ ft. 

30. (2f X 10* sq. yd.) == 0 acres. 31. Gj in. ; 4 in. ; about 320 cu. in. 

32. 32. 33 . 6J, 277. 34. G; (1§, 2^), 19877/7. 35. 777/24. 

MISCELLANEOUS EXERCISE 6.Z (p. 226) 

1-32. 4. a^/6fc% a decrease of about 0-11. 5. 1;4. 

6. (a) 16377/16. 7. y-j-x = 3, II77/I6. 8. 2:7. 9. 34, 6-8, 

10. ^77(3/1=+ 2ft). an increase of about 0-1 in. 

II. V(3^H4), 37/2 ^ a.2_4. 12. 3,000 lb. wt. 13. (3^, 1). 

14.1 About 198 cu. ft. 14.3 64-4 cu. ft. 14.5 (a) 0-70; 

(6) 1-41. 14.6. 8-58 ft. 15, (a) 4y—x — 12; 39277/3 cu. in.; 

(c) 3877 (4 119) cu. ft. 16.881b. 18. 6677. 19. 3g. 20. a 12. 

21. (a)77oV6; (b) 770^/2; (c) 8770VI6. 22. 2^. 23. (a) 77/105; 

(6) 5977/70. ; (I, 0). 24. V = M+ft-i73, s = ut+kt^j\2. 

25. 68-4° F. ; 63° F. ; 64° F. ; 71° F. at 4 p.m. ; tbo graph of the formula 
shows a point of inflexion with zero gradient when ^ = 0. 

26. (3a/8, 2o/5). 27. o = 1, y = Q+4x-2x'^-, 8. 

28. a = 0, 6 = 2, c = -1 ; (0, 0); I677/I6. 

29. (1) 8; (2) Jtt cu. ft. ; (3) Q = /i:7rr*/2. 30. About 46 J cu. in. 

31. 770^3. 



INDEX 


Acceleration, 141; average, 142. 

Area: of rectilinear figures, 48; under a curve, 164; under a curve, 
approximation to, 218. 


Bending of a curve, 138. 
Branches of a curve,' 97. 


Centre of gravity, 200 ; of cone, 206, Ex. 6.N., No. 6 ; of hemisphere, 206, 
Ex. 5.N., No. 8 ; of lamina, 207 ; of right-angled triangle, 210, 
Ex. 5.P., No. 6 ; of semicircle, 225, Ex. 5.Y., No. 23 ; of solid 
of revolution, 204. 

Circle, equation of tangent, 46. 

Circle, general equation, 42. 

Cone: volume of, 190, Ex. 5.G., No. 6; centre of gravity, 206, Ex. 6.N. 

No. 6 ; oblique and right circular, 194. 

Coordinates, 18; map, 68, Ex. l.Z. No. 2. 

Curve, area under a, 164 ; bending of, 138 ; branches of, 97 ; gradient of, 
74; tangent to, 46. 

Curves, family of, 99, 146. 

Density, 196. 

Differential, 112. 

Differential equations, 148. 

Direction angle, 12. 

Distance between two points, 31. 

Distance -time formula, 79. 


Element, 196. 

Ellipse as a locus, 39, Ex. I.Q., No. 6. 

Envelope, 65, Ex. I.Z., No. 23. 

Equation: general linear, 40; of a circle, 37; of a line, 24; differential, 
148. 

Error, approximate determination, 118. 


Eamily of curves, 99,' 146 ; of lines, 16. 
Function, 85. 


Gradient, 9 ; average, 70; map, 14; railway track, 13. 

Gradient function, 85 ; notation for, 121. 

Gradient of a curve, 74 ; of gradient function, 128, 130 ; of tangent, 
72 ; of perpendicular lines, 29. 
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INDEX 


Hyperbola os a locua, 30> Hx. l.Q , Ko. 6. 


Increase and decrease, 123 
Increment, 110. 

InQecnon, point of, 130. 

Integral, 176, evalnalion of, 178. 
Integral sign, 176. 

Integration. 176; opprozunate, 214. 
Intercepts, 27 . 


Lamina, 207. 

Limit, 74. 

Limits of integration, 176. 
Line, falling or rising, 10 
Locus, 35, 3S. 


Mass, lOS.pernmt area, or, per unit length, IOC. 
Masuna and 1111111011 , 135, conditions for, 130. 
Maximum, conditions for, 126. 

3fean value, 212. 

Mid point, 33. 

I^Iuiunum, conditions for, 120. 


Normal, 122. 


Orthocentre, 31, Ex 1 J , No 17, 63, Ex. I.Z., Nos. 14-16. 


w, approximating to, 224, Ex 5 Y.. No 20 
Parabola as a locus, 38, Ex. IQ, Nos. 1-4. 
Point of inflexion, 139 


Quadrants, 20. 


Bate of change, 77, 121 , average, 81; variable, 81. 
Bectangle, typical, 176 
Betardation, 142. 


Slice, 204 

Solid of revolution, 187. 
Speed, 79. 



INDEX 
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Stationary values, 126. 

Sum, lower and upper, 170. 

Symmetry atout an axis, 93, 94 ; about the origin, 94. 


Tangent: to a cii'clo, 45 ; to a curve, 4G. 

Turning points, 126. ^ 

Variable: dependent, 76; independent, 76. 

Velocity: average, 83, 210 ; constant, 79 ; notation for, 121 ; variable, 83. 
Volume: of cone, 190, Ex. 6.G., No. 6; of p 3 T’amid, 193; of solid of 
revolution, 188. 


Weight, 194. 


Yacht design calculations, 228, Ex. 5.Z., No. 14. 
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